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Them assshiftinduced by one-loop quantum 
 uctuationson self-dualANO vorticesiscom puted

using heatkernel/generalized zeta function regularization m ethods.The quantum m assesofsuper-

im posed m ulti-vortices with vorticity lower than � ve are given. The case oftwo separate vortices

with a quantum ofm agnetic 
 ux isalso discussed.
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IN T R O D U C T IO N

In thispaperwepresentsom enew resultson thequan-

tization of the self dual m ulti-vortex solutions of the

Abelian Higgsm odel.W ealsotaketheopportunitytoof-

fera detailed description ofthe conceptsand techniques

that allowed us to com pute the one-loop quantum cor-

rection to them assofself-dualAbrikosov-Nielsen-O lesen

vorticeswith onequantum ofm agnetic
ux in theRapid

Com m unication [1]. The AHM provides a theoretical

ground in several�elds ofphysics: it providesshape to

interesting truncations ofthe electroweak orgrand uni-

�ed theories,it also provides the basis for the various

phenom enologicalm odelsforcosm icstrings,oritcan be

used asaG inzburg-Landau theory forsuperconductivity.

Interest in this research,developed in the supersym -

m etricfram ework in [2],[3],wasrekindled two yearsago.

Non-vanishingquantum correctionstothem assofN = 2

supersym m etricvorticeswererecentlyreported in papers

[4]and [5],seealso[27].In thesecond paper,itwasfound

thatthe centralcharge ofthe N = 2 SUSY algebra re-

ceivesa non-vanishingone-loop correction thatisexactly

equalto the one-loop m assshift;thus,one could talk in

term s ofone-loop BPS saturation. This result �ts in a

pattern �rstconjectured in [6]and then proved in [7]for

supersym m etric kinks. Another work by the authorsof

the Stony Brook/Viena group,[8]unveilsa sim ilarkind

ofbehaviorofsupersym m etricBPS m onopolesin N = 2

SUSY Yang-M ills theory. In this reference,however,it

ispointed outthat(2+ 1)-dim ensionalSUSY vorticesdo

notbehave exactly in the sam e way astheir(1+ 1)-and

(3+ 1)-dim ensionalcousins. O ne-loop correctionsin the

vortex case are in no way related to an anom aly in the

conform alcentralcharge,contrarily to thequantum cor-

rectionsforSUSY kinksand m onopoles.

W eshallfocus,however,on thepurely bosonicAbelian

Higgs m odel and rely on the heat kernel/generalized

zeta function regularization m ethod that we developed

in reference [9]. O ur approach pro�ts from the high-

tem perature expansion of the heat function, which is

com patiblewith Dirichletboundary conditionsin purely

bosonic theories. In contrast,the application ofa sim -

ilar regularization m ethod to the supersym m etric kink

requiresSUSY-friendly boundary conditions,see[10].In

[9]the kink quantum correction in the �4 m odelis es-

tim ated by this m ethod and com pared with the correct

answerobtained from the Dashen-Hasslacher-Neveu for-

m ula, [11] in order to check the reliability of our ap-

proach.Therelativeerrorfound isapproxim ately 0.07% .

In [12]and [13]wealsocalculated thequantum m asscor-

rectionsforkinksarising in two-com ponentscalarm od-

els,where second-order sm all
uctuations are ruled by

m atrix di�erentialoperators. Therefore,we were led to

generalize the zeta function m ethod to the m atrix case,

because the DHN approach,based on a direct com pu-

tation of the spectral density, is not e�cient for m a-

trix di�erential Schrodinger operators. This step has

proved to be crucial, opening the possibility ofapply-

ing ourm ethod to two-dim ensionaltopologicaldefectsin

the Abelian Higgsm odel.

In order to accom plish this task we shall en-

counterm oredi�cultiesthan forone-dim ensionalm ulti-

com ponent kinks. As noticed by Vassilevich, the lack

ofanalyticalexpressionsforvortex solutionsforcesusto

perform anum ericalanalysisalreadyattheclassicallevel

to solve the �eld equations. Also,the high-tem perature

expansion ofthe heattrace becom esm ore involved due

to the jum p from one to two spatial dim ensions; the

recurrence relations hold between partial-rather than

ordinary-derivativesofthehigh-T expansion coe�cients.

W estressthattheevaluation oftheSeeley coe�cientsis

a very laborious task: 
uctuations ofthe vector,Higgs

and G oldstone �elds are governed by one 4 � 4-m atrix

di�erentialoperator,whereas 
uctuations ofthe ghosts

aredeterm ined by onescalardi�erentialoperatoracting

on L2(R2). There is,however,one pointwhere the sit-

uation is m ore favorable as com pared to the kink case:

thegeneralized zeta function regularization m ethod pro-

videsusdirectly with a �nitequantity,withouttheneed

ofin�niterenorm alizations.Thisfactispeculiarto even

spatialdim ensionsand isprobably related to the lack of

anom alies when ferm ions are added. As for kinks,we

shallobtain a sim ple form ula forthe one-loop quantum

http://es.arxiv.org/abs/hep-th/0504143v3
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m asscorrection depending on theSeeley coe�cientsand

the num berofzero m odes.

O ne rem arkable aspect ofour results is that the cor-

rection found by this m ethod in the bosonic system is

essentially twice the correction arising in the supersym -

m etriccasein [4]and [5].Thisseem sto bein agreem ent

with the relationship between the supersym m etric and

non-supersym m etric one-loop corrections to the m asses

ofthe sine-G ordon and �4 kinks,see[14]and [15].

Theorganization ofthepaperisasfollows:In Section

x.2werevisetheperturbativesectoroftheAbelian Higgs

m odelin theFeynm an-’tHooftrenorm alizablegaugeand

setthe one-loop m assrenorm alization conventions.Sec-

tion x.3 isdevoted to studyingANO vortex solutionsand

their 
uctuations in a partially analytical,partially nu-

m ericalm anner.Thehigh-tem peratureexpansion ofthe

pertinent heat traces is developed in Section x.4 . Sec-

tion x.5explainshow quantum oscillationsofvorticesare

accounted forin thefram ework ofgeneralized zeta func-

tion regularization. In Section x.6 the one-loop vortex

m assshiftform ula isapplied to cylindrically sym m etric

self-dualvortices. W e also brie
y discuss how the shift

dependson thedistancebetween centersofa two-vortex

solution.Finally,weo�era Sum m ary and O utlook.

T H E P LA N A R A B ELIA N H IG G S M O D EL

T he m odel

TheAHM describesthe m inim alcoupling between an

U (1)-gauge �eld and a scalar�eld in a phase where the

gaugesym m etry isspontaneously broken.De�ning non-

dim ensionalspace-tim evariables,x� ! 1

ev
x�,and �elds,

� ! v� = v(�1 + i�2),A � ! vA �,from the vacuum

expectation valueoftheHiggs�eld v and theU (1)-gauge

coupling constant e, the action for the Abelian Higgs

m odelin (2+ 1)-dim ensionsreads:

S =
v

e

Z

d
3
x

�

�
1

4
F��F

�� +
1

2
(D ��)

�
D

�
� � U (�;��)

�

with

U (�;��)=
�2

8
(��� � 1)2 :

�2 = �

e2
is the only classically relevant param eter and

m easuresthe ratio between the square ofthe m assesof

the Higgs,M 2 = �v2,and vectorparticles,m 2 = e2v2;

� is the Higgs �eld self-coupling. W e choose a system

ofunits where c = 1,but ~ has dim ensions oflength

� m ass. Also,we de�ne the m etric tensor as: g�� =

diag(1;� 1;� 1);�;� = 0;1;2.

Feynm an rules in the R -gauge

Thechoiceof�V = 1 astheground statecausesspon-

taneoussym m etry breaking ofthe Abelian gaugeinvari-

ance.In the Feynm an-’tHooftrenorm alizablegauge,

R(A �;G )= @�A
�
� G ;

theparticlespectrum involvesavectorparticleA �,Higgs

and G oldstone scalar particles � = 1+ H + iG ,and a

com plex ghost�. The Feynm an rulesare read from the

action,seeReference[16]:

S =
v

e

Z

d
3
x

�

�
1

2
A �[� g

��(@�@
� + 1)]A �

+
1

2
@�G @

�
G �

1

2
G
2 +

1

2
@�H @

�
H �

�2

2
H

2

+ @��
�
@
�
� � �

�
� �

�2

2
H (H 2 + G

2)

+ A �(@
�
H G � @

�
G H )+ H (A �A

�
� �

�
�)

�
�2

8
(H 2 + G

2)2 +
1

2
(G 2 + H

2)A �A
�

�

:

Therearefourpropagators,plus�vethird-orderand �ve

fourth-orderverticesshown in the nexttwo Tables:

TABLE I:Propagators

Particle Field Propagator Diagram

Higgs H (x)
ie~

v(k2 � �2 + i")
k

G oldstone G (x)
ie~

v(k2 � 1+ i")
k

G host �
ie~

v(k2 � 1+ i")
k

VectorBoson A �(x)
� ie~g

��

v(k2� 1+ i")

ke� e�

O ne-loop renorm alization

De�ning

I(c2)=

Z
d3k

(2�)3
�

i

k2 � c2 + i"

and bearing in m ind thatI(�2)= I(1)+ �nite part,the

one-loop divergencesin the planarAbelian Higgsm odel

can be organized asfollows:
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TABLE II:Third-and fourth-ordervertices

Vertex W eight Vertex W eight

� 3i�
2 v

~e
� 3i�

2 v

~e

� i�
2 v

~e
� 3i�

2 v

~e

e�e� 2i
v

~e
g
��

� i�
2 v

~e

� i
v

~e

e�e� 2i
v

~e
g
��

 ~pe�% ~q& ~k
(k

�
� q

�
)
v

~e

e�e� 2i
v

~e
g
��

� Higgstadpole

+ + + =

= � 2i(�2 + 1)I(1)+ �nite part

� Higgspropagator

+ + + =

= � 2i(�2 + 1)I(1)+ �nite part

� G oldstonepropagator

+ + + =

= � 2i(�2 + 1)I(1)+ �nite part

� Vectorboson propagator

+ + =

= 2iI(1)+ �nite part

Thereareno m oreone-loop divergentgraphs.Therefore,

in a m inim alsubtraction schem e,we add the diagram s

shown in thenextTableto cancelthedivergencesin the

one-loop graphs.

TABLE III:O ne-loop counter-term s

Diagram W eight

2i(�
2
+ 1)I(1)

2i(�
2
+ 1)I(1)

2i(�
2
+ 1)I(1)

� 2iI(1)

This is tantam ount to considering that the counter-

term s

L
S
c:t: =

~(�2 + 1)

2
I(1)

�
j�j

2
� 1

�
(1)

L
A
c:t: = �

~

2
I(1)A �A

� (2)

enterinto the Lagrangian.

Allthe �nite parts are proportionalto I(�2)� I(1)

and they vanish in thecriticalpointbetween TypeIand

Type II superconductivity,�2 = 1,to be considered in

thesequel.Notethatthem assoftheelem entaryparticles

for this criticalvalue of� is taken as subtraction point

so that the counter-term sexactly cancelthe divergence

duetotheHiggstadpole.Therefore,ourrenorm alization

criterion is equivalent to the renorm alization condition

stipulated in [4]and [5]when �2 = 1.

A N O SELF-D U A L V O R T IC ES

Abrikosov-Nielsen-O lesen vortices are topologicalde-

fectssatisfying the tim e-independent�eld equations:

@iFij = Jj ;
1

2
D iD i� =

@U

@��
; (3)

whereJj =
i

2
(��D j� � (D j�)

� �)istheelectriccurrent.

They arestaticand localized solutionsforwhich theen-

ergy

E =

Z

d
2
x[
1

4
FijFij +

1

2
(D i�)

�
D i� +

�

8
(��� � 1)2] (4)

is�nite.Thus,ANO vorticescom ply with theboundary

conditionson S11 ,i.e.when r=
p
x2
1
+ x2

2
tendsto 1 :

�
�
�j

S 1

1
= 1 ; D i�jS 1

1
= (@i� � iAi�)jS 1

1
= 0 ; (5)

i.e.,�jS 1

1
= eil�,l2 Z,and A ijS 1

1
= � i��@i�jS 1

1
.
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First-order equations

For the value of the coupling constant �2 = 1, the

energy functionalcan be arranged asfollows

E =

Z
d2x

2

�
jD 1� � iD 2�j

2 + [F12 �
1

2
(��� � 1)]2

�
+
1

2
jgj

where g =
R
d2xF12 = 2�listhe non-dim ensionalquan-

tized m agnetic 
ux. Solutions satisfying the �rst-order

di�erentialequations

D 1� � iD 2� = 0 ; F12 �
1

2
(��� � 1)= 0

or,equivalently,

(@1�1 + A 1�2)� (@2�2 � A 2�1)= 0 (6)

� (@2�1 + A 2�2)+ (@1�2 � A 1�1)= 0 (7)

F12 �
1

2
(�21 + �

2

2 � 1)= 0 : (8)

also solve the second-orderequations(3)and are called

ANO self-dualvorticesifthey also satisfy the boundary

conditions (5). In what follows,we shallfocus on solu-

tionswith positivel:i.e.,weshallchoosetheuppersigns

in the �rst-orderequations.

Self-dualvortices w ith cylindricalsym m etry

If� = arctanx2
x1

isthe polarangle,the ansatz

�1(x1;x2)= f(r)cosl� ; �2(x1;x2)= f(r)sinl�

A 1(x1;x2)= � l
�(r)

r
sin� ; A1(x1;x2)= l

�(r)

r
cos�

plugged into the �rst-orderequations(6,7,8)leadsto:

1

r

d�

dr
= �

1

2l
(f2� 1) ;

df

dr
= �

l

r
f(r)[1� �(r)] : (9)

Regular solutions of(9) with the boundary conditions

lim
r! 1

f(r) = 1, lim
r! 1

�(r) = 1, zeroes ofthe Higgs and

vector�eldsattheorigin,f(0)= 0,�(0)= 0,and integer

m agnetic
ux,

g = �

I

r= 1

dxiA i = � l

I

r= 1

[x2dx1 � x1dx2]

r2
= 2�l;

exist and can be found by a m ixture ofanalyticaland

num ericalm ethods.

Following the procedure developed in [17],we obtain

num ericalsolutionsforthevortex equations(9).Indeed,

this approach gives the vortex solution in three di�er-

entrangesofthe radialcoordinate. For sm allvalues of

r,a power series is tested in the �rst-order di�erential

equations (9),leading to a recurrence relation between

thecoe�cients.Reference[17]also describestheasym p-

toticbehaviorofthesolutions.Thus,anum ericalschem e

can be im plem ented by setting a boundary condition in

a non-singularpoint of(9),which is obtained from the

powerseriesforsm allvaluesofr.Thisnum ericalm ethod

providesuswith the behaviorofthevortex solutionsfor

interm ediatedistancesbym eansofan interpolatingpoly-

nom ialwhich passesthrough the num ericaldata.

The resultsareshown in �gure1,where the �eld pro-

�les�(r)and f(r),the m agnetic �eld B (r)= l

2r

d�

dr
and

the energy density

"(r)=
1

4
(1� f

2(r))2 +
l2

r2
(1� �(r))2f2(r)

are plotted with respectto r forself-dualANO vortices

with l= 1,l= 2,l= 3,and l= 4.A three-dim ensional

view ofthe energy density in the plane isalso shown in

�gure 2 for l = 1, l = 2, l = 3, and l = 4 self-dual

vortices. Note that the l= 1 vortex shows a di�erent

pattern as com pared with 
ux tubes ofseveralquanta:

only in the �rstcase isthe energy density m axim um at

the origin (the center).

2 4 6 8 10

0.2

0.4

0.6

0.8

1 fHrL

r
2 4 6 8 10

0.1

0.2

0.3

0.4

0.5
BHrL

r

1 2 3 4 5 6

0.1

0.2

0.3

0.4

0.5

0.6
ΕHrL

r

Figure 1.Plots ofthe �eld pro�les �(r)(a) and f(r)(b),the m agnetic �eld B (r)(c),and the energy density "(r)for vortices

with l= 1 (solid line),l= 2 (broken line),l= 3 (broken-doted line)and l= 4 (doted line).

Figure 2.3D graphics ofthe energy density for l= 1,l= 2,l= 3 and l= 4 self-dualsym m etric ANO vortices.
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T w o-vortex solutions w ith distinct centers

To tackle the task ofbuilding l = 2 ANO self-dual

solutionsform ed by two l= 1 vorticeswith centerssepa-

rated by a distanced,we follow the work [18]by Jacobs

and Rebbi.A variationalm ethod isim plem ented in two

stages:

In the �rststage,trialfunctionsdepending only on a

singlevariationalparam eterw areconsidered:

�!(z;z
�) = �(z;z �)

�

! f
(1)(jz� d=2j)f(1)(jz+ d=2j)+ (1� !)

jz2 � (d=2)2j

jz2j
f
(2)(jzj)

�

(10)

A
!(z;z�) = !

�
i

z� � d=2
�
(1)(jz� d=2j)+

i

z� + d=2
�
(1)(jz+ d=2j)

�

+ (1� !)
2i

z�
�
(2)(jzj) : (11)

Here

z = x1+ ix2 ; A
!(z;z�)= A

!
1(z;z

�)+ iA !
2(z;z

�) ;

and

� =

s

z2 � (d=2)2

z� 2� (d=2)2

isessentially a phasechosen in such a way thatthem ag-

netic 
ux isequalto 4�. f(1),�(1),f(2) and �(2) stand

forthe functionsf and � associated with self-dualsolu-

tionswith cylindricalsym m etry-obtained in theprevious

subsection-respectively with vorticity l= 1 and l= 2.

Evoking (10)and (11)weexpectthat! = 0 forthecase

d = 0 and ! = 1 forthe cased > > 1.Plugging (10)and

(11) into the energy functional,we obtain a expression

E (!),which issetto be m inim ized asa function of!.

In the second stage the trialfunctions are re�ned by

addingadeform ation such thattworequirem entsareful-

�lled: 1)the scalar�eld vanishesatthe two centers. 2)

the gauge-invariantquantities associated with the solu-

tion aresym m etricwith respectto there
ection z ! z�.

Theinvariantansatzreads:

�(z;z�) = �!(z;z
�)+ �(z;z �)

�
�z2 � (d=2)2

�
�(coshjzj)� 1

NX

i= 0

iX

j= 0

fij
(zz�)i

2

"
�
z

z�

�j
+

�
z�

z

� j
#

A(z;z�) = A
!(z;z�)+

1

coshjzj

8
<

:
z

NX

i= 0

iX

j= 0

a
I
ij

(zz�)i

2

"
�
z

z�

�j
+

�
z�

z

� j
#

+ z
�

NX

i= 0

iX

j= 0

a
II
ij

(zz�)i

2

"
�
z

z�

�j
+

�
z�

z

� j
#9
=

;

Figure 3.3D graphics ofthe energy density for l= 2 self-dualseparate vortices with centers atdistances d = 1,d = 2,d = 3.

These expressions involve @ = 3
(N + 1)(N + 2)

2
variational

param eters fij,a
I
ij,a

II
ij. Finding the m inim um ofthe

energy functionalas a function ofthese @ variables -a

task forM athem atica-agood approxim ation tothel= 2

self-dualsolution with a distance d between the two l=

1 vortex centers is obtained. For our purposes setting

N = 1 such that@ = 9 willsu�ce. The energy density

fortwo-vortex solutionsfound by thism ethod if@ = 9 is

depicted ford = 1,d = 2 and d = 3 in the above�gure.
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Sm all
 uctuations

W e generically denotethe vortex solution �eldsas

�
V =  =  1+ i 2 ; A

V
k = Vk ;k = 1;2 :

Assem bling the sm all
uctuationsaround the solution

�(~x)=  (~x)+ ’(~x) ; Ak(~x)= Vk(~x)+ ak(~x)

in a fourcolum n �(~x),L2-integrablesecond-order
uctu-

ationsaround a given vortex solution are stillsolutions

ofthe �rst-orderequationswith the sam e m agnetic 
ux

ifthey belong to the kernelofthe Dirac-like operator,

D �(~x)= 0,[19]

D �(~x)=

0

B
B
B
@

� @2 @1  1  2

� @1 � @2 �  2  1

 1 �  2 � @2 + V1 � @1 � V2

 2  1 @1 + V2 � @2 + V1

1

C
C
C
A

0

B
B
B
@

a1(~x)

a2(~x)

’1(~x)

’2(~x)

1

C
C
C
A

The �rstcom ponentofD � givesthe deform ation ofthe

vortex equation (8),whereasthe third and fourth com -

ponentsaredue to the respectivedeform ation ofthe co-

variant holom orphy equations (7) and (6). The second

com ponentsetsthe background gauge

B (ak;’; )= @kak � ( 1’2 �  2’1)

on the 
uctuations.

The operatorH + = D yD and itspartnerH � = D D y

read:

H
+ =

0

B
B
@

� 4 + j j
2

0 � 2r 1 2 2r 1 1

0 � 4 + j j2 � 2r 2 2 2r 2 1

� 2r 1 2 � 2r 2 2 � 4 + 1

2
(3j j

2
+ 2VkVk � 1) � 2Vk@k

2r 1 1 2r 2 1 2Vk@k � 4 + 1

2
(3j j

2
+ 2VkVk � 1)

1

C
C
A

H
� =

0

B
B
@

� 4 + j j
2

0 0 0

0 � 4 + j j
2

0 0

0 0 � 4 + 1

2
(j j2 + 1)+ VkVk � 2Vk@k

0 0 2Vk@k � 4 + 1

2
(j j

2
+ 1)+ VkVk

1

C
C
A :

O ne can check that H + arises in the sm all deform a-

tion ofthesecond-orderequations(3)in thebackground

gaugefor� = 1,thusrulingthesecond-order
uctuations

around the vortex solutions. In fact,forl= 0 one �nds

thatH + = H � = H 0,where

H 0 =

0

B
B
@

� 4 + 1 0 0 0

0 � 4 + 1 0 0

0 0 � 4 + 1 0

0 0 0 � 4 + 1

1

C
C
A

isthe second-order
uctuation operatoraround the vac-

uum in the Feynm an-’tHooftrenorm alizablegauge:the

background gauge in the vacuum sector. Note thatthe


uctuationsin thisgaugecorrespond to a m assivevector

particleplusscalarHiggsand G oldstone�elds.Itwillbe

usefulin thesequelto writethesecond-order
uctuation

operatorsaround l� 1 vorticesin the form :

H
� = H 0 + Q

�

k
(~x)@k + V

� (~x) ;

whereQ �

k
(~x)and V � (~x)are4� 4 functionalm atrices.
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H IG H -T EM P ER A T U R E EX PA N SIO N O F H EA T

T R A C ES

Index theorem : m odulispace ofself-dualvortices

O ne easily checks that dim kerD y = 0 because the

spectrum ofH � is de�nite positive. Thus,the dim en-

sion ofthem odulispaceofself-dualvortexsolutionswith

m agneticchargelisthe index ofD :

indD = dim kerD � dim kerD y
:

W e follow W einberg [19],using the background instead

ofthe Coulom b gauge,to brie
y determ ine indD . The

spectra ofthe operators H + and H � only di�er in the

num berofeigen-functionsbelongingtotheirkernels.For

topologicalvortices,wedo notexpectpathologiesdueto

asym m etries between the spectraldensities ofH + and

H � , and thus indD = Tre� �H
+

� Tre� �H
�

. For a

case in which these asym m etriesare im portant,see the

treatm ent ofChern-Sim ons-Higgs topologicaland non-

topologicalvorticesgiven in [20,21].

Theheattraceofa N � N m atrix di�erentialoperator

H = H 0 + Q k(~x)@k + V (~x)

-likethe H � operators-isde�ned as

Tre� �H = tr

Z

R
2

d
2
~xK H (~x;~x;�)

whereK H (~x;~y;�)istheN � N m atrix kerneloftheheat

equation and tr is the usualm atrix trace. Therefore,

K H (~x;~y;�)solvesthe heatequation

�
@

@�
I+ H

�

K H (~x;~y;�)= 0 (12)

with initialcondition

K H (~x;~y;0)= I� �
(2)(~x � ~y) : (13)

Because

K H 0
(~x;~y;�)=

e� �

4��
� I� e

�
j~x � ~yj

4�

is the heat kernelfor the K lein-G ordon operatorH 0,it

isconvenientto write the heatkernelforH in the form :

K H (~x;~y;�)= CH (~x;~y;�)K H 0
(~x;~y;�) (14)

with CH (~x;~x;0)= I[23].Substituting (14)into (12)we

�nd thatC H (~x;~y;�)solvesthe transferequations:

�
@

@�
I+

xk � yk

�
(@kI�

1

2
Q k)� 4 I+

+ Q k@k + V

o

CH (~x;~y;�)= 0 : (15)

Thehigh-tem peratureexpansion

CH (~x;~y;�)=

1X

n= 0

cn(~x;~y;H )�
n

tradesthe PDE (15)by the recurrencerelations

[nI+ (xk � yk)(@kI�
1

2
Q k)]cn(~x;~y;H )=

= [4 I� Q k@k � V ]cn� 1(~x;~y;H ) (16)

am ong the localcoe�cientswith n � 1,with the initial

condition c0(~x;~x;H )= I.Taking into accountthat

Tre� �H =
e� �

4��

1X

n= 0

4X

a= 1

Z

d
2
x[cn]aa(~x;~x;H )�

n =

=
e� �

4��

1X

n= 0

�
n
cn(H ) ; (17)

wherewehavede�ned the Seeley coe�cientsas

cn(H )=

4X

a= 1

Z

d
2
x[cn]aa(~x;~x;H ) ;

and thatthe�rstlocalcoe�cientcan beeasily com puted

c1(~x;~x;H )= � V (~x) ;

byapplyingtheseform ulastotheH � operatorsweobtain

in the � = 0 -in�nite tem perature-lim it:

indD =
1

4�

�
c1(H

+ )� c1(H
� )
	
=

=
1

�

Z

d
2
x

�
@V2

@x1
�
@V1

@x2

�

(~x)= 2l;

i.e.,the dim ension ofthe self-dualvortex m odulispace

is 2l. Physically,this m eans thatthere are solutions,if

� = 1, for any location ofthe l-vortex centers in the

plane [24];allstatic con�gurationsofself-duall-vortices

can thusbe interpreted asstatesofneutralequilibrium .

Seeley coe� cients

Com putation ofthe coe�cientsofthe asym ptotic ex-

pansion is a di�cult task;to start with,the order two

localcoe�cientreads:

c2(~x;~x;H )= �
1

6
4 V (~x)+

1

12
Q k(~x)Q k(~x)V (~x)�

�
1

6
@kQ k(~x)V (~x)+

1

6
Q k(~x)@kV (~x)+

1

2
V
2(~x) :

Com plexity increasesstrongly forhigh-orderlocalcoe�-

cients.

The recurrence relation (16) allows us to express

cn(~x;~y;H ) and its derivatives in term s of all the
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ck(~x;~y;H )with k � n and theirderivatives.O ne passes

from this inform ation to the values ofthe Seeley coef-

�cients cn(H ) in two steps. First,one m ust reach the

subtle ~y ! ~x lim it. In this analyticalm anoeuvre the

partialderivativesofcn(~x;~y;H )at~y = ~x

(� 1;� 2)C
ab
n (~x)= lim

~y! ~x

@� 1+ � 2[cn]ab(~x;~y;H )

@x
� 1

1
@x

� 2

2

play a prom inentr̂ole.Notealso that:

[cn]ab(~x;~x;H )=
(0;0)

C
ab
n (~x) :

In the~y ! ~x lim ittherecurrencerelation (16)becom es:

(k+ �1 + �2 + 1)(� 1;� 2)C
ab
k+ 1(~x)=

(� 1+ 2;� 2)C
ab
k (~x)+ (� 1;� 2+ 2)C

ab
k (~x)�

�

NX

d= 1

� 1X

r= 0

� 2X

t= 0

�
�1

r

��
�2

t

� �
@r+ tQ ad

1

@xr
1
@xt

2

(� 1� r+ 1;� 2� t)C
db
k (~x)+

@r+ tQ ad
2

@xr
1
@xt

2

(� 1� r;� 2� t+ 1)C
db
k (~x)

�

+

+
1

2

NX

d= 1

� 1� 1X

r= 0

� 2X

t= 0

�1

�
�1 � 1

r

��
�2

t

�
@r+ tQ ad

1

@xr
1
@xt

2

(� 1� 1� r;� 2� t)C
db
k+ 1(~x)+ (18)

+
1

2

NX

d= 1

� 2� 1X

r= 0

� 1X

t= 0

�2

�
�2 � 1

r

��
�1

t

�
@r+ tQ ad

2

@xt
1
@xr

2

(� 1� t;� 2� 1� r)C
db
k+ 1(~x)�

�

NX

d= 1

� 2X

r= 0

� 1X

t= 0

�
�1

t

��
�2

r

�
@r+ tV ad

@xt
1
@xr

2

(� 1� t;� 2� r)C
db
k (~x) :

The initial condition c0(~x;~x;H ) = I m eans that all

the (�;
)C ab
0 (~x) vanish except (0;0)C aa

0 (~x) = 1 for a =

1;2;� � � ;N . Starting from these conditions one com -

putesallthe (�;
)C ab
n (~x)localcoe�cientsby using (18).

For instance,in order to obtain (0;0)C ab
6 (~x) for H + we

need (�;
)C ab
5 (~x)for�;
 = 0;1;2 asdata,which in turn

can be calculated from (�;
)C ab
4 (~x)for�;
 = 0;1;2;3;4,

and so forth. Evaluation of(0;0)C ab
6 (~x) requires knowl-

edge of4032 localcoe�cients !!!. In general,the rule

is: knowledge of (0;0)C ab
n (~x) am ounts to knowledge of

8

3
(n+ 1)(n+ 2)(4n+ 3)(�;
)C ab

k
(~x)localcoe�cientswith

k � n.Thesecond step ism uch sim pler:sim plenum eri-

calintegration of
P 4

a= 1
(0;0)C aa

n (~x)overthe plane.

Q U A N T U M O SC ILLA T IO N S O F SELF-D U A L

V O R T IC ES

Standard lorein thesem i-classicalquantization ofsoli-

tonstellsusthattheone-loop m assshiftcom esfrom the

Casim irenergy plusthe contribution ofthe m assrenor-

m alization counter-term s:�M V = �M C
V + �M R

V .

C asim ir energy and vortex m ass renorm alization

counter-term s

By expandingthestaticenergy(4)oftheAHM around

self-dualvortex solutionsoneobtains,up to second-order

in � in the background gauge:

E +
v2

2

Z

d
2
~x [@jaj �  1’2 +  2’1]

2

’ �jljv
2 +

1

2

Z

d
2
~x�

T
H

+
� + O (�3) :

Also,the ghosts -arising when the quantization proce-

dure is perform ed in the background gauge-contribute

negatively to the energy:

E
G host =

v2

2

Z

d
2
~x
�
�
�
�
� 4 + j j2

�
� +  

�
’�

�
�
�

:

Thus,thevortexCasim irenergyisthesum oftheCasim ir

energiesofthe bosonica1;a2;’1;’2 
uctuationsaround

the vortex m inus the Casim ir energy of the ferm ionic


uctuation �;theordinary -non-m atrix-Schrodingerop-

eratorruling the ghost
uctuation around the vortex is:

H
G = � 4 + j j2 :

’2 isapuregaugeoscillation butitscontribution iskilled

by the negative ghost contribution. The sam e applies

for the vacuum Casim ir energy: the G oldstone boson

Casim irenergy iscanceled by the ghostCasim irenergy,

the trace ofthe square rootofH G
0 = � 4 + 1. In sum ,

the vortex Casim irenergy m easured with respectto the

vacuum Casim irenergy isgiven by the form alform ula:

�M C
V =

~m

2

h

STr
�
�
H

+
�1

2 � STr(H 0)
1

2

i
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STr
�
�
H

+
�1

2 = Tr
�
�
H

+
�1

2 � Tr
�
H

G
�1

2

STr(H 0)
1

2 = Tr(H 0)
1

2 � Tr
�
H

G
0

�
:

The starm eansthatthe 2lzero eigenvaluesofH + m ust

besubtracted becausezero m odesonly enterattwo-loop

order.

In them inim alsubtraction renorm alization schem e,�-

niterenorm alizationsareadjusted in such a way thatthe

criticalpoint�2 = 1 isreached at�rst-orderin the loop

expansion.Therefore,(1)and (2)tellusthatthecontri-

bution ofthe m assrenorm alization counter-term sto the

vortex m assis:

�M R
V = �M S

c:t:+ �M A
c:t:= ~m I(1)�( ;V k)

�( ;V k) =

Z

dx
2 [(1� j j

2)�
1

2
VkVk] ;

and thedivergentintegralI(1)can bewritten in theform

I(1)=
1

2

Z
d2~k

(2�)2

1
p
~k�~k+ 1

afterapplying the residue theorem to integration in the

com plex k0-plane.

Zeta function regularization ofC asim ir energies and

self-energy graphs

W eregularizeboth in�nitequantities�M C
V and �M R

V

bym eansofgeneralizedzetafunctions.From thespectral

resolution ofa Fredholm operatorH

H �n = �n�n ;

onede�nesthe generalized zeta function asthe series

�H (s)=
X

n

1

�sn
;

which isa m erom orphicfunction ofthecom plex variable

s [22],[23].W ecan then hopethat,despitetheircontin-

uousspectra,ouroperators�tin thisschem e,and write:

�M C
V (s) =

~�

2

�
�2

m 2

� s

f(�H + (s)� �H G (s))+

+

�

�H G
0

(s)� �H 0
(s)

�o

�M R
V (s) =

~

m L2
�H 0

(s)�( ;V k)

where

�H 0
(s)=

m 2L2

4�

�(s� 1)

�(s)

and � isa param eterofinverselength dim ensions.Note

that

�M C
V = lim

s! � 1

2

�M C
V (s) ; �M R

V = lim
s! 1

2

�M R
V (s)

and

I(1)= lim
s! 1

2

1

2m 2L2
�H 0

(s)

on a squareofarea L2.

Together with the high-tem perature expansion, the

M ellin transform ofthe heattrace

�H (s)=
1

�(s)

Z 1

0

d� �
s� 1 Tre� �H

showsthat

�H (s)=
1

�(s)

1X

n= 0

Z 1

0

d� �
s+ n� 2

cn(H )e
� � +

1

�(s)
B H (s)

isthesum ofm erom orphicand entire{B H (s){ functions

of s. Neglecting the entire parts and keeping a �nite

num berofterm s,N 0,in the asym ptoticseriesfor�H (s),

we�nd the following approxim ationsforthe generalized

zeta functions concerning the di�erentialoperators H +

and H G relevantto ourproblem :

�H + (s)� �H 0
(s) ’

N 0X

n= 1

cn(H
+ )�


[s+ n � 1;1]

4��(s)

�H G
0

(s)� �H G (s) ’ �

N 0X

n= 1

cn(H
G )�


[s+ n � 1;1]

4��(s)
;


[s + n � 1;1] =
R1
0
d� �s+ n� 2e� � is the incom plete

gam m a function,with a very wellknown m erom orphic

structure.

Regarding one-dim ensional kinks, see [9], [12], [13],

the contributions ofc0(H
+ ) and c0(H

G ) to �H + (s) and

�H G (s) are respectively canceled by �H 0
(s) and �H G

0

(s);

i.e.,renorm alization ofzero pointvacuum energiestakes

careofthec0(H
+ )and c0(H

G )contributionsto thevor-

tex Casim irenergy. Note,however,that,in contrastto

the (1+ 1)-dim ensionalcase,the value s= � 1

2
forwhich

we shallobtain the Casim ir energy is not a pole. To

com putethevortex Casim irenergy onecan �rsttakethe

s= � 1

2
lim itand then subtractthe vacuum Casim iren-

ergy regularized by this procedure; a �nite answer for

the kink Casim irenergy isonly reached ifone �rstsub-

tractsthevacuum Casim irenergy oftheone-dim ensional

system .

O ne-loop m ass shift form ula

W riting as �cn = cn(H
+ )� cn(H

G ) the di�erence be-

tween the Seeley coe�cientsofH + and H G forvorticity

l,we check that the contribution ofthe �rst coe�cient

to the Casim irenergy

�M
(1)C

V
(s)’

~

2
�

�
�2

m 2

� s

�c1 �

[s;1=2]

4��(s)



10

is�nite atthe s! � 1

2
lim it

�M
(1)C

V
(� 1=2)’ �

~m

4�
�( ;V k)�


[� 1=2;1]

�(1=2)

and exactly cancelsthe contribution ofthe m ass renor-

m alization counter-term s{also �nite fors= 1

2
{:

�M R
V (s) ’

~m

4�
� �( ;Vk)�


[s� 1;1]

�(s)

�M R
V (1=2) ’

~m

4�
� �( ;Vk)�


[� 1=2;1]

�(1=2)
:

O urchoiceofa m inim alsubtraction schem enotonly ar-

ranges �nite renorm alizations in such a way that self-

duality holds for � = 1 at the one-loop order,but also

�ts in with the criterion that the m ass renorm alization

counter-term sm ustkillthe contribution to the Casim ir

energy ofthe �rst Seeley coe�cients for the heat trace

expansionsoftheoperatorsH + ,H G ,H 0,H
G
0 .Thesam e

cancellation happensforkinksonly ifthe m ode num ber

cut-o� regularization procedure,see [6],[9]and [25],is

applied.

Subtracting the contribution ofthe 2lzero m odes,

�M V =
~m

2
lim

s! � 1

2

�

�
2l

�(s)

Z 1

0

d��
s� 1+

+

N 0X

n= 2

�cn

[s+ n � 1;1]

4��(s)

#

we �nally obtain the following form ula for the vortex

m assshift:

�M V = �
~m

2

"
1

8�
p
�

N 0X

n= 2

�cn
[n �
3

2
;1]+

2l
p
�

#

: (19)

O N E-LO O P M A SS SH IFT S

Localcoe� cients for cylindrically sym m etric vortices

W e shallapply these form ulae to cylindrically sym -

m etric vortices. The heatkernellocalcoe�cients,how-

ever, depend on successive derivatives of the solution.

Thisdependencecan increasetheerrorin theestim ation

ofthese localcoe�cientsbecause we handle an interpo-

lating polynom ialasthenum erically generated solution,

and the successive derivationswith respectto r ofsuch

a polynom ialintroducesinaccuracies. Indeed this oper-

ation is plugged into the algorithm that generates the

localcoe�cientsin orderto speed up thisprocess. Itis

thusofcrucialim portanceto usethe�rst-orderdi�eren-

tialequations(9)in orderto elim inatethederivativesof

thesolution and writethelocalcoe�cientsasexpressions

depending only on the �elds.W e �nd:

@ 1

@x1
=

lf(r)

r
[cos� cosl�(1� �(r))+ sin� sinl�]

@ 1

@x2
=

lf(r)

r
[sin� cosl�(1� �(r))� cos� sinl�]

@ 2

@x1
=

lf(r)

r
[cos� sinl�(1� �(r))� sin� cosl�]

@ 2

@x2
=

lf(r)

r
[sin� sinl�(1� �(r))+ cos� cosl�]

@V1

@x1
= sin� cos�

�
2lf(r)�(r)

r
+
1

2
(f2(r)� 1)

�

@V1

@x2
= � lcos2�

�(r)

r2
+
1

2
sin2 �(f2(r)� 1)

@V2

@x1
= � lcos2�

�(r)

r2
�
1

2
cos2 �(f2(r)� 1)

@V2

@x2
= � sin� cos�

�
2lf(r)�(r)

r
+
1

2
(f2(r)� 1)

�

forself-dualANO vorticeswith generic(positive)vortic-

ity l.

Therecurrenceform ula now givesthelocalcoe�cients

ofthe asym ptotic expansion in term s off(r) and �(r),

e.g.,

tr[c1](~x;~x;H
+
) = 5[1� f

2
(r)]�

2

r2
l
2
�
2
(r)

tr[c2](~x;~x;H
+
) =

1

12r4

�
37r

4
+ 4l

4
�
4
(r)+ 8(7l

2
r
2
� 8r

4
)f

2
(r)+ 27r

4
f
4
(r)�

� 8lr
2
�(r)[� 1+ (1+ 13l)f

2
(r)]+ 8l

2
�
2
(r)(� 2 � 3r

2
+ 9r

2
f
2
(r))

	

tr[c3](~x;~x;H
+
) =

1

120r6

�
� 4l

6
�
6
(r)� 4l

3
r
2
�
3
(r)[14 + (� 132 + 167l)f

2
(r)]+ 4l

4
�
4
(r)(20 + 9r

2
+ 32r

2
f
2
(r))� 2lr

2
�(r)[� 4(16 + 9r

2
)+

+ (64+ 96l� 472l
2
+ 344l

3
+ 88l

2
+ 243lr

2
)f

2
(r)+ (� 52 + 109l)r

2
f
4
(r)]+ l

2
�
2
(r)[� 256 � 144r

2
� 117r

4
+

+ 2r
2
(88 � 548l+ 516l

2
+ 183r

2
)f

2
(r)+ 99r

4
f
4
(r)]+ r

2
[r
2
(� 16 + 151r

2
)+ (� 320l

3
+ 160l

4
+ 32r

2
+ 48lr

2
�

� 321r
4
+ 8l

2
(20+ 39r

2
))f

2
(r)+ r

2
(� 16� 48l+ 44l

2
+ 199r

2
)f

4
(r)� 29r

4
f
6
(r)]

	
:
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W e have explicitly given only the �rst three localco-

e�cients ofthe heat kernelexpansion for H + because
the com plexity ofthe expressionsincreaseswith n enor-
m ously.Additionally,

c1(~x;~x;H
G
)= 1� f

2
(r)

c2(~x;~x;H
G
) =

� 1

6r2

�
[4l

2
+ 5r

2
� 8l

2
�(r)+ 4l

2
�
2
(r)]f

2
(r)+

� 3r
2
� 2r

2
f
4
(r)

	

c3(~x;~x;H
G
) =

1

60r4

�
10r

4
� [� 32l

3
+ 16l

4
+ 8lr

2
+ 23r

4
+

+ 16l
2
(1+ r

2
) � 8l(� 12l

2
+ 8l

3
+ r

2
+ 4l(1+ r

2
))�(r)+

+ 16l
2
(1� 6l+ 6l

2
+ r

2
)�

2
(r)+ 32(1 � 2l)l

3
�
3
(r)+

+ 16l
4
�
4
(r)]f

2
(r) + r

2
[8l+ 16l

2
+ 17r

2
+ 16l

2
�
2
(r)�

� 8l(1 + 4l)�(r)]f
4
(r)� 4r

4
f
6
(r)

	

are the �rst three localcoe�cients for the heat kernel

expansion forthe ghostoperatorH G .

Pluggingtheseexpressionsintothepartially analytical

partially num ericalsolution forf(r)and �(r),itispossi-

ble to com pute the localcoe�cientsand integrate them

num erically overthe wholeplane.

M ass shift for vorticities l= 1,l= 2,l= 3,l= 4

Finally,theone-loop quantum correction ofthevortex

solution with vorticity lisgiven by form ula (19)

�M V = �
~m

2

"
1

8�
p
�

N 0X

n= 2

�cn
[n �
3

2
;1]+

2l
p
�

#

Using theM athem atica environm entin a m odestPC we

haveobtained thecoe�cientsshown in TablesIV and V,

TABLE IV:Seeley Coe� cientsforl= 1;2.

l= 1 l= 2

n cn(H
+
) cn(H

G
) cn(H

+
) cn(H

G
)

2 30.36316 2.60773 61.06679 6.81760

3 12.94926 0.31851 25.61572 1.34209

4 4.22814 0.022887 8.21053 0.20481

5 1.05116 0.0011928 2.02107 0.023714

6 0.20094 0.00008803 0.40233 0.002212

W e rem ark thatform ula (19)dependson the num ber

N 0 chosen to cuttheasym ptoticheatkernelexpansions.

W e have no m eans of determ ining the optim um value

for N 0,but in practice we can only cope with a sm all

N 0 value; a big N 0 would require the com putation of

TABLE V:Seeley Coe� cientsforl= 3;4.

l= 3 l= 4

n cn(H
+
) cn(H

G
) cn(H

+
) cn(H

G
)

2 90.20440 11.51035 118.67540 16.46895

3 36.68235 2.60898 46.01141 4.00762

4 11.69979 0.46721 14.64761 0.77193

5 2.86756 0.067279 3.58906 0.11747

6 0.566227 0.0079269 0.667202 0.01620

an enorm ousnum beroflocalcoe�cients. Nevertheless,

the choice N 0 = 6 is acceptable. The behavior ofthe

asym ptoticseriesin (19)isgiven in Table VI:

TABLE VI:Convergence ofthe asym ptotic seriesin unitsof

~m .

N 0 � M V (N 0) � M V (N 0) � M V (N 0) � M V (N 0)

l= 1 l= 2 l= 3 l= 4

2 -1.02951 -2.03787 -3.01187 -3.97025

3 -1.08323 -2.14111 -3.15680 -4.14891

4 -1.09270 -2.15913 -3.18208 -4.18014

5 -1.09427 -2.16212 -3.18628 -4.18534

6 -1.09449 -2.16257 -3.18690 -4.18606

The convergence up to the sixth orderin the asym p-

totic expansion isvery good. In the case of�(�)42 kinks

wefound agreem entbetween the resultobtained by this

m ethod and the exact result up to the fourth decim al

�gure,see [9],by choosing N 0 = 10.

There are reasons to expect this behavior on general

analyticalgrounds.Truncation oftheasym ptoticexpan-

sion oftheheatfunction atorderN 0 producesan errorof

order�N 0,which in turn leadsto an errorproportional

to 
[N0�
1

2
;1]’ 1

N 0�
1

2

,forN 0 large,in thecom putation

ofthe �H + (� 1

2
) zeta function,see [22]Section 1.10. In

fact,the rateofconvergenceisim proved in ourproblem

by thethe sm allnessofthe cn coe�cients,seeTablesIV

and V,forlargen.Thissm allnessisdueto thefactthat,

when n increases,higher and higher powers of partial

derivativesofthe �eld pro�les ofincreasing orderenter

in thecom putation ofcn.Thevortex solutions,however,

are as regular and sm ooth as allowed by the topology.

Therefore,the adm itted errorby cutting the m assshift

form ula atN 0 = 6 isespecially sm allforlow vorticities.

In TableVIIwegivetheone-loop quantum corrections

forthe vortex solutionsup to l= 4,whereasweplotthe

correction in the �gure as a function of the m agnetic


ux.Thebroken line(linearfunction)representsthehy-

potheticalsituation in which eachm agnetic
uxquantum

would contribute with the sam e correction. Hence,this

isalm ost-within theerrorm argin-thesituation thatwe
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TABLE VII:O ne-Loop Q uantum M assCorrection to thevor-

tex with vorticity l= 1;2;3;4.

l � M V =~m

1 -1.09449

2 -2.16257

3 -3.18690

4 -4.18606

1 2 3 4

-4

-3

-2

-1

lDM

havefound.

These results,however,do notallow usto answerthe

question ofwhetherornotthe classicaldegeneracy with

respect to the vortex centers observed at the classical

levelalsoholdsatone-loop order.The�gurein TableVII

seem sto suggestthatthe m assshiftoflwellseparated

vorticesisequal-m odulo errors-to ltim esthem assshift

ofa singlevortex,butwedo notknow in whatdirection

the errorsrun.

M ass shift for solutions w ith tw o separate vortices

W e now o�er two Tables,VIII and IX,where Seeley

coe�cients and the quantum corrections are given for

two-vortexsolutionswith interm ediateseparationsd = 1,

d = 2,and d = 3 between superim posed vortices,! = 0

in (10)-(11),and wellseparated vortices,! = 1 in (10)-

(11). The coe�cients ofthe asym ptotic expansion are

com puted only up to third order because m uch m ore

com putation tim e is required. Also, we stress that in

this situation,with no cylindricalsym m etry,we expect

notsogood resultsbecausetherearetwom oreim portant

sourcesoferrors:�rst,thevariationalsolutionswith two

separatevorticesarefarlessexactthan thesolution with

l = 2 and cylindricalsym m etry. Second,even though

another num ericalm ethod would be used in the search

ofvortex solution we would run in di�culties;there is

no way to avoid the use ofpartialderivativesin the cal-

culation ofthe coe�cientsbecause the vortex equations

alonearenotenough.

TABLE VIII:Seeley Coe� cientsford = 1;2;3.

d = 1 d = 2 d = 3

n cn(H
+
) cn(H

G
) cn(H

+
) cn(H

G
) cn(H

+
) cn(H

G
)

2 61.0518 6.81277 58.3359 6.46609 57.3420 6.03872

3 25.6137 1.33822 24.5050 1.23466 24.1187 1.02031

TABLE IX:Convergence ofthe asym ptotic series.

N 0 � M V (N 0)=~m � M V (N 0)=~m � M V (N 0)=~m

d = 1 d = 2 d = 3

2 -2.03770 -1.99798 -1.98848

3 -2.14095 -2.09695 -2.08672

SU M M A R Y A N D O U T LO O K

Theone-loopm assshiftsofsuperim posed vorticeswith

low m agnetic 
uxesare:

M
l= 1
V = m

�
�v

e
� 1:09427~

�

+ o(~2)

M
l= 2
V = 2m

�
�v

e
� 1:08106~

�

+ o(~2)

M
l= 3
V = 3m

�
�v

e
� 1:06230~

�

+ o(~2)

M
l= 4
V = 4m

�
�v

e
� 1:04651~

�

+ o(~2):

M uch less precise results are also provided for two-

vortices with separate centers. This is to be com pared

with the supersym m etricresult:

M
l
V = jljm

�
�v

e
� 0:5000~

�

+ o(~2) ;

see [4]and [5]. W e notice that the one-loop correction

due to bosonic 
uctuations of self-dual vortices is al-

m ost twice the correction arising in the supersym m et-

ricsystem com ing only from m assrenorm alization coun-

terterm swhen properSUSY-preserving boundary condi-

tionsare im posed. The sam e proportion holds between

one-loop correctionsto sine-G ordon and �4 kink m asses

in the non-supersym m etric and supersym m etric fram e-

works,see[14]and [15].

Itseem splausible thata sim ilarm ethod can success-

fully be applied to com pute the one-loop m assshift for

self-dualChern-Sim ons-Higgs vortices,see [20]-[21]. A

Ham iltonian form alism in the topologicalsectorsofthe

�rst-order CSH Lagrangian system should be �rst de-

veloped. M ore am bitious,generalized zeta functions of

12 � 12 m atrix PDE operators in three variables are

essentialin com puting the one-loop m ass shift to BPS

m onopoles. Thus,ourprocedure opensa doorto calcu-

late quantum correctionsto BPS m onopole m assesin a

N = 0 bosonic setting to be contrasted with the N = 2

and N = 4 supersym m etricresultsof[8]and [26].
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