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A bstract

T he quantum trigonom etric C alogero-Sutherland m odels related to Lie algebras adm it a param etriza—
tion in which the dynam ical variables are the characters of the fundam ental representations of the
algebra. W e develop here this approach for the case of the exceptionallie algebra Eg .

PACS num bers: 02301k, 03.65Ge, 022035v

I Introduction

T he so-called C alogero-Sutherland or C alogero-M oser m odels w ere introduced by C alogero [1l], who stud-
ied, from the quantum standpoint, the dynam ics on the in nite line of a set of pairw ise interacting
particles through rational plus quadratic potentials, and found that the problem was exactly solvable.
Soon afterw ards, Sutherland [2]arrived to sin ilar results for the quantum problem on the circle, this tin e
w ith trigonom etric interaction, and M oser [3] showed that the classical version of both m odels en pyed
Integrability in the Liouville sense. T he denti cation of the general scope of these discoveries cam e w ith
the works of O lshanetsky and Perelom ov [4HA], who realized that it was possible to associate m odels of
this kind to all the root system s of the sin ple Lie algebras, and that all these m odels were integrable,
both in the classical and in the quantum fram ework [7,[8]. N owadays, there is a w despread interest in
this type of integrable system s, and m any m athem atical and physical applications for them have been
found, see for instance [@1.

T he C alogero-Sutherland H am iltonian associated to the root system ofa sinple Lie algebra L can be
w ritten as a second-order di erential operator w hose variables are the characters of the fundam ental rep—
resentations of the algebra. A s it was shown in the papers [10,[11,[17], and ater in [13,[14,[15,[14,17,18],
this approach gives the possibility of developping som e system atic procedures to solve the Schrodinger
equation and determm ine In portant properties of the eigenfiinctions, such as recurrence relations or gener—
ating functions for som e subsets of them . For them om ent, the approach has been used only for classical
algebras of A, and D, type, and recently [18] for the exceptional algebra E¢ for a special value of the
coupling constant for which the eigenfunctions are proportional to the characters of the ireducible rep—
resentations of the algebra. The ain of this paper is to show how to generalize the treatm ent of [18] to
arbitrary values of the coupling constant and to extend som e of the particular results found there to the
general case.
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IT The Calogero-Sutherland m odel for E4 in z-variables

T he Ham iltonian operator for the trigonom etric C alogero-Sutherland m odel related to the root system
of a sin ple Lie algebra has the generic form
1 X
H = _—-(pp+ ( 1)sin

2
> (
2R *

i)

where R * is the set of positive roots, g and p are vectors of din ension r = rank of the algebra, ( ; )
is the usual eucldean scalar product in R ©, and the coupling constants are such that = if
7 7= 7 - In particular, because E ¢ is sin ply-laced (for alldetails about the structure of E ¢ needed to
follow them ain text, see A ppendix A ), the C alogero-Sutherland m odel associated to E ¢ dependsonly on
one coupling constant . Towrite H in am ore explicit way, it is convenient to use the orthonompalbaSJs
fei;i= 1;:::;6gwhich isrelated to the generating syst%n oftheAppendle-\ through e; = "; g =1 "5,
T he expression of g and p in this basis is sin ply g = [ die, p= .1 Piei, while the sin ple roots
are given by:

1 = & £ | |
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2 = = 1+ — e+ - 1+ — SH
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e 1 &7 k= 3;4;5;6:

k

T he g coordinates are assum ed to take values In the interval [0; ], and therefore the Ham iltonian can
be Interpreted as describing the dynam ics of a system of six particles m oving on the circle, but notice
that there is not translational Invariance. W e recapitulate som e In portant facts about thism odelw hich
follow from the general structure of the quantum C alogero-Sutherland m odels related to Lie algebras [8].
T he ground state energy and (non-nom alized) wave function are

Eo() = 2(; ) %=156 2
Y

0@ = sin ( ;9);
2R *

with  being the W eyl vector, while the excited states depend on a six-tuple of quantum num bers
m = (mqi;my;ms3;mg4;ms;mg),and satisfy the Schrodinger equation

H , = En() 4
En () = 2( + ;T )i (1)
P
where isthe highest weight of the irreducible representation of E ¢ bbelled by m , i e. = ilmi ie
By substitution n () of
n (@@= 0@ @i (2)
we are ked to the eigenvalue problem
n= " () g (3)
w ith 1 %
= E + Ctg( /‘Q)( 1 q) (4)
2R *



and

" ()=En () Eo()=2(; +2 ) (5)
Taking into account thatAji = ( 47 x), L ispossble to give a m ore explicit expression for ", ( ):
x® X®
" ()= 2 Ajimjmk+4 Ajimj: (6)
Jk=1 jk=1

Now them ain problem is to solve (). A s it has been shown for other algebras [10, 11,17, 18], the
best way to do this is to use a set of independent variables w hich are invariant under the W eyl sym m etry
of the Ham iltonian, nam ely the characters z ;k = 1;:::;6, of the six fundam ental representations of the
Lie algebra E¢. W e can infer from (@) thes’u:uctureof when written in the z-variables:

6 6 h
X X ©)

= an(2)8yl, + by &

1
(z)+ Dby (z) @t (7)

j =%k
Jk=1 =1

A sam atter of fact, the eigenfinctions of ©'and *) are (proportionalto) them onom alsym m etric
functionsM = o SXP [i(s ;)] (W istheW eylgroup) and the characters of the irreducible repre—
sentations of the algebra E 4, respectively [8]. T hus, know ing the characters z; = , of the fundam ental
representations and the products z; z4 through the C lebsch-6 ordan serdes for the algebra, we are able to

nd the Ham ilttonian &) , that is, we obtain the coe cients a 4 (z) entering In the expression of all the
Ham iltonians and also the coe cients b ;O) (z)+ b;l) (z). In the previous paper [I8]we com puted the
needed C Jebsch-G ordan serdes and showed these coe cients.

On the other hand, know ing enough m onom ial sym m etric functions in termm s of the fuindam ental
characters,M (z),we can com plete the form of , for we know that

a system of linear equations which can be solved for the coe cientsbgo (z), 3= 1;:::;6. To thisend,
rem ind that the characters can be expanded as sum s of m onom ial functions ([19]),

=M +aM  +aM ,+ 7

w here the setﬁf x entering in the expansion is easy to determ ine: they are the dom inant weights such
that ;= =105 5 withny; Oand ( i; ) O forthe six sin pleroots . Thecoe clentsa ., on
the other hand, represent the m ultiplicities of the weights ; in the representation w ith highest weight
Here it will su ce to dealw ith the follow ing expansions:

(27) 27)

100000 = Z1= M yg0000 7

(()71%00 = =M o(zg())oo + aM oooooo i

Sotoo = 23= M go1000 + B gog001 7

(()%%21%% = z=M o(gg%o a1 1((%851 dM o(zgéoo eM o%éooo ’ ©)
Soot0 = 25= M gonolo *+ B 00000 7

(()%Z)gm = z=M o(gg())m i

i%%%gl = Z1ze Zz 1= 1%3801 M ozgéoo + g o%éooo i

where the o of 14gg9; comes from the list in [I8] and the numbers appearing in parentheses as
superscripts are either the din ensions of the representations or the dim ensions of the linear spaces



generated by the orbits of the W eyl group corresponding to the m onom ial finctions. T he form er can be
com puted from the W eyldim ension form ula, while the hatter follow easily from the fact that the W eyl
group of the subalgebra of E4 obtained by rem oving from the D ynkin diagram the dots corresponding
to the weight de ning the m onom ial fiinction acts trivially on such a weight: for instance, rem oving the
dot associated to 1 we obtain the D ynkin diagram of D 5, and hence

We,d 20 8 5,
Jo.3 310U

dim M 190000 =

and so on.
W hile the dim ensions shown in {4) su ce for xihga = 6,b= 5, for the com putation of rem aining
m ultiplicities we need to use the Freudenthal form ula [201]
P P
>0 }1<:12n+k(+k;)

no= (+ +2; ) : 40

Heren stands for them ultiplicity oftheweight in the representation of highest weight ,the rstsum
extends over positive roots, and is the W eylvector. T he application of the Freudenthal form ula is quite

easy for the representations at stake. Let us see, for instance, how to computecin (@). In thiscase = 4
andc=n =n ,; ,.Thescalarproductofthevector = = o4 3+2 4+ swith is(; )=0
and,dueto the fact that the length of + ,with apositiveroot,isj+ Jj= (3 F %+ 2+ 2( ; ))%,theony
rootsentering in {I0) are the positive roots such that ( ; )= 0,becausectherwisej+ 3> j+ J= 3
and + would lie outside of the weight diagram for the representation R . Looking at the table of
positive roots In A ppendix A ,we check that there are 12 of them with ( ; )= 0. Forallofthese, +
lies on the orbit of ,and thusn ;, = 1. Thisgives

c=n ., =12 2(}?;6)+2(;) =122 o+ 2 =24:

(a+ 1+ 6+2 4 i1+ 3+2 4+ 5) 2+ 2 5

Tocom putedweproceedmuch In thesam eway. Now = j,and = = 1+ 2+2 3+3 4+2 5+ ¢.
Itollowsthat ( ; )=1,and thusonly positive rootswith ( ; )= Oor( ; )= 1enterin the Freudenthal
form ula. There are 20 positive rootswith ( ; )= 1,and forthem n , =1 because they are in the orbit
of . Thenumberofpositive rootswith ( ; )= 0is15,and for them + liesin theorbitof 1+ ¢,

so that theirmultplicitiesaren . = 4. Thisgivesd= n , = 15.Onceweknow cand d,we com pute e
by balancing din ensions in (@), and cbtain e = 45. A sin ilar use of the Freudenthal form ula gives £ = 5,
and therefore g = 20.

W ith allthe coe cients in ([@) being xed,we can now solve for them onom il fiinctions corresponding
to the fundam entalweights. W e nd

M 100000 = Z1;

M 10000 = 22 6;

M go1000 = Z3 5% ;

M goo100 = 24 4zzg+ 922+ 9;
M goo010 = 25 5z1;

M gooo01 = Ze:

T he ram aining step is to substitute these m onom ials .n (@) and to solve the linear system for the coe —

clents b;o) (z); the outcom e is

B’ = 8z; b, By = Lz 20z

b)) = 12z, 167125 24z + 36; B = 2 20z;; B = z:
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W ith thisand the om of ) given in [I8], we can now w rite the fiill set of coe cients n ([):

8 »
aji(z) = 521 4z 20zg;
aip(z) = 2z1zp 26z 10zs;
10
aiz(z) = ?zlz3+ 18 12z, 6z4 18z1z¢;
aa(z) = 4zyz4+ 18z1 10z1z, 18zs 8zyz5 8z3zg + 8262)-;
8
ais(z) = 52125 10z3 26z 10zz4;
4
aie(z) = 52126 36 12z,
ansp(z) = 225 18 6z, 2z4 8z1z4;
anz(z) = 4zpz3 242% + 14z3  8zy1zs 2z 10zyz4;
apa(z) = 6zpz4 182z lZz§ 10z123 + 24z, 62325 + 26212 8212226 10zs57¢;
ass(z) = 4zpzs 2z1 10z1zp + 14z5 8z3zg 2425;
aze (Z) = 222 Zg 1023 2626 H
10, 2 2,
asz(z) = 323 + 14z 12z1zp, 27324 + 1625 4zpz5  8zizg + 42325 6% ;
azs(z) = 8zzzg + lOZf lOZfzz+ 18z3 2zpz3 621775 10z§ 1826 + 8z,7¢ 102526
8212326 + 20z42¢ + 82125;
16
ass(z) = ?2325 36+ 24z, l2z§ 10z12z3 + 24z 162125 8z1222¢ 10z524;
8
azg(z) = 52326 26z; 10z3z, 10zs;
ags(z) = 625 42% 6z§+ 182123 6212523 18z4 + 18zp2z4 + 82%25 182325 2257375 4zlz§
182126 + 14212524 4212526 42526 + 8212426 + 182526 6252576 + 82325 422;
ags(z) = 8zgzs 18z1 + 8z12p 102125 10z§ + 20z124 + 1825 22,25 + 82%26 62,732
821 257¢ + 1025 102225;
age(z) = 4z42z6+ 82% 18z3 8zpz3 8z125+ 18z 10zy7¢;
10
ass(z) = ?zg 6zf+ 1623  4zpz3+ 4z125 + 14z 122575 22474 82122;
10
asg(z) = 32526 + 18 12z, 6z4 18z1z¢;
4,
agg (z) = 526 10z1  2zs;

8
b(z) = B (z)+ bl@)= 32 + S a

b(z) = b (z)+ bll(z)= (44 + 4)zy+ 24(  1);
(0) 1) 20

z(z) = Dby'(z)+ by (z)= 60 + =3 73 + 20( 1)zg;

by(z) = B (z)+ bil(z)= (84 + 12)z4+ (  1)(16z12¢ + 24z,  36);
(0) (1) 20

k)S(Z) = k)5 (z)+ b5 (z)= 60 + ? Zg + 20( 1)z1;

z) = B @)+ bE)= 32 +§ 261



ITT Com putation ofpolynom ials and deform ed C lebsch-G ordan series

Theeigenfunctions , (q) arepolynom ialswhen expressed in z variables, [ (q)= P, (z). The Schrodin-

ger equation can then be solved by applying a system atic procedure, which is suitable to be in plem ented

n a com puter program able to carry out sym bolic calculations. W e propose two altermative m ethods to
nd the Schrodinger eigenfunctions:

: . n __ ny _nz_ns_ng _ns _nNg
l.Given aweghtn; 1+ ny; 2+ N3 3+ Ng ¢4+ N5 5+ nNg 6, etusdencte z" = z;'2,°2,° 7, z,° z,° .

T hus, acting on z" gives %
z" = kK o()z" (11)

where includesonly integral linear com binations of the sim ple rootsw ith non-negative coe cients
and, of course, in the exponent of {Il) we express In the basis of fundam ental weights. In

particular, ko, ( )= "o ( ). The polynom ials P, (z) can be written as
X
P, (z)= c ()" ; cw=1;
20 * (m )

where again the in Q" (m ) are integral linear com binations of the sim ple roots w ith non-negative
coe clients such that they do not give rise to negative powers of the z’s. By substituting in the
Schrodinger equation we nd the iterative form ula

c ()= ko y (e ():

To use this form ula In practice, one should take into account the heights of the s, because each
coe cient ¢ can depend only on som e of the ¢ such that ht( )< ht( ).

mi_mz_m3_ Mg _Ms5_ Mg

2. The product z; *z, “z3 'z, “Z5 " z; ° can be expanded on the basis of the orthogonal Polynom ials

P, (z) as X
2] 2y 22y 7 z) fze fzp © = P (z)+ n ()P, (z):

2Sm
In each particular case, it is not di cult to elaborate a list with allthe elements in S |, (they are

the sam e integral dom inant weights which appear in the corresponding C lebsch-G ordan series, see

[18]). Furthem ore, the operator ", () anniilates the character P, . Taking this into account,
we can obtain the eigenfunctions using the form ula
ny e}
P, = ( " () "
2Sn

T hrough any of these m ethods, it is possible to com pute the characters rather quickly. A s an ilustration,
we o era list of polynom ials and m onom il functions in A ppendix B . For a sim ilar list of characters, see
181
Once we have a m ethod for the com putation of the polynom ials, we can extend it to produce an
algorithm for calculating deform ed C leosch-G ordan series for the product of them . Suppose that we
want to obtain the serdes for P P . W e list the possble dom lnant weights entering in the serdes
arranged by heights
P B=Pyin+tn ()P

n +n2()P2+:::

1
The coe cientn | ( ) is sin ply the di erence betiwveen the coe clentsofz ! m P, P and nP,,,.
Then,n ,( ) isthedi erence between thecoe clentofz 2 n P, P and thesum of the corresponding
coe cientsin P ., andP | ,and soon. Asan exam ple,we presenta list w ith all the cuadratic deform ed

C Jebsch-G ordan serdes in A ppendix C .



v Som e recurrence relations

T he approach we are describbing is also usefil to nd the form of the recurrence relations for products
zsP, (z). Consdered iIn full generality, these recurrence relations are extrem ely com plicated, but for
som e gpoecial cases they can be written In explicit form . Let us consider, for instance, the recurrence
relation for z;P . w ith arbitrary n. If we express the weights of the representation R | (which are all
the combiations "y ", "; "4) In the basis of fundam entalweights, we see that there are only three
whose coe clents for ;1,16 1,are allnon-negative, namely ,; 1+ 3and 1+ . Hence, the form

of the serdes should be

ZlPr]OOOOO = P(n+ 1)00000 +an( )P (n 1)01000 + o ()P (n 1)00001 i (12)

wherewehaveto xa,( )and b, ( ). Now , solving the Schrodinger equation by m eans of the rst of the
two m ethods descrlbed in Sect. 3, one nds

I nmn ., 1 nn (n+ 5 2)

P = z1+ ——z] “z3+ P ;
P00000 Pas 17 P @+ D+ 2m+4 DT
o _ o1, +1o3 51+3n) 2% 2( 1 9n+5n%) n@2 3n+ nZ)anz R
(n 1)01000 1 3 o+ )0+ Dot 7)) 1 5 1l
1
Po1jo0001 = Z Zet i

Substituting in {IJ), we can solve for a, ( ) and by, ( ) w ith the results

nn+ 2 1)
an() = ;
n+ )n+ 1)
nn+ 3 )n+ 5 1)n+ 8 1)

n+ 1L)n+4 Lo+ d)m+ 7).

b() =
W e list below the series of the form zP | . obtained through the sam e procedure:

21P 00000 = P1noooo + G ( Pon 130000 T In ( P1n 1y0000 7

)
21P00n000 = P1on00o * € ( Poom 1y100 T Fn( Paom 19001 + In € Paom 1001 7
P oot 1901 + 1 P110m 1900 + Kn € WPogom 1910 7

Pootom 190 T D Poooom 1)1 7

(
(
Z1P000n00 = P100n00 + hn ( Poipm 1)10 + dn
21P0000n0 = P1ooono ¥ ] ( Poroom 1)1 + Pn

(

21Pg000on = P10000n * In ( Poi000m 1) T Sn{ WPogooom 1) 7
w here

n( 1+n+5)

( 1+ n+ )(n+4);
a() = 2nn+ 2 )( 1+ n+6 ) 1+n+8 ) 1+ 2n+ 12 ) )
" - (1+n+ ) 1+n+3 )n+7) 1+ 2n+ 11 )2n + 11)'

n( 1+ n+ 3 )

«C) = Iy ny ynr2)’

£() = 2nn+ 2 )( 1+ n+4 ) 1+n+6 ) 14+ 2n+ 8 ) ;
(1+n+ ) 1+n+3)n+5) 1+2n+7)2n+ 7))

g () = nn+ )n+3 ) 1+n+5 ) 1+n+ 6 ) 1+2n+11)‘

(1+n+ ) 1+n+2)n+4)n+5)2( 1+2n+ 7))



n( 1+n+ 4 )
ho() = ’
(1+n+ )Yn+ 3)

) nn+ ) 1+n+3 ) 1+n+4 ) 1+2n+ 7))
RO = T N 1ins2)mr39)2( 1rmes)’
) onn+ Yn+ 2 ) 1+n+4 ) 1+ n+5) 1+2n+ 8 )( 1+ 3n+ 11 )
RO = T T ) 1en+ 2 med ) 1+ 2ms5 )@t 7 ) 1+ 30+ 10 )Gns 10
k() = 3nn+ )+ 2 ) 1+n+4 ) 1+n+5)2n+5) 1+2n+ 8)
" (1+n+ ) 1+n+2)n+4)2( 1+2n+5) 1+2n+6)2n+ 7))
(1+2n+ 9 )( 1+ 3n+ 12 ).
( 1+ 3n+ 10 )@n+ 11)
n( 1+n+5) )
T T e A
nn+ ) 1+n+4 ) 1+n+ 5 ) 1+2n+9).
) = Ty )(1en+2)mrda)i 1rons 7))’
2znn+ 2 )Y n+ 3 )( 1+ n+6 )( 1+n+8 ) 1+ 2n+ 12 )
S0 = T Y )(1rns3)me5)mr T ) 1ront 7 )@ns 1)
n( 1+n+ 6 )
A e P
nn+ 3 ) 1+n+ 9 ) 1+n+ 12 ) .
S0 = I T ) 1rntd)mre)ms 1l

N ote that the series zgP ) Inm ediately follow by duality.

V C onclusions

In this paper, we have shown how to solve the Schrodinger equation for the trigonom etric C alogero—
Sutherland m odel related to the Lie algebra E4 and we have explored som e properties of the energy
eigenfunctions. Them ain point is that the use of a W eyldnvariant set of variables, the characters of the
fundam ental representations, leads to a form ulation of the Schrodinger equation by m eans of a second
order di erential operator which is sin ple enough to m ake feasible a recursive m ethod for the treatm ent
of the spectral problam . T he eigenfunctions provide a com plete systam of orthogonal polynom ials in six
variables, and these polynom ials obey recurrence relations w hich are deform ations of the C lebsch-G ordan
series of the algebra. T he structure of som e of these recurrence relations has been xed.
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A ppendix A : Summ ary of results on the Lie algebra Eg

In this Section, we review som e standard facts about the root and weight system s of the Lie algebra E¢,
with the ain of xing the notation and help the reader to follow the rest of the paper. M ore extensive
and sound treatm ents of these topics can be found in m any excellent textbooks, see for instance [20],
2100,



The com plex Lie algebra E ¢, the lowestdin ensionalone in the E -fam ily of exceptional L e algebras in
theC artan-K illing classi cation,hasdin ension 78 and rank 6,as thenam e suggests. From the geom etrical
point of view , it adm its (w ith som e subtleties, see [22]) an interpretation which extends the standard-one
for the classical algebras: in the sam e way that these correspond to the isom etries of pro fctive spaces
over the rst three nom ed division algebras | SO(n+ 1) ¥ Isom RP"),SUMn + 1) ' Isom (CP"),
Spn+ 1)’ Isom (HP")| F4,Es,E7 and E g are the L ie algebras of the pro fctive planes over extensions
of the octonions, giving rise to the socalled \m agic square": Fy / Isom (O P 2),E¢ ' Isom [(C 0)P?],
E;’ Isom[H O)P2?L,Eg’ Isom [(O O )P?]. In Physics, them ost rem arkable rolk played by E; is in
the heterotic ten-dim ensionalE g Eg superstring theory when the extra six din ensions are com pacti ed
to amanifold of SU (3) holonom y. In such a case, one of the E g breaks to an E¢ which gives the G rand
Uni cation group of fourdim ensional physics [23]. The D ynkin diagram ofEg4, see Figure 1,

2

g
g a a g g
1 3 4 5

Figure 1. The Dynkin diagram for the Lie algebra E¢.

encodes the euclidean relations am ong the sim ple roots, which are

(15 1) = 2 1= 1;2;37475i6;
(47 1) = 1; i= 2;3;5;
(17 3) = (s5i6)= 1;
(17 45) = 05 in all other cases:
T herefore, the C artan m atrix reads
1

>
Il
@EOEHmHm ©
[
o
)
[
o
o o o o

W ew illuse a realization of the sin ple roots In term s of a generating system £"1;"2;"3;";"s;";"g of
R 7 (endow ed w ith the standard E uclidean m etric) satisfying "1+ "2+ "3+ "4+ "s+ "e = 0, ("i;"y) = =+ iy

";") = % and (";"y)= 0 LO]. W ith reference to this system , we have

;= " " o= Mgk Mo Mo
3 = "2 "3 a="3 "4 (13)
5 = " " ; c=" "

T he positive roots, which are given by all linear com binations of the form s
"i "j; "i+ "j+ "k + ",. 2"; i6 j6 k; (14)

can be classi ed by heights as indicated in the Table 1. The fundam ental weights | follow from the



Height | Positive roots

1 17 27 37 4i 5i 6
2 1+ 37 3t 4; a4t 55 st 6; 2% 4
3 1+ 3+ 47 3t a4t 57 4t s+t s; 2+t 3t 45

2+t a4t s
4 1+ 3+ a4+ 55 3+ 4+ s+ g; 1+ 2+ 3+ 4;

2+t 3+ 4+ 5; 21t 4+t 5+ ¢

5 1+ 3+ a4t 5+ 67 1+ 2+ 3+t 4t 57 2+ 3+ 2 4+ 55
2+t 3+ a4+ 5+ 5

6 1+ 2+ 3+ 24+ 55 1+ 2+ 3+ 4+ s+ 65
2t 3+t 2 4+ 5+ ¢
7 14+ 2+ 2 3+ 2 44+ s5; 2+ 3+2 4+ 2 5+ ¢;
1+ 2+ 3+ 24+ s+ ¢
8 1+ 2+ 2 3+ 2 44+ s+ 65 1+ 2+ 3+ 2 4+ 2 5+ ¢
9 1+ 2+ 2 3+ 2 44+42 5+ ¢
10 1+ 2+ 2 3+3 4+2 5+ ¢
11 1+ 2 2+ 2 3+ 3 4+ 2 5+ 4

Table 1: Heights of positive roots.

P

. 4
equation ;= j:lAji j. They are
. = "1+ n,.
2 = 2";
3 — "l+ "2+ 2";
4 — "l+ "2+ "3+ 3";
5 — "l+ "2+ "3+ "4+ 2";
6 — "l+ "2+ "3+ "4+ "5+ "w.

T he geom etry of the weight system is sum m arized by the relations

w ith (Aij1 ) being the Inverse C artan m atrix. The W eyl vector is

1 X X6
5 i=8 14+ 11 ,+15 3+ 21 4+ 15 5+ 8 4;

2R * =1

with R ¥ being the set of positive roots of the algebra. The W eyl form ula for din ensions applied to the
irreducible representation associated to the integraldom inantweight = m; 1+ m, 2+ m3 3+myg g4+
ms 5+ Mg ¢ gives

dmr - it P
n = =
. (i) 2 3% 85 %3 89 101
. o . . P
where P is a product elgtendedtothe set of positive roots In which the root = i1 G 1 contrbutes

with a factor ht( ) + f; ;cm ; where ht( ) is the height of . In particular, for the fundam ental
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representations, one nds:

dimnR , = 27 din R , = 78
dim R , = 351 dim R , = 2925
dimR , = 351 dimn R , = 27:

Note that, these din ensions re ect the fact, com ing from the Z, symm etry (duality) of the D ynkin
diagram , that the representationsR ; and R 3, are com plex conjugates. The sam e istrue forR 3, and Ry, ,
while R, (the adpint representation) and R, are real.

A ppendix B : Som e polynom ials and m onom ial functions

W e list here the polynom ials up to degree two, and the m onom ial functions up to degree three. Som e of
them are om itted for they can be obtained by duality.

Polynom ials

223 10 Ze

P =22 ;
200000 1 1+ (1+ )(1+4 )r
o 52, (6 95 +24 )z
= Z1Z ;
110000 7 FE2 gy 1+ 4 )2+ 11 )
) 224 8 212 6( 1+ H(1 +6 %)z, 18( 1+ )2+ 13 7% +6°7)
Po20000 = 22 + + ;
1+ 1+ )1+3 ) (I+ HY1+3)3+11 ) (I+ )1+ 3 )2+ 11 )3+ 11 )
3z4 (2 35 + 10 %)z126 6( 1+ )2+ 15 )z 9( 2+ 17 )
Pio1o00 = 2123 + + ;
1+ 2 1+2)2+7) 1+2 )1+ 4)2+7) @+2)1+4)2+7)
o 4z1zs  5( 1+ )( 2+ 3 )2z 4( 1+ 7 )z
= Z2Z
011000 7 #2535 9T 1+3)2+ 7) 1+ 3 )(L+5)
6( 4+ 51 + 311 "+ 41 °+ 105 *)z3  6( 16+ 17 + 673 * 245 *+ 75 ")z
(1+3)1+5)2+7 )3+ 11 ) (1+3)1+5)2+7)3+11) '
o s 2zza 2( 1+ )zpzs 8 z%zs ,203+7 +49 2437 %+ 30 *)zsz6
= Z
002000 = =5 g 1+ )1+2) (1+ )1+ 3) 1+ )1+ 2 )1+3)3+7)
2( 1+ ) (7+69 yzmz 1+ )(42+ 291 + 478 2459 %4+ 150 %)z
1+ )1+2)1+3)3+7) 1+ )1+ 2 )1+3)2+7)3+7)
,_12(6+27 +41 74103 7+ 3 ")z 6( 2 7 +58° 433°+24 ")z
1+ )1+2)1+3)2+7)3+7) (@L+ )1+2)1+3)2+7)3+7)"
4z,zs 4( 1+ )zPze  2( 1+ )5+ 21 )zsze (1 Y27+ 292 + 723 2 270 3)z12,
Pioo100 = 2124 + +
1+ 3 1+ 5 (I1+3 )21+ 5) (I1+ 3 )21+ 5 )3+ 10 )

2(7+ 56 15 %)z 6(34+ 321 + 712 ?+ 55 4+ 750 )zs
(1+3 )21+ 5) (1+3 2@1+5 )2+ 7 )3+ 10 )
L3014 )42+ 703 + 1634 202037 % 270 )z
(1+3 2(1+5 )2+ 7 )3+ 10 )

’

2

323525 A4( 1+ ) 1+ 2 )z122%6 6( 1+ ) 1+ 2 )( 2+ 5 )z
Po1o100 = 2224 + +
1+ 2 (1+2 )2+ 5) 1+ 2 )2+ 5 )3+ 10 )
5¢( 1)2+ 11 )zizs 5( 1)(2+ 11 )zszs .\ 6( 1)(56 + 548 + 1465 2+ 1000 ° + 300 *)z
(1+2)1+3)2+5) (1+2)1+3)2+5) (1+ 2 )1+ 3)2+5 )3+ 10 )4+ 11 )

( 456 2930 + 2063 %+ 23981 ° 7718 * + 1440 °)ziz¢
(1+2 )1+ 3 )2+ 5 )3+ 10 )4+ 11 )

3(272+ 244 11336 2 28933 7+ 8109 ¢ 18036 ° + 540 )z
(1+2 )1+3)2+5 )2+ 7 )3+ 10 )4+ 11 )
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18(1  )(112+ 1200 + 2570 ° 1215 °+ 1788 “+ 180 °)

(1+2 )1+ 3 )2+5 )2+ 7 )3+ 10 )4+ 11 ) !
3212225 S5( 1+ )zize 40 1+ ) 1+ 2 )ziz326 5( 1+ )z?
Pooi100 = 2324 +
1+ 2 1+2 )1+ 3) 1+2)2+5) 1+2 )1+ 3)
( 42+ 25 + 444 2+ 263 >+ 150 *)zaze  5( 1+ )2+ 11 )ziz,
1+ 2 )1+ 3 )2+ 5 )3+ 7)) 1+ 2 )1+ 3 )2+ 5)
L4015 32 + 276 24626 ° 105 *+ 90 °)zyzd L 201+ )84+ 574 + 904 2469 %+ 315 *)zuzs
(1+2)1+3 2Q2+5)3+7) (1+2)1+3)2+5 2@+ 17)
401 )(30+ 109 87 2+ 158 ° + 1680 *)zyzs , (1) 36 1080 8095 212988 * + 5847 *)z?
(1+2 )1+ 3 »2Q2+5 )23+7) (1+2 )1+ 3 »2Q2+5 )23+ 7)

2( 1+ )12+ 734 + 5474 %+ 9705 ° 1620 * + 675 °)zyze
(1+2 )1+ 3 )2@2+5 )2@3+7)
3(1 Y1+ 6 )(44+ 492 41 24 252 3+ 45 )z
(1+ 2 )1+ 3 )22+ 5 )2@+17)
3( 120 3020 14654 Z+ 9383 4+ 99779 * 34713 ° + 12555 © 4+ 1350 )z

+

+

(1+2 )1+ 3 2@+5 22+7)3+17) ‘
Poosses = 22 2252325 2( 1+ )zize 2( 1+ zizé  2( 1+ )zzize 2( 1+ ) 1+ 2 )z
1+ 1+ )1+2) @+ HI+2) @A+ H)1+2) @+ )2+2 )1+ 3)
40 345 +6 %+ 4 )zzeze  2( 1+ ) 3+ 2 + 28 Z)zpzsze  2( 1+ )( 3+ 2 + 28 ?)zizozs
1+ )1+ 2 )3+ 5) 1+ )1+ 2 )23+ 5) I+ )1+ 2 )@B+5)
LB 1+ )15+ 2 + 335 2+ 7543+4364+l205)2224+16( 1+ )3+ 10 + 3 2+ 2 ?)z27?
5(1+ )1+ 2 )*@+3)3+5) 1+ )1+2)2+5)3+5)
4( 18 65 82 2 109 *+ 22 *)zszZ 4( 18 65 82 2% 109 *+ 22 *)zizs
1+ )1+ 2 »@2+5)3+5) 1+ )1+ 2 )2@2+5)3+5)

4(150 + 1507 + 6668 2+ 17329 ® + 27482 * + 23584 ° + 9800 ° + 4200 7)zszs
5(1+ )1+ 2 )¥@Q+ 3 )2+5)3+5)
2( 1+ )6+ 39 118 2 453 4+ 70 ")z
(1+ )1+ 2 P2@1+3)2+5 )3+5)

L2014 )( 30 21 + 3383 24 22456 ° + 52408 * + 39680 ° 3216 ° + 2880 ")z1zaz6
S5(1+ )1+ 2 )1+ 3 )2+ 5 )3+5)
4 1+ )( 6 37 + 225 %+ 1328 *+ 1224 ' 616 ° + 600 ®)zsze

I+ )1+ 2 Y(1+3)2+5)3+5)
2( 1+ )6+ 39 118 2 453 *+ 70 *)z}
I+ )1+ 2 2P(A+3)2+5)3+5)

L9014 )( 60 784 4813 2 15896 ° 24883 * 9500 °+ 9296 °+ 80 T+ 1200 °)z?
S5(1+ )1+ 2 )¥@+3)2+5 )3B+5)
40 1+ )( 6 37 +225°%+1328 7+ 1224 * 616 °+ 600 ®)zzs Azzs Bz Cze D
1+ )1+ 2 )¥@+3)2+5)3+5) a a a a’
A7, 7,76 9( 1+ )zf 50 1+ ) 24 3 )ziz3 50 1+ )( 24 3 )zszs
Pooio10 = 2325 + +
1+ 3 1+ 3 )1+ 4 ) 1+3)2+7) 1+3)2+7)
L2401+ v 21 249 %z , {44+ 140 + 3413 24 7150 > 5079 * + 900 °)zize
(1+3 21+4)2+7) (1+3 2(1+4 )2+ 7 )7
36 (16+ 26 231 2+ 9 %)z, 108 (6+ 103 + 311 ° 123 *+ 63 %)
(1+ 3 )2(1+ 4 )2+ T )2 (1+ 3 )21+ 4 )1+5)2+ 7 ) ’
Pioooo1 = Z1Zs oz LT ) ;
1+ 5 (1+5)1+8)
where the coe cients A ;B ;C ;D and a are
A =28 ( 12 6872 74937 ? 237510 ° 15495 ‘+ 979026 ° + 989844 ° 199504  + 142260 ° + 10800 °);
B = 18(1  )(180+ 2196 + 12403 *+ 34729 >+ 9833 * 153277 ° 225096 ° 37608 ' 36240 ° 3600 °);
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C

D

a

2 3 4 5 6 7 8 9

= 6(420 + 6424 + 50807 %+ 228922 ° + 594476 * + 938974 ° + 1027217 ° + 835680 ' + 400680 ° + 132000
+18000 %) ;

= 27(120+ 1772 + 7970  + 5421 ° + 21440 *+ 503710 ° + 1712910 ° + 1652129 ' + 44920 ° + 259768 °
+19840 %+ 3600 ') ;

=51+ )1+2 )Y@L+3)2+5)YB+5)3+7):

M onom ial functions

= TR R R R RERRR

TR R R R R R ER

2 .
200000 = Z1  2Z3 ;
110000 = Z1Z2 525 + 371 ;
2
020000 = Zz 2Z4 2Z2 6;
101000 = Z1Z3 324 Z1Ze + 622  9;
2
011000 = Z2Z3 47775 + 52,76 + 421 475 1626 ;
2 2
002000 = Z3 2Z1 Z4 + 222Z5 2Z3Z6 7Z6 + 1225 + 221 ;
2 2
100100 = Z124 47,75 4z 76 + 102326 + 92122 + 147z¢ 34zs 21z; ;
2
010100 = Z27Z4 323Z5 + 2Z1 7276 222 + 52123 + 52574 14z, 19Z1 z6 + 172z + 42,'
2 2 2 2 2
001100 = Z3Z4 3212225 + 522 Zg + 2212376 + 525 72426 + 521 Z2 10z1 Zg 147,25 + 102125 321 275 Zg
+11z3 + 15z ;
2 2 2 2 3 2 2 2
000200 = Zi 2727325 + 22376 + 27125 + 22125 Z6 27, 4712476 275 25 Z¢ 2712223 + 62224 82126 + 127374
2 3 3 2
+ 1272725 202325 + 226 + 2212276 47576 + 221 + 92 471 73 14z, 18z, + 9;
2
001010 = 2325 4212226 + 925 + 52123 + 52zs2¢ 12z4 1lz1276 ;
100001 = Z1Z¢ 6zZp + 9
3
300000 = Z7 37173 + 32Z4 ;
2 2
210000 = 2122 22223 2125 z] + 5zxz¢ 5z3 9z ;
2 2
120000 = Z12Zp 2Z1 Z4 Z2Zs + 4Z3Z6 426 8Z1 Zy + 925 + 7Z1 ;
3
030000 = Zp 322 Z4 + 3Z3Z5 321 7226 t 324 + 32126 9,'
2 2 2 2
201000 = Z1Z3 223 Z1 Za Z) Ze + 422 Zs5 22326 4Z6 + z122 Zs + 821 H
2 2 3
111000 = Z1Z27Z3 32,24 4Zl Zs + 62325 + 7212226 102zs zg 1222 + 4Zl 192123 + 3324 + 72126 + 1525 9,'
2 2 2 2 2
021000 = ZpZ3 27374 712225 + 525 + 4712324 824 Z6 6Zl Z2 1221 Zg + 37273 + 117125 + 1421 + 182576
18z3 14z ;
2 2 2 2 2
102000 = Z1Z3 2Z1 Za 7374 + 5212225 5Z5 5Z2 Zs 5712326 + lOZ4Z6 + 52,73 + 4z Zg 3Z1Z5 + 6Z2 Z6
10z3  z¢ ;
2 2 2 2 2 2
012000 = Z22Z3 2Z1 Z2Z4 712325 + 2Z2 Zs + 3Z4 Zs5 + 421 Z2 Z6 9Z2Z3Z6 621 Z3 321 Z5Z6 4z, Zy + 11Z3 + 821 Z4
2 2 2
+ 27126 2252 + 62225 + 117326 12212, 62z + 1925 + 18z ;
3 2 2 2 2 2 2 2 2
003000 = 23 3212322 + 324 + 3272225 3222325 3712,Z¢ 32Z123Z6 + 32326 32125 + 62124Z¢ + 32125 + 3222576
3 2 3
+ 32z, + 3212223 92,24 32125 8z 3212226 + 2127524 21z4 ;
2 3 2 2 2 2 2
200100 = Z1Z4 27324 712275 47176 + 525 + 52576 + 127212376 192476 + 42122 11zp 23 87126 + 8z1 + 42276
6z3 Tz ;
2 2 2 2 2 2
110100 = Z1Z2Z4 3Z1Z3Z5 422 Zs5 + 6Z4Z5 + 2Z1 ZoZ¢ + 1222376 + 521 Z3 Tz, Zy 321 Z5Z6 1523 + 221 Za 3Z1 Zs
2 2
Z2Z¢ + 15225 62326 + 242122 + 9z; 16zs 28z ;
2 2 2 2 2 2 2 2
020100 = 2524 224 722325 + 42376 + 42125 62712426 3222526 3212223 8212¢ + 42325 + 62224 + 427 75
3 3 2
82325 + 8z¢ + 27212226 + 821 227526 1925 227173 + 20zq4 14z12¢ 4z + 42;
2 2 2 2 2 2 2 2
101100 = Z1Z3Z4 3z 3212225 + 4227325 + 221 23%Z6 + 12125 %6 47376 + 72125 921 24 Z6 10z7 zg 2025 25 Zg
3 3 2 2 3 3 2
1275 + 52122 20z12023 + 122326 + 452224 + 22725 + 40z5 + 122325 + 24212276 + 327 9225 Zg 2127123 18z
+ 9624 721 Zs t+ 3322 9 H

2 2 3 2 2 2 2 2
011100 = Z2Z3Z4 32325 3212525 + 52,26 + 4212425 + 8212223%6 + 72225 222574 Z¢ 57173 477 7576 5z 7,
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2 2 2 2 2 3 2 2
+ 232526 10212226 + 82525 + 8z1z4 32523 + 82324 + 19212025 22526 + 42726 2325 + 212326 42722 + 82426
2 2
+2z12¢ + 10zp23  18z125 + 1727 + 32226 14z3 626 ;
2 2 2 2 2 2 2 2 2 2
M 002100 = 2324 27124 71222325 + 5202425 + 42725 + 4272,26 12325 62712426 1252326 3212223 + 10232426
3 2 3 2 2 2 2 2 2 3 2
4717, 921222526 + 62223 82126 + 52526 + 52525 + 9712224 + 24712375 + 132525 + 42175 8212325 87474
3 2 4 2 2 2 2
47175 1827425 + 721 2276 23222376 + 4712526 + 827 2977 73 20zp2¢ + 42125 + 1623 + z124
2 2
+ 2726 + 102025 + 242376 7122 + 197¢ 1625 2721 ;
2 2 2 2 2 2 2 2 2 2
M 100200 = Z12Z4 271222375 727475 + 27175 + 2712376 + 227 2,Z6 + 32325 4717476 + 325 23%6 2712273 52324 Z¢
3 2 3.2 2 2 3 2 3
77125 721 2225 Z¢ 32273 82126 + 21712524 + 14212325 + Tz525 + 1227 25 25271 2325 Z47g + 82126 + 32425
2 4 2 2 2 2 2
+ 13272226 19202326 17212526 + 229 162123 8z22z; + 10z125 + 2725 112124 2126 + 72225
2
+11z32¢ 3lzi12zo 8z¢ + 3725 + 2223 ;
2 2 2 2 3 3 3 2
M 010200 = Z22Z4 2252325 232475 + 5222326 + 5212225 5z3 5z + 2212526 921222426  52525Z¢
2 4 2 2 2 2 2 2
521232526 + 15242526 5z12523 22, + 15212324 6272275 + T2Z22325 + 142524 16275 + 11z 252
2 2 2 2 2 2 2 3 3
+ 7212225 10222325 + 11272326 + 42125 %6 1271 z5 127326 1721 24 Z¢ 577 zg 10z7 z2 102224
2 3 2 3
+ 29222576 + 29212223 + 32326 + 10z 217574 + 32125 34z325 + 7212224 147576 + 10z; 1471 25
2
6z, 6z4 34z126 + 38zx + 42;
2 2 3 2 2 2 2 2 2
M 001200 = 2324 2727375 + 22376 71222425 + 5712325 + 42575 Tz475 + 521252326 725 74 Z6 921 2324 Z¢
2 2 2 2 2.3 2 2 2_2 2 3
+ 14z5;26 521222526 621 232Z¢ 521 2, 622232526 5212225 + 15212224 + 62326 + 7212325 + 22523
2 2 2 2 2.3 3 3 4
+ 222324 42325 + 24212426 + 8212525 1222252¢ 33212425 + 2z72z¢ + 11272226 + 8232 + 8z 287122, 23%¢
2 2 2 2 2 3 2 2 3
+ 162225 + 72725 + 2222426 212526 6232526 + 112523 102723 + 382123 29z12z4 2223724 71 Z6
2 2 2 2 2
712225  202zs52¢ 9712326 20212z, 5z52z6 + 2225 32426 + 142523 2427176
+ 292125 + 102226 + 2725 + 1726 ;
3 2 2 2 2 2 2 2 2 2 3 3 2
M 000300 = Z1 322232425 + 32375 + 3212,25 + 32,2376 32324 %6 321257476 3212425 32223 32,2526 + 62124 Z6
3 3 2 2 2 2 2 3 2
921 2, 23 25 Zg 32225 + 1225247576 3212523 + 3232526 + 9212426 + 1221222374 + 3252325 + 62574 18227,
2 2 2 2 2 2 3 3.3 2 2 2 2
+ 321225 12732426 + 3212325 12772425 + 325 2¢ 471 7¢ + 9232425 + 32723 + 325724 12212224 Z¢
3 3 3 3 3 3.2 3 2
+ 1271 237; 2474 7¢ 3z + 12272526 33212325276 3z3 + 32725 247774 + 54247576 + 54212324 45z,
2 2 3 2 3 3 2 2
92,2325 9212526 621252 6222 621 2326 62,22 + 27212426 + 9222526 + 122, + 327 2¢
2 2 3 3
+ 9212223 + 92125  362Z224 + 9232¢ + 92325 18212226 + 325 + 321 + 924 + 92126 9 ;
2 2 2 2 2 2
M 101010 = Z1Z3Zs 3Z4Z5 4Z1 Z2Z¢ t+ 5Z1 z3 + 6Z2 Z3Z¢ t+ 921 Zy + Tz1 2526 1023 1321 Za 13Z1 Z6 1022Z6 T2z2 25
2
+ 162326 + 50z¢ + 11z12z, 5725 59z ;
2 2 2 3 2 2 2
M 011010 = Z22Z32Zs 473 76 47,75 4712576 + 925 + 12212426 + 11222526 + 11212223 457574 + 1677 7g 28737¢
2 3 3
2877 75 + 452375 167 17212226 + 452526 16z; + 452123 2724 37126 + 182, 27 ;
2 2 2 2 2 2 2
M 002010 = Z3 Zs 221 Z42Z5 + 222 Zsg 71222326 + 322 Z4Z6 t+ 421 Z5Z6 + 521 Zy 923 Z5Zg 321 Z2Zg 821 Z4
2 2 2 3 2 2 2
925 73 27576 + 162324 6212225 + Tz5 127726 + 82526 + 37212326 92476 + 22722 + Z1Zg
2
272223 + 62125 + 132 11z z¢ 14z3 + 1326 ;
2 2 3 3 2 2
M 001110 = Z3Z4Zs 321 Z2Z5 322Z3 Zs + 5Z3 + 4212,7247¢ + 821 Z325Z¢ + 525 + 7Z2 Z5Z¢ + 121 Zy Z3 2224Z5Z6
2 2 2 2 2 2 2 3 2 2
473 2276 182524 + 22237 22712324 + 3625 + 212225 10212526 + 8222 8222325 10272326 + 82326
2 3 2 2 3 2 2
+ 82125 + 92, + 52212426 + 1627 z¢ 40zp2526 + 82722 40z12223 2326 2125 + 92274 + 2423725
2
23z1z2z+ 18z, + 272123 + 272526 6324 9z126 3622 27;
2
200001 = Z1Z6 2Z3Zs Z1Z2 + 5zs 471 ;
2
110001 = Z1Z2Z¢ 625 52123 5z526 + 2174 + 247126 3022 9

2 2 2
101001 = Z12Z3Z6 3ZaZe Z1Z¢ DZ1Z2 + 82z223 + 92125 + 2] 9776 + 32z3 + 2% ;

2R R R

2_2 2 2 3
100101 = Z1Z4Zg 47,7576 4717573 421 Zg + 92,24 + 1023 Zg + lOZl Zs 92525 712226 + 1426 3925 z¢

+ 14zf 397123 + 2724 + 24z12¢ 81:
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A ppendix C : D eform ed quadratic C lebsch-G ordan series

101+ 3 )

P +— " " p ;
1+ 001000 (l+ 4 )(l+ 7 ) 000001 r

32(1+ 2 )(1+ 12 )

PlOOOOO PlOOOOO = PZOOOOO +

P P =P + P + P ;
100000 010000 110000 1+ 4 000010 (1+ 7 )(1+ 11 )(2+ 11 ) 100000

o o b N o ,_8a+2) o , 125+ 84 + 255 *+ 1603)P
010000 010000 — 020000 l+ 000100 (l+ 3 )(l+ 5 ) 100001 (l+ 5 )2 (1+ 11 )(3+ ll ) 010000

1441+ 2 )1+ 3 )1+ 5 )1+ 12 )
+ > Poooooo 7
(1+ 7 )1+ 8 )1+ 11 2@+ 11 )

. . . L3 . . 16(1+2)1+8) , 150+ )+ 3)a+ 11 ), )
100000 001000 — 101000 l+ 2 000100 (l+ 5 )(l+ 7 )(2+ 7 ) 100001 (1+ 4 )(1+ 5 )2 (1+ 7 ) 010000 r

. . . L4, . 200+ )A+8) N 61+2)

010000 001000 — 011000 1+ 3 100010 (1+ 4 )(1+ 7 )(2+ 7 ) 010001 (1+ 5 )(1+ 7 ) 200000
201+ 2 )1+ 9 )3+ 46 + 71 % 8°%) 80(L+ )1+ 2 )1+ 3 )1+12)

+ > Poo1000 + 2 Pooooo1 7
(1+ )1+ 4 2@+ 7)1+ 11 )3+ 11 ) (1+ 4 )(1+5 )1+ 7 Y@+ 11 )

P P = P + —P + LP + MP

001000 001000 002000 1+ 100100 (1+ 2 )(1+ 3 ) 010010 (l+ 3 )(l+ 5 ) 200001
49+ 113 + 305 2+ 231 % 18 %) 1201+ )1+ 2 )(2+ 33 + 56 2)
> Pootoo1 + P110000
1+ )1+3 P2@+7)3+7) (1+ 4 )2+5 )1+ 7 )2+ 7 )3+ 10 )
80(L+ )1+ 2 )(1+3)1+8 )b , 8001+ 8 )3+ 56 + 176 %+ 108 ° 634)P
(1+ 4 )(L1+5 )1+ 7 2@+ 7 ) 000002 1+ 4 Y21+ 7 )22+ 7 )3+ 11 ) 000010
160(1+ )1+ 2 )1+ 3 )1+9 )1+ 12 )
+ > 3 100000 #
(1+4 2@1+5 )1+ 7 )P@E+11)
6(1+ )1+ 7))
Piooooo  Poooioo = Piooroo + mPomom + mpoowm
301+ )1+ 2 )1+ 8 )2+ 11 ) 30(L+ )1+ 2 )2+ 5 )1+8 )1+ 9)
> 110000 T > > 000010 7
(1+ 4 )1+5 2@+ 7 )3+ 10 ) (1+4 »@1+5 )22+ 7 )3+ 11 )

. . s N . . 120+ )A+6) , 300+ A+ 2)@+ 11 ),
010000 000100 — 010100 1+ 2 001010 (l+ 3 )(l+ 5 )(2+ 5 ) 110001 (l+ 4 )(l+ 5 )2 (3+ lO ) 020000
N 200+ )A+2)A+8) . 2001+ )1+ 2 )1+ 8 )

1+ 3 )L+ 4 )1+5 )@+ 7 ) 07 (143 )@+ 4 )1+5 )@+ 7 ) L0000
721+ 7 )1+ 22 + 115 *+ 87 * 45 4)P , Haa Y1+ 2 )2+ 5 )1+ 8 )2P
(1+3 2(1+5 )21+ 11 )4+ 11 ) 0001007 "1 L 3 )1+ 5 P2+ 7 )23+ 11 ) 000
60(1+ )1+ 2 Y@+ 3 Y2+ 5 )@+ 8 )1+ 9 )1+ 11 )
+ > 2 Po1o000 7
(1+4 2@Q+5)¥@+7)2+7 )3+ 11 )

. . . N . . 0a+ ) . 121+ )a+6)
001000 000100 — 001100 l+ 2 110010 (l+ 3 )(l+ 4 ) 020001 (1+ 3 )(1+ 5 )(2+ 5 ) 101001
N 101+ ) o N 72(1+ 6 )1+ 11 + 132 57 o

L+ 3 )L+ 4 ) %7 ‘142 )1+5)2+5 )1+ 7 )3+ 7 ) 00
N 200+ )+ 2)A+8) , 48a+ Y@L+ 2 )1+ 8 )b
1+ 3 )L+ 4 )1+5 )@+ 7 ) 207" (143 )2@+5 )@+ 7 ) 10000

N 6(36+ 1134 + 12624 2+ 65771 ° + 172189 * + 224179 ° + 127295 ® + 17700 ')

P
(1+2)(1+3)1+5 2@2+5 )2(1L+7)3+8) 011000
N 24(1+ )(42+ 1024 + 7069 2+ 17092 ® + 13653 * + 720 5)P
(1+ 3 2(1+5 23+ 7 )3+ 8 )4+ 11 ) 100010
480(1+ )1+ 2 Y@1+6 )1+ 8 )

+ 3 P 200000

(1+ 4 )1+5 B+ 7 )2+ 7 )3+ 11 )

60(1+ )1+ 2 )(1+ 8 )(32+ 842 + 6313 2+ 16912 ° + 16251 * + 3330 5)P

010001

1+ 3 )(1+4)1+5 )PE@+5)1+7 )2+ 7 )3+ 10 )4+ 11 )
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60(1+ )1+ 2 )2+5)1+8)1+9 )3+40 +397% 187
(1+3 2(1+4 2@A+5 )P2@+7)2+7 )3+ 11 )

480(1+ Y1+ 2 P@A+3)2+5)1+8 )1+9 )1+12)
(1+4 @+5 P@L+7 P@+7 )2+ 11 )3+ 11 )

P P =P + P + ar ) p + ar ) p
000100 000100 000200 1+ 011010 1+ 2 )1+ 3 ) 002001 1+ 2 (1 + 3 ) 100020

Poo1000

+

Pooooor 7

N s+ ) o N 200+ )a+2) N 201+ 7 22 .
1+ 2 )@+ 3 ) 0T Ty 3 )@+ 4 )@+5) BT Q12 )1+5 )3+ 5 ) 00
36(1+ )1+ 13 + 16 ?) 36(1+ )Y(1+ 13 + 16 2)
Pi11000

P
TUT 2 P+ 3)0+5)G+ 7 ) T T 21+ 3 )0+ 5 )3+ 7))

, 360+ )40+ 1064 + 7172 24+ 16301 ° + 13138 *+ 940 ° 1800 6)P
52+ )1+ 2 P(@1+5 )2(2+5 )4+ 9 ) 010100
48(1+ Y (1+ 2 )1+ 6) 1441+ )1+ 6 )1+ 11 +13 7% 5 °7%)
T+3 P+5 P@r5) 202" T 1r3 par s PR 5B 7)o

L1440+ A+ 6 )1+ 11 +13 2 573
(1+3 2@+5 )2@2+5 )3+ 7)
, 2(195+ 5540 + 49198 2 4 163456 ° + 239715 * + 157964 ° + 57452 ° + 26320 7)
(1+2 )1+ 5 2@+ 7 )5+ 11 )

P200010

001010

+EPooooos + FPi10001 + GPoooorr + E P3oo000

, 180(1+ P (1+ 2 )(90+ 2499 + 31155 2+ 193684 ° + 611355 ? + 972155 ° + 708750 ° + 171000 7)P
(I+3 )1+ 4)@+5)(@2+5 )@3+8 )3+ 10 )(5+ 11 ) 020000
+GPior000 + H Pogoroo + TP100001
, 21600+ Y@+ 2 )2+ 5 )1+ 8 )1+ 9 )1+ 22 + 115+ 87 ° 45 4)P
(1+3 )(1+4 )2(1+5 @2+ 7 )3+ 11 )4+ 11 ) 010000
, 43200+ Y@L+ 2 P @+ 3 P@2+5 )1+ 9 )1+ 12 ) . )
I+ 4 )2@+5 BP@L+7 2@+ 7 )@+ 11 )2+ 11 )3+ 11 ) o007
P1ooooo  Pooooro = Proooto + LPo1ooo1 + MPOMOOO + 2lx 2 )dr 3 )+ 12 )Pooooo1 i
1+ 4 (1+4 21+ 7) (1+5 )1+ 7 2@+ 11 )
Poo1ooo  Pooooro = Poo1o1o + L]-3110001 + &Pozoooo + 200+ Ja+8 ) P1o1000
1+ 3 (1+4 )1+5) L+ 4 )1+ 7 )2+ 7)
N 201+ )1+ 8) Bt ¢ 6(3+ 40 + 39 % 18 3)P000100
1+ 4 )1+ 7)2+7) (1+2 )L+ 3 2@L+7)
, 81+ 2 )48+ 1342 + 11893 2441323 2 + 59235 * + 31311 5)P
(1+3)1L+5)1+7 )22+ 7 2@+ 11 ) 100001
60(1+ 2 )1+ 3 )1+9 )3+ 46 +71° 872 432(1+ )1+ 2 )@+ 3 Y1+ 12)
’ (144 P(1+5 )21+ 7 P(3+ 11 ) Fo10000 ¥ TS T w 7 P (Lr 8 e 11 @ 1) 000
Piooooo  Pooooor = Proooor + Po1oo00 + MPOOOOOO ;
1+ 5 (1+8 )1+ 11 )
where the coe cientsE ;F ;G ;H and I are such that
E @1+ 3 )(1+4)1+5)Y@+7)2+7 )=1600+ Y(@+2 )Y1+8);
F(l+2 )(1+3)2+3)1+5)Y@2+5)Y@+5)3+7 )G+11 )= 1441+ )*(270+ 10965
+166113 2 + 1237287 ° + 5078136 * + 12177475 ° + 17282049 ° + 13976605 ' + 5700600 ° + 818500 °);
7201+ )1+ 2 )(1+ 8 )(8+ 208 + 1312 2+ 1877 >+ 360 * 300 °)
N 2+ Y1+ 3 )1+4 )1+5 )P@2+5 )2+ 7 )3+8 )4+ 11 ) 7
A+r3)70+5)7@+5 YA+ T I+ T I8 )@ 1)y, p1566 4 436656 * + 4716853 °
24(1+ )
+29111132 “ + 102644506 ° + 195972356 ° + 176806835 ' + 45083850 ° 6894000 ° + 10935000 ' ;
I(1+3 )Y@+5 )@+ 7 Y(B+8)3+11 )(4+ 11 )= 8641+ ) (1+ 2 )(1+ 8 )(16+ 626 + 8775 ° + 55745 °

4 6

+ 48150 7):

+172984 * + 268299 ° + 193845
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