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In thispaperweusethedeform ation procedureintroduced in form erwork on deform ed defectsto

investigateseveralnew m odelsforrealscalar�eld.W eintroducean interestingdeform ation function,

from which we obtain two distinct fam ilies ofm odels,labeled by the param eters thatidentify the

deform ation function. W e investigate these m odels, which identify a broad class of polynom ial

interactions. W e �nd exact solutions describing globaldefects, and we study the corresponding

stability very carefully.

PACS num bers:11.27.+ d,11.25.-w

I. IN T R O D U C T IO N

The study ofdefect structures is ofgreat interest to

high energy physics,and have been the subjectofm any

interesting investigations,as we can see for instance in

thebooksquoted in Ref.[1].Asoneknows,defectstruc-

turesarealsoofinteresttocondensedm atterphysics,and

there they have been used to m odeldi�erentsituations,

asthey appearforinstance in Ref.[2].

In general,defectstructurescan betopologicalornon-

topological, and in m odels described by a single real

scalar�eld in (1;1)space-tim e dim ensionsthey areusu-

ally nam ed kinksorlum ps,respectively.They areglobal

defects,and in thiswork weinvestigatekinksand lum ps

in m odels described by realscalar �eld,taking advan-

tageofform erwork on deform ed defects[3]to build new

fam iliesofm odels,togetherwith theircorresponding de-

fect solutions. O ur investigation deals with the type-1

fam ily ofdeform ations,and wefocusm ainly on thebasic

propertiesofthem odelsand defectstructures,including

stability,which isofdirectinterestto non-linearscience

in general.Thenew m odelsand solutionswhich weintro-

duce in thiswork bring new interactionsinto the stage,

and webelievethattheyareofinterestboth tocondensed

m atterand high energy physics.

In condensed m atter,scalar�eldsareim portantto de-

scribespontaneousbreakingofdiscretesym m etry,which

m ay be a m echanism to describe the m ass gap for

ferm ionic carrierswith Yukawa coupling to the bosonic

degrees offreedom [4]. In high energy physics, scalar

�elds play centralrole in the standard m odel,control-

ling the way the m asses ofthe elem entary particles are

generated under the Higgs m echanism [5]. Scalar�elds

alsoappearasbosonicportionsofchiralsuper�elds,lead-

ing to appropriate toolto im plem entsupersym m etry in

high energy physics[6].They also play im portantrolein

stringtheory,in particularin typeIIB superstringtheory

where the dilaton appearsasa Ram ond-Ram ond scalar

�eld which m aycontrolthestringcoupling;also,in string

theory weshould in generalm ention them any associated

m oduli�elds,which are other exam ples ofscalar �elds

playing im portant role [7]. Furtherm ore,m otivated by

string theory,scalar�eldsm ay also be used to generate

defectstructuresin noncom utativespace-tim e[8]and in

m odelswhich breakLorentzand CPT sym m etries[9,10].

They can also play im portant role in supergravity [11],

and in braneworld [12],braneworld cosm ology [13]and

cosm ology [14]. In braneworld and in braneworld cos-

m ology,scalar �elds m ay constitute the driving m ech-

anism to establish the problem ,and in cosm ology they

m ay beused to sourcethedark energy needed to acceler-

ate the Universe [15].Forrecentinvestigationsofscalar

�eld m odels in cosm ology and in braneworld see, e.g.,

Refs.[16,17].

Thereareotherinstanceswherescalar�eldsplay spe-

ci�c role.Som e ofthem arerelated to the Peccei-Q uinn

(PQ ) m echanism [18],which deals with the strong CP

problem , and the A�eck-Dine (AD) m echanism [19],

which deals with baryogenesis { for a review on the

m atter-antim atterasym m etry see Ref.[20].Here we re-

callvery recentinvestigations,in which ifthescalar�eld

potentialis supposed to adm it a tracker solution, the

scalar�eld presentin thePQ m echanism can alsoaccount

fordarkenergy[21],and alsoin avariantoftheAD m ech-

anism ,ifone properly couples scalar �eld to neutrinos,

one can induce netbaryon num berdensity in the m odel

[22]. Scalar �elds m ay also provide im portant environ-

m ents for sem iclassicalinvestigations in quantum �eld

theory [23]. In spite ofallthe above possibilities,how-

ever,neither condensed m atter nor high energy physics

suggestshow thescalar�eldsinteractorself-interact,al-

though som etim eswe know thatthey m ustself-interact

to m akeup the m odel.

Scalar �eld m ay engender polynom ial or non-

polynom ialself-interactions,and in the presentwork we

focuson polynom ialpotentials.W e use the deform ation

procedureofRef.[3]to introducenew fam iliesofm odels

described by a single realscalar �eld,engendering dif-

ferent power ofself-interactions,which we solve to �nd

defectstructureswith them ethodology fordeform ed de-

fectssetforward in theseworks.O therinteresting inves-

tigationson polynom ialpotentialshavebeen considered

forinstancein [24],butthereonehardly �ndsexactsolu-

http://es.arxiv.org/abs/hep-th/0605127v1
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tionsforpolynom ialpotentialofdegree higherthan six.

In the presentwork wefocusm ainly on the basicissues,

concerning them odelsand theirexactsolutions,and the

corresponding stability.

The m ain results ofthis investigation are ofim m edi-

ateinterestto thebraneworld scenariosetforward in the

lastwork in Ref.[3].The speci�c resultsconcerning the

presenceofexactsolutionsim pactdirectly on theform er

understanding,thatitishard to �nd defectsolutionsin

m odels described by scalar �eld with polynom ialinter-

actionsofhigherand higherpowerin the �eld. Forthis

reason,webelievethatthepresentworkisalsoofinterest

to thesem iclassicalprogram which com putescorrections

to kinksin quantum �eld theory in (1;1)dim ensions,in

thecaseofcylindersand strips[23].In thecaseofin�nity

length,the one-loop correction to the classicalenergy of

these new deform ed kinksm ightbe com puted using the

generalized zetafunction procedureproposed in Ref.[25].

II. G EN ER A LIT IES

W e use the deform ation procedure introduced in

Ref.[3]forrealscalar�eldsin thestandard,in�nite vol-

um e case.W e considerthe two m odels

L =
1

2
@��@

�
� � V (�) (1a)

Ld =
1

2
@��@

�
� � V (�) (1b)

where � and � are two realscalar �elds and V (�) and

V (�)are given potentials,which specify each one ofthe

two m odels. W e introduce a function f = f(�);nam ed

deform ation function,from which we link the m odelof

(1a)with thedeform ed m odelof(1b)by relatingthetwo

potentialsV (�)and V (�)in the very speci�cform

V (�)=
V (� ! f(�))

(df=d�)2
(2)

Thisallowsshowing thatifthe starting m odelhas�nite

energy static solution �(x) which obeys the �rst-order

equations

d�

dx
= �

p
2V (�) (3)

and the equation ofm otion

d2�

dx2
=
dV

d�
(4)

then thedeform ed m odelhas�niteenergy staticsolution

given by �(x)= f� 1(�(x));which obeys

d�

dx
= �

p
2V (�) (5)

and

d2�

dx2
=
dV

d�
(6)

The proofwasalready given in Ref.[3]. W e notice that

ifthe deform ation function f(�)hascriticalpoints,the

deform ation procedureworkssm oothly ifand only ifthe

potentialV (f(�))haszeroesofm ultiplicity atleasttwo

at those criticalpoints. The criticalpoints off(�) are

the branching pointsoff� 1(�);which isconsequently a

m ultivalued function.

III. N EW FA M ILY O F M O D ELS

W e now proceed to the key pointin the presentwork.

To do this,we start with the standard �4 m odel,and

we search for new analytically solvable m odels, which

support topological (kink-like) and/or non-topological

(lum p-like)defectstructuresasclassicalstatic solutions

ofthe corresponding equationsofm otion. The m ethod-

ologyfollowsRef.[3]and especially thecaseofthetype-1

fam ily ofdeform ations,thatis,we search fornew func-

tionsf = f(�)from which we can build new fam iliesof

m odels.Thestarting m odelisdescribed by thepotential

U (�)=
1

2
(1� �

2)2 (7)

where we are using dim ensionless�eld and coordinates.

W e �x the centerofthe defectatthe origin (x0 = 0)to

getthe kink-likesolution

�(x)= � tanh(x) (8)

W e now choosea new deform ation function

f(�)= cos(aarccos(�)� m �) (9)

Thisfunction dependson a;which isrealconstant,and

on m ;which can be integerorsem i-integer. The proce-

durefollows[3]and theparam eterm leadstotwodistinct

fam iliesofm odels:form integer,thedeform ed potential

can be written in the form

V
a
sin(�)=

1

2a2
(1� �

2)sin2 (a arccos�) (10)

However,form sem i-integerwe get

V
a
cos(�)=

1

2a2
(1� �

2)cos2 (a arccos�) (11)

Aswe show below,using half-integerand integervalues

fortheparam etera lead thenum berofvacua ofthenew

m odelto be �xed atwill.

Theabovem odelsidentify fam iliesofpotentialswhich

presentstaticsolutionsgiven by

�(x)= cos

�
�(x)+ m �

a

�

(12)

where �(x) is the principal determ ination of

arccos(tanh(x)),e.g.,� 2 [0;�].
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An interesting aspect ofthese potentials is that they

can bewritten in polynom ialform ,fora integerorsem i-

integer,asfollows

V
a
sin(�)=

1

4a2
(1� �

2)(1� Pa(�)) (13)

and

V
a
cos(�)=

1

4a2
(1� �

2)(1+ Pa(�)) (14)

where

Pa(�)=

2aX

k= 0;2;::

(� 1)k=2
�
2a

k

�

�
2a� k

�
1� �

2
�k=2

(15)

They are very interesting polynom ial potentials, for

which wecan �nd allthe static solutionsexplicitly.

W e illustrate som e ofthe m any possibilities with the

casesa = 1=2;3=2;5=2:Herewehave,forthesinefam ily

V
1=2

sin
(�)=

�
1� �

2
�
(1� �) (16)

V
3=2

sin
(�)=

1

9

�
1� �

2
� �
1+ 3� � 4�3

�
(17)

V
5=2

sin
(�)=

1

25

�
1� �

2
� �
1� 5� + 20�3 � 16�5

�
(18)

and forthecosine fam ily

V
1=2
cos (�)=

�
1� �

2
�
(1+ �) (19)

V
3=2
cos (�)=

1

9

�
1� �

2
� �
1� 3� + 4�3

�
(20)

V
5=2
cos (�)=

1

25

�
1� �

2
� �
1+ 5� � 20�3 + 16�5

�
(21)

Thetwofam iliesare�eld reection ofoneanother,and so

they are essentially equalfora sem i-integer. In Fig.[1]

we plot the sine and cosine potentials for a = 5=2;to

illustrate their pro�le. It is interesting to notice that

the potentials V
1=2

sin
and V

1=2
cos give rise to the �3 the-

ory considered in Ref.[26]to describevacuum instability

in scalartheorieswith spontaneoussym m etry breaking.

These m odels are ofinterest to string theory [27]since

they can be used as toy m odels to describe tachyonic

decay ofunstable brane[28].

The case ofa integerisvery interesting,and we have

decided to show speci�c investigationsforboth the sine

and cosine fam iliesofm odelsbelow.

A . T he sine fam ily ofm odels for a integer

Hereweinvestigatethefam ily ofm odelsgiven by V a
sin

forthe speci�c caseofa being an integer.

V

f1

FIG .1: The two potentials V
a

sin and V
a

cos;plotted for a= 5/2

with solid and dashed lines,respectively.

1. zeroes ofVsin

ThezeroesofV a
sin
(�)im ply thataarccos� = n�; n 2

Z:W e de�ne k = n + 1,so thatk = 1;2;:::. Thus,the

zeroesofVsin aregiven by

Zk = cos

�
k� 1

a
�

�

(22)

Thecountofzeroesrunsfrom k = 1 to k = 2a+ 1,but

fork � a+ 1 we havethe equalitiesZk = � Za+ 2� k and

Za+ k = Za+ 2� k;which show thatthenum berofdi�erent

zeroesisjusta+ 1.The explicitresultsare:fora even,

the zeroesare

�
Z1= 1;Z2;:::;Z a

2

;Z a

2
+ 1= 0;� Z a

2

;:::;� Z2;� Z1= � 1
	

(23)

and fora odd,they are

n

Z1 = 1;Z2;:::;Z a+ 1

2

;� Z a+ 1

2

;:::;� Z2;� Z1 = � 1

o

(24)

Finally,becauseVsin isa polynom ialforwhich thezeroes

(and m ultiplicities)areknown,wehave:

� a even:

V
a
sin(�)=

4a=2

2a2
�
2

a

2Y

j= 1

�
1� �

2
=Z

2

j

�2
(25)

� a odd:

V
a
sin(�)=

1

2a2

aY

j= 1

�
1� �

2
=Z

2

j

�2
(26)
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where Zj = cos
j� 1
a
�. Itis a very rem arkable factthat

V a
sin
(�) can be written in term s ofthe Chebyshev poly-

nom ialsofsecond kind:

V
a
sin(�) =

1

2a2
U
2

a� 1(�)(1� �
2)2 (27a)

Ua(�) =
sin((a+ 1)arccos�)

sin(arccos�)
(27b)

TheexplicitresultsofV a
sin
(�),fora = 1;2;3;4;5aregiven

by

V
1

sin(�)=
1

2
(1� �

2)2 (28)

V
2

sin(�)=
1

2
�
2 (1� �

2)2 (29)

V
3

sin(�)=
8

9

�
1

4
� �

2

� 2

(1� �
2)2 (30)

V
4

sin(�)= 2 �2
�
1

2
� �

2

� 2

(1� �
2)2 (31)

V
5

sin(�) =
128

25

 

(1+
p
5)2

16
� �

2

! 2

 

(1�
p
5)2

16
� �

2

! 2

�
1� �

2
�2

(32)

which illustrate this new fam ily ofm odels. W e notice

thatthere are two classesofm odels:fora odd they are

�4� likepotentials{nozeroattheorigin {and fora even

they are�6� likem odels{ having a zero attheorigin.In

Fig.2 we plot V 2
sin

and V 4
sin
,and in Fig.3 we plot V 3

sin

and V 5
sin

to show how they behave as a function ofthe

scalar�eld �:Asa curiosity,we rem ark thatthe zeroes

ofV 5
sin
(�) occur at � R=2;� (1 � R)=2;and � 1;where

R = (1+
p
5)=2 and 1� R are respectively the Big and

Sm allG olden Ratios.

2. Solutions and zeroes ofVsin

The staticsolutionsofVsin(�)aregiven by

�k(x)= cos
�(x)+ (k� 1)�

a
(33)

with k = 1;2;:::and �(x)the principaldeterm ination of

arccostanh(x),i.e.� 2 [0;�].

Di�erentvaluesofk producedi�erentsolutionsonly if

1 � k � 2a.M oreover,if1 � k � a,then �2a+ 1� k(x)=

� �k(x),and thisleadsto the setofsolutions

f�1(x);�2(x);:::;�a(x);� �a(x);:::;� �2(x);� �1(x)g

(34)

W e notice that for � 1 � x � 1 we have � 1 �

tanhx � 1 and so � � � � 0. Thus, x ! � 1 im -

plies � ! � and x ! 1 im plies � ! 0. W e use these

resultstoseethatfrom k = 1tok = a,thesolution �k(x)

interpolatesbetween the zero Zk+ 1 and the zero Zk,all

the double zeroesare reached,and these are topological

defects. The solutions�a+ k(x)travelin the opposite di-

rection,and they arethe associated anti-defects.

V

f

FIG .2:PlotsofV
2

sin(�)and V
4

sin(�);depicted with solid and

dashed lines,respectively.These potentialsbelong to the�
6
-

like fam ily ofm odels.

V

f

FIG .3:PlotsofV 3

sin(�)and V
5

sin(�);depicted with solid and

dashed lines,respectively.These potentialsbelong to the�
4
-

like fam ily ofm odels.
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B . T he cosine fam ily ofm odels for a integer

Hereweinvestigatethefam ily ofm odelsgiven by V a
cos

forthe speci�c caseofa being an integer.

1. The zeroes ofVcos

The zeroes of V a
cos(�) im ply that aarccos� = �

2
+

n�;n 2 Z. Like before,we de�ne k = n + 1,so that

k = 1;2;:::.Thus,apartfrom � 1,the zeroesofVcos are

Zk = cos

�
2k� 1

2a
�

�

(35)

Thecountofzeroesrunsfrom k = 1 to k = 2a,butfor

k � a the equalitiesZk = � Za� k+ 1 and Za+ k = Za� k+ 1

show thatthe num ber ofdi�erentzeroesis justa (plus

the two sim ple zeroes� 1).Fora even,the zeroesare

�
1;Z1;Z2;:::;Z a

2

;� Z a

2

;:::;� Z2;� Z1;� 1
	

(36)

and fora odd,they are

n

1;Z1;Z2;:::;Z a� 1

2

;Z a+ 1

2

= 0;� Z a� 1

2

;:::;� Z2;� Z1;� 1

o

(37)

Finally,becauseVcos isa polynom ialforwhich theze-

roes(and m ultiplicities)areknown,wehave:

� a even:

V
a
cos(�)=

4a� 1

2a2
(1� �

2)

a

2Y

j= 1

�
�
2
� Z

2

j

�2
(38)

� a odd:

V
a
cos(�)=

4a� 1

2a2
�
2(1� �

2)

a� 1

2Y

j= 1

�
�
2
� Z

2

j

�2
(39)

where Zj = cos
2j� 1
2a

�. As for the sine potentials,the

V a
cos(�) potentials are also given by Chebyshev polyno-

m ials,in thiscaseofthe �rstkind:

V
a
cos(�)=

1

2a2
T
2
a(�)(1� �

2) (40a)

Ta(�)= cos(aarccos�) (40b)

Notetherelationship between Ta(�)and thedeform ation

function introduced in Eq.(9).

The explicit form s of potentials V a
cos(�) for

a = 1;2;3;4;5 aregiven by

V
1

cos(�)=
1

2
�
2 (1� �

2) (41)

V
2

cos(�)=
1

2

�
1

2
� �

2

� 2

(1� �
2) (42)

V
3

cos(�)=
8

9
�
2

�
3

4
� �

2

� 2

(1� �
2) (43)

V
4

cos(�)= 2

 

2+
p
2

4
� �

2

! 2  

2�
p
2

4
� �

2

! 2

(1� �
2)

(44)

V
5

cos(�) =
128

25
�
2

 

10+ 2
p
5

16
� �

2

! 2

 

10� 2
p
5

16
� �

2

! 2

(1� �
2) (45)

which illustrate this new fam ily ofm odels. W e notice

thatthere are two classesofm odels:fora odd they are

inverted �4� likem odels,and fora even they areinverted

�6� like m odels. In Fig.4 we plotV 2
cos and V 4

cos;and in

Fig.5 weplotV 3
cos and V

5
cos to show how they behaveas

a function ofthe scalar�eld �:

V

f

FIG .4:PlotsofV
2

cos(�)and V
4

cos(�);depicted with solid and

dashed lines,respectively.These potentialsbelong to the in-

verted �
6-like fam ily ofm odels.

2. Solutions and zeroes ofVcos

Thestatic solutionsofVcos(�)aregiven by

�k(x)= cos
�(x)+ 2k� 1

2
�

a
(46)

with k = 1;2;:::;and �(x)theprincipaldeterm ination of

arccostanh(x � x0),i.e.� 2 [0;�].

Di�erentvaluesofk producedi�erentsolutionsonly if

1 � k � 2a. M oreover,if1 � k < a,then �2a� k(x) =
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V

f
1

FIG .5:PlotsofV
3

cos(�)and V
5

cos(�);depicted with solid and

dashed lines,respectively.These potentialsbelong to the in-

verted �
4
-like fam ily ofm odels.

� �k(x)and wegetthesetofsolutions�1(x);�2(x);:::;

�a� 1(x);�a(x);� �a� 1(x);:::;� �2(x);� �1(x);�2a(x):

W eseethatfor� 1 � x � 1 wehave� 1� tanhx � 1

and so � � � � 0. Thus,x ! � 1 gives � ! � and

x ! 1 gives � ! 0. From k = 1 to k = a � 1,the

solution �k(x) interpolates between the zero Zk+ 1 and

thezero Zk,allthedoublezeroesarereached,and these

are topologicaldefects. The solutions �a+ k(x) travelin

the opposite direction,and they arethe associated anti-

defects.M oreover,�a and �2a arenon-topologicaldefects.

�a(x)startsatx = � 1 from the zero Za+ 1 = � Z1,at

x = 0 (m ore generally atx = x0)reaches�a(x0)= � 1,

and �nally at x = 1 the solution arrives to Z a. But

Za = � Z1 again. Identicalbehaviorappearsfor�2a(x)

on the zeroesZ2a = Z1,and Z2a+ 1 � Z1.

IV . SU P ER P O T EN T IA LS

Itis som etim espossible to introduce superpotentials.

They are functions ofthe scalar �eld,W = W (�);and

allow writing

V (�)=
1

2

�
dW

d�

� 2

(47)

Since for the sine fam ily of potentials, V a
sin
(�); all

m em berswith a integerare non-negative,we can intro-

duce the corresponding superpotentials. They are ob-

tained with

Vsin(�)=
1

2

�
dW sin(�)

d�

� 2

(48)

They havethe form ,fora2 6= 4

W sin(�)= �
1

a2(a2 � 4)
[(a2(1� �

2)� 2)cos(a arccos�)

� 2a�
p
1� �2 sin(a arccos�)] (49)

or

W sin(�)= �
1

a2(a2 � 4)
[(a2(1� �

2)� 2)Ta(�)

� 2a�(1� �
2)Ua� 1(�)] (50)

and fora2 = 4 we have

W sin(�)= �
1

4
�
2
�
2� �

2
�

(51)

Thepresenceofsuperpotentialsin generaleasescalcu-

lation;in particular,thisisthe caseforthe energy asso-

ciated with the corresponding static solutions. For the

kink solutionsofthe sine fam ily ofm odels,the energies

can be calculated with

E sin(�k)= jW sin(Zk)� W sin(Zk+ 1)j (52)

for 1 � k � 2a:The presence ofsuperpotentials shows

that these m odels are in fact bosonic portions ofm ore

general,globally supersym m etric theories,which can be

written in theusualway [6,29].W erecallthatglobalsu-

persym m etriescan bem adelocal,asithappensin super-

gravitytheories,which can alsosupportdefectstructures

{ see,forinstance,Ref.[11].

V . STA B ILIT Y A N D ZER O M O D ES

To investigate linear stability ofthe scalar�eld solu-

tionsEq.(12),weconsider

�(x;t)= �(x)+
X

n

�(x)cos(wnt) (53)

W e substitute this into the tim e-dependent equation of

m otion

@2�

@t2
�
@2�

@x2
+
dV

d�
= 0 (54)

and considerthe case ofsm alluctuations �n(x) about

the classical�eld �(x)to obtain

�

�
d2

dx2
+ U (x)

�

�n(x)= w
2

n �n(x) (55)

wherethe potentialofthisSch�odinger-likeequation is

U (x)=
d2V

d�2

�
�
�
�
�= �(x)

(56)

The equation (55) has at least one bound state, the

bosonic zero m ode that is present due to translational

invariance.Itisgiven by

�0(x)=
d�(x)

dx
(57)
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From Eq.(12)we obtain

�0(x)=
1

a
sech(x)sin

�
�(x)+ m �

a

�

(58)

where �(x) is the principal determ ination of

arccos(tanh(x)). For the above solutions, zero m odes

have nodesonly forsem i-integerm = 2k� 1
2

,with k = a

and k = 2a. Yet, from Eq. (56) for the solutions

(12),after a highly non trivialcalculation,we have the

potentials

U (�k(x)) = 1�

�

2+
1

a2

�

sech
2
(x)+

3

a
cot

�
�(x)+ N (k)�

a

�

tanh(x)sech(x)(59)

whereN (k)= k� 1,forthesolutions�k(x)ofVsin,and

N (k)= (2k� 1)=2 forthe solutionsofVcos:

Theexplicitform softhepotentialsV (�)and quantum

m echanicalpotentialsU (x)fora = 1;2 areshown below.

Fora = 1 wehave

V
1
sin =

1

2
(1� �

2)2 (60)

U
1
sin(�1)= U

1
sin(�2)= 4� 6 sech

2
(x) (61)

and

V
1

cos =
1

2
�
2(1� �

2) (62)

U
1

cos(�1)= U
1

cos(�2)= 1� 6 sech
2
(x) (63)

Fora = 2 wehave

V
2

sin =
1

2
�
2

�
1

2
� �

2

� 2

(64)

U
2

sin(�1)= U
2

sin(�3)=
1

4

�
10+ 6 sech(x)� 15sech

2
(x)

�

(65)

U
2

sin(�2)= U
2

sin(�4)=
1

4

�
10� 6 sech(x)� 15sech

2
(x)

�

(66)

and

V
2

cos =
1

2
(1� �

2)

�
1

2
� �

2

� 2

(67)

U
2

cos(�1)= U
2

cos(�3)=
1

4

�
4+ 6 sech(x)� 15sech

2
(x)

�

(68)

U
2

cos(�2)= U
2

cos(�4)=
1

4

�
4� 6sech(x)� 15sech

2
(x)

�

(69)

W e notice thatthe zero m odesfortopologicaldefects

are zero energy eigenfunctions ofthe Hessian for both

Vsin and Vcos and have no nodes. The Hessian isa one-

dim ensionalsecond-order Schr�odinger operator,and by

a generaltheorem ,theground stateofsuch operatorhas

no nodes. Therefore,allthe other eigenfunctions have

positive energy and topologicaldefects are stable. The

zero m odes fornon-topologicaldefects are also zero en-

ergy eigenfunctionsoftheHessian forVcos,butthey have

anode.Therefore,theground statein thiscaseisanega-

tiveenergyeigenfunction,indicatingthatnon-topological

defectsareunstable.

Theabovestudy ofstability showsthepresenceofnew

quantum -m echanicalpotentials,which isofdirectinter-

est to supersym m etric quantum m echanics and can be

explored standardly,with the usualprocedure offactor-

ization [30].

V I. FIN A L C O M M EN T S

In this work we have built two distinct fam ilies of

scalar �eld m odels,described by the potentials V a
sin
(�)

and V a
cos(�);given by thegeneralexpressionsin (10)and

(11).Forthesem odels,wehavefound allthestaticsolu-

tions,and we have studied theirstabilitiescarefully. As

wehaveshown,theV a
sin
(�)m odelsaregeneralizationsof

the �4 and �6 m odels,fora odd and even,respectively,

and the V a
cos(�)generalizesthe inverted �

4 and inverted

�6 m odels,fora odd and even,respectively.Thesem od-

els are new,ofincreasing power in the scalar�eld,and

they areallsolved with explicitstaticsolutionsobtained

very directly from theprocedurefordeform ed defectset

forward in Ref.[3].

The present investigation o�ers a system atic way to

�nd defect solutions in m odels described by realscalar

�eld with generalpolynom ialinteractions. The sim plic-

ity ofthe procedure poses severalissues ofinterest to

high energy physics and condensed m atter. In high en-

ergy physics,in particular,we are now focusing on ap-

plicationsto tachyonsand branes,and on extensionsto

m odels described by two realscalar �elds [31],or by a

single com plex �eld [32]. In connection with the sem i-

classicalprogram ofRef.[23],wearenow exam ining the

possibility ofextending the presentwork to m odels de-

�ned in �nite volum e.
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