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A bstract

Thequantum trigonom etricCalogero-Sutherland m odelsrelated to Liealgebrasadm ita param etriza-

tion in which the dynam icalvariables are the characters ofthe fundam entalrepresentations ofthe

algebra.W e develop herethisapproach forthe caseofthe exceptionalLiealgebra E 6.

PA C S num bers:02.30.Ik,03.65.G e,02.20.Sv

I Introduction

Theso-called Calogero-Sutherland orCalogero-M oserm odelswereintroduced by Calogero [1],who stud-

ied, from the quantum standpoint, the dynam ics on the in�nite line of a set ofpairwise interacting

particles through rationalplus quadratic potentials,and found that the problem was exactly solvable.

Soon afterwards,Sutherland [2]arrived tosim ilarresultsforthequantum problem on thecircle,thistim e

with trigonom etric interaction,and M oser [3]showed thatthe classicalversion ofboth m odelsenjoyed

integrability in theLiouvillesense.Theidenti�cation ofthegeneralscopeofthesediscoveriescam ewith

theworksofO lshanetsky and Perelom ov [4]-[6],who realized thatitwaspossibleto associate m odelsof

this kind to allthe rootsystem s ofthe sim ple Lie algebras,and thatallthese m odelswere integrable,

both in the classicaland in the quantum fram ework [7,8]. Nowadays,there isa widespread interestin

this type ofintegrable system s,and m any m athem aticaland physicalapplications for them have been

found,see forinstance [9].

TheCalogero-Sutherland Ham iltonian associated to therootsystem ofa sim pleLiealgebra L can be

written asa second-orderdi�erentialoperatorwhosevariablesarethecharactersofthefundam entalrep-

resentationsofthealgebra.Asitwasshown in thepapers[10,11,12],and laterin [13,14,15,16,17,18],

thisapproach gives the possibility ofdevelopping som e system atic proceduresto solve the Schr�odinger

equation and determ ineim portantpropertiesoftheeigenfunctions,such asrecurrencerelationsorgener-

ating functionsforsom esubsetsofthem .Forthem om ent,theapproach hasbeen used only forclassical

algebras ofA n and D n type,and recently [18]forthe exceptionalalgebra E 6 fora specialvalue ofthe

coupling constantforwhich the eigenfunctionsare proportionalto the characters ofthe ireducible rep-

resentationsofthe algebra. The aim ofthispaperisto show how to generalize the treatm entof[18]to

arbitrary valuesofthecoupling constantand to extend som eoftheparticularresultsfound thereto the

generalcase.

�
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II T he C alogero-Sutherland m odelfor E 6 in z-variables

The Ham iltonian operatorforthe trigonom etric Calogero-Sutherland m odelrelated to the rootsystem

ofa sim pleLie algebra hasthegeneric form

H =
1

2
(p;p)+

X

�2R +

��(�� � 1)sin�2 (�;q);

where R + is the set ofpositive roots,q and p are vectors ofdim ension r = rank ofthe algebra,( ; )

is the usualeuclidean scalar product in R
r,and the coupling constants �� are such that �� = �� if

jj�jj= jj�jj.In particular,becauseE 6 issim ply-laced (foralldetailsaboutthestructureofE 6 needed to

follow them ain text,seeAppendix A),theCalogero-Sutherland m odelassociated to E 6 dependsonly on

onecoupling constant�.To writeH in a m oreexplicitway,itisconvenientto usetheorthonorm albasis

fei;i= 1;:::;6gwhich isrelated tothegeneratingsystem oftheAppendixA through ei= "i�
1

6

P
6

j= 1"j.

The expression ofq and p in this basisis sim ply q =
P

6

i= 1
qiei,p =

P
6

i= 1
piei,while the sim ple roots

are given by:

�1 = e1 � e2

�2 =
1

2

 

� 1+

p
3

3

!
3X

j= 1

ej +
1

2

 

1+

p
3

3

!
6X

j= 4

ej

�k = ek�1 � ek; k = 3;4;5;6:

The q coordinates are assum ed to take values in the interval[0;�],and therefore the Ham iltonian can

be interpreted as describing the dynam ics ofa system ofsix particles m oving on the circle,butnotice

thatthereisnottranslationalinvariance.W erecapitulate som eim portantfactsaboutthism odelwhich

follow from thegeneralstructureofthequantum Calogero-Sutherland m odelsrelated to Liealgebras[8].

Theground state energy and (non-norm alized)wave function are

E 0(�) = 2(�;�)�2 = 156�2

	 �
0(q) =

Y

�2R +

sin�(�;q);

with � being the W eyl vector, while the excited states depend on a six-tuple of quantum num bers

m = (m 1;m 2;m 3;m 4;m 5;m 6),and satisfy theSchr�odingerequation

H 	 �
m

= E m (�)	
�
m

E m (�) = 2(�+ ��;�+ ��); (1)

where� isthehighestweightoftheirreduciblerepresentation ofE 6 labelled by m ,i.e.� =
P

6

i= 1
m i�i.

By substitution in (1)of

	 �
m
(q)= 	 �

0(q)�
�
m
(q); (2)

we areled to the eigenvalue problem

� � ���
m
= "m (�)�

�
m

(3)

with

� � =
1

2
�+ �

X

�2R +

ctg(�;q)(�;r q); (4)

2



and

"m (�)= E m (�)� E 0(�)= 2(�;�+ 2��): (5)

Taking into accountthatA
�1

jk
= (�j;�k),itispossibleto give a m oreexplicitexpression for"m (�):

"m (�)= 2

6X

j;k= 1

A
�1

jk
m jm k + 4�

6X

j;k= 1

A
�1

jk
m j: (6)

Now the m ain problem isto solve (3). Asithasbeen shown forotheralgebras [10,11,12,16],the

bestway to do thisisto usea setofindependentvariableswhich areinvariantundertheW eylsym m etry

oftheHam iltonian,nam ely thecharacterszk;k = 1;:::;6,ofthesix fundam entalrepresentationsofthe

Lie algebra E 6.W e can inferfrom (4)thestructureof� � when written in the z-variables:

� � =

6X

j;k= 1

ajk(z)@zj@zk +

6X

j= 1

h

b
(0)

j
(z)+ �b

(1)

j
(z)

i

@zj: (7)

Asam atteroffact,theeigenfunctionsof� (0)and � (1)are(proportionalto)them onom ialsym m etric

functionsM � =
P

s2W exp[i(s�;q)](W istheW eylgroup)and thecharacters� � oftheirreduciblerepre-

sentationsofthealgebra E 6,respectively [8].Thus,knowing thecharacterszi= ��i
ofthefundam ental

representationsand theproductszizj through theClebsch-G ordan seriesforthealgebra,weareable to

�nd the Ham iltonian � (1),thatis,we obtain the coe�cientsa jk(z)entering in the expression ofallthe

Ham iltonians� � and also the coe�cientsb
(0)

j
(z)+ b

(1)

j
(z). In the previouspaper[18]we com puted the

needed Clebsch-G ordan seriesand showed these coe�cients.

O n the other hand,knowing enough m onom ialsym m etric functions in term s ofthe fundam ental

characters,M �(z),we can com plete the form of� �,forweknow that

� (0)
M � = "m (0)M � = 2(�;�)M �; (8)

a system oflinear equations which can be solved for the coe�cients b
(0)

j
(z),j = 1;:::;6. To this end,

rem ind thatthe characterscan beexpanded assum sofm onom ialfunctions([19]),

�� = M � + a1M �1 + a2M �2 + � � � ;

where the setof�k entering in the expansion iseasy to determ ine:they are the dom inantweightssuch

that�i= ��
P

6

j= 1nj�j with nj � 0 and (�i;�k)� 0 forthesix sim pleroots�k.Thecoe�cientsa k,on

theotherhand,representthem ultiplicitiesoftheweights�iin therepresentation with highestweight�.

Here itwillsu�ce to dealwith thefollowing expansions:

�
(27)

100000
= z1 = M

(27)

100000
;

�
(78)

010000
= z2 = M

(72)

010000
+ aM

(1)

000000
;

�
(351)

001000
= z3 = M

(216)

001000
+ bM

(27)

000001
;

�
(2925)

000100
= z4 = M

(720)

000100
+ cM

(270)

100001
+ dM

(72)

010000
+ eM

(1)

000000
; (9)

�
(351)

000010
= z5 = M

(216)

000010
+ bM

(27)

100000
;

�
(27)

000001
= z6 = M

(27)

000001
;

�
(650)

100001
= z1z6 � z2 � 1= M

(270)

100001
+ fM

(72)

010000
+ gM

(1)

000000
;

where the form of �100001 com es from the list in [18]and the num bers appearing in parentheses as

superscripts are either the dim ensions of the representations or the dim ensions of the linear spaces
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generated by theorbitsoftheW eylgroup corresponding to them onom ialfunctions.Theform ercan be

com puted from the W eyldim ension form ula,while the latter follow easily from the factthat the W eyl

group ofthe subalgebra ofE 6 obtained by rem oving from the Dynkin diagram the dots corresponding

to the weightde�ning the m onom ialfunction actstrivially on such a weight:forinstance,rem oving the

dotassociated to �1 we obtain theDynkin diagram ofD 5,and hence

dim M 100000 =
jW E 6

j

jW D 5
j
=
27 � 34 � 5

1

2
10!!

= 27;

and so on.

W hile the dim ensionsshown in (9)su�ce for�xing a = 6,b= 5,forthe com putation ofrem aining

m ultiplicitieswe need to usethe Freudenthalform ula [20]

n� =

P

�> 0

P
1

k= 1
2n�+ k�(�+ k�;�)

(�+ �+ 2�;�� �)
: (10)

Heren� standsforthem ultiplicity oftheweight� in therepresentation ofhighestweight�,the�rstsum

extendsoverpositiveroots,and � istheW eylvector.Theapplication oftheFreudenthalform ula isquite

easy fortherepresentationsatstake.Letussee,forinstance,how tocom putecin (9).In thiscase� = �4

and c= n� = n�1+ �6.Thescalarproductofthevector� = �� � = � 2+ �3+ 2�4+ �5 with � is(�;�)= 0

and,duetothefactthatthelength of�+ �,with �apositiveroot,isj�+ �j= (j�j 2+ 2+ 2(�;�))
1

2,theonly

rootsenteringin (10)arethepositiveroots�such that(�;�)= 0,becauseotherwisej�+ �j> j�+ �j= j�j

and � + � would lie outside ofthe weight diagram for the representation R �. Looking at the table of

positiverootsin Appendix A,wecheck thatthereare12 ofthem with (�;�)= 0.Forallofthese,�+ �

lieson the orbitof�,and thusn�+ � = 1.Thisgives

c= n�1+ �6 = 12
2(�;�)+ 2(�;�)

(�4 + �1 + �6 + 2
P

6

i= 1�i;�1 + �3 + 2�4 + �5)
= 12

2� 0+ 2� 2

2+ 2� 5
= 4:

Tocom putedweproceed m uch in thesam eway.Now � = �2 and � = �� � = � 1+ �2+ 2�3+ 3�4+ 2�5+ �6.

Itfollowsthat(�;�)= 1,and thusonlypositiverootswith (�;�)= 0or(�;�)= 1enterin theFreudenthal

form ula.Thereare20 positiverootswith (�;�)= 1,and forthem n �+ � = 1 becausethey arein theorbit

of�.Thenum berofpositive rootswith (�;�)= 0 is15,and forthem �+ � liesin theorbitof� 1 + �6,

so thattheirm ultiplicitiesaren�+ � = 4.Thisgivesd = n�2 = 15.O nceweknow cand d,wecom putee

by balancing dim ensionsin (9),and obtain e= 45.A sim ilaruseoftheFreudenthalform ula givesf = 5,

and thereforeg = 20.

W ith allthecoe�cientsin (9)being�xed,wecan now solveforthem onom ialfunctionscorresponding

to thefundam entalweights.W e �nd

M 100000 = z1;

M 010000 = z2 � 6;

M 001000 = z3 � 5z6;

M 000100 = z4 � 4z1z6 + 9z2 + 9;

M 000010 = z5 � 5z1;

M 000001 = z6:

Therem aining step isto substitute these m onom ialsin (8)and to solve the linearsystem forthe coe�-

cientsb
(0)

j (z);the outcom e is

b
(0)

1
= 8

3
z1; b

(0)

2
= 4z2 � 6; b

(0)

3
= 20

3
z3 � 20z6;

b
(0)

4
= 12z4 � 16z1z6 � 24z2 + 36; b

(0)

5
= 20

3
z5 � 20z1; b

(0)

6
= z6:
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W ith thisand theform of� (1) given in [18],wecan now write the fullsetofcoe�cientsin (7):

a11(z) =
8

3
z
2
1 � 4z3 � 20z6;

a12(z) = 2z1z2 � 26z1 � 10z5;

a13(z) =
10

3
z1z3 + 18� 12z2 � 6z4 � 18z1z6;

a14(z) = 4z1z4 + 18z1 � 10z1z2 � 18z5 � 8z2z5 � 8z3z6 + 8z26;

a15(z) =
8

3
z1z5 � 10z3 � 26z6 � 10z2z6;

a16(z) =
4

3
z1z6 � 36� 12z2;

a22(z) = 2z22 � 18� 6z2 � 2z4 � 8z1z6;

a23(z) = 4z2z3 � 24z21 + 14z3 � 8z1z5 � 2z6 � 10z2z6;

a24(z) = 6z2z4 � 18z2 � 12z22 � 10z1z3 + 24z4 � 6z3z5 + 26z1z6 � 8z1z2z6 � 10z5z6;

a25(z) = 4z2z5 � 2z1 � 10z1z2 + 14z5 � 8z3z6 � 24z26;

a26(z) = 2z2z6 � 10z3 � 26z6;

a33(z) =
10

3
z
2
3 + 14z1 � 12z1z2 � 2z1z4 + 16z5 � 4z2z5 � 8z21z6 + 4z3z6 � 6z26;

a34(z) = 8z3z4 + 10z21 � 10z21z2 + 18z3 � 2z2z3 � 6z1z2z5 � 10z25 � 18z6 + 8z2z6 � 10z22z6

� 8z1z3z6 + 20z4z6 + 8z1z
2
6;

a35(z) =
16

3
z3z5 � 36+ 24z2 � 12z22 � 10z1z3 + 24z4 � 16z1z6 � 8z1z2z6 � 10z5z6;

a36(z) =
8

3
z3z6 � 26z1 � 10z1z2 � 10z5;

a44(z) = 6z24 � 4z31 � 6z32 + 18z1z3 � 6z1z2z3 � 18z4 + 18z2z4 + 8z21z5 � 18z3z5 � 2z2z3z5 � 4z1z
2
5

� 18z1z6 + 14z1z2z6 � 4z1z
2
2z6 � 4z23z6 + 8z1z4z6 + 18z5z6 � 6z2z5z6 + 8z3z

2
6 � 4z36;

a45(z) = 8z4z5 � 18z1 + 8z1z2 � 10z1z
2
2 � 10z23 + 20z1z4 + 18z5 � 2z2z5 + 8z21z6 � 6z2z3z6

� 8z1z5z6 + 10z26 � 10z2z
2
6;

a46(z) = 4z4z6 + 8z21 � 18z3 � 8z2z3 � 8z1z5 + 18z6 � 10z2z6;

a55(z) =
10

3
z
2
5 � 6z21 + 16z3 � 4z2z3 + 4z1z5 + 14z6 � 12z2z6 � 2z4z6 � 8z1z

2
6;

a56(z) =
10

3
z5z6 + 18� 12z2 � 6z4 � 18z1z6;

a66(z) =
4

3
z
2
6 � 10z1 � 2z5;

b1(z) = b
(0)

1
(z)+ �b

(1)

1
(z)=

�

32�+
8

3

�

z1;

b2(z) = b
(0)

2
(z)+ �b

(1)

2
(z)= (44�+ 4)z2 + 24(�� 1);

b3(z) = b
(0)

3
(z)+ �b

(1)

3
(z)=

�

60�+
20

3

�

z3 + 20(�� 1)z6;

b4(z) = b
(0)

4
(z)+ �b

(1)

4
(z)= (84�+ 12)z4 + (�� 1)(16z1z6 + 24z2 � 36);

b5(z) = b
(0)

5
(z)+ �b

(1)

5
(z)=

�

60�+
20

3

�

z5 + 20(�� 1)z1;

b6(z) = b
(0)

6
(z)+ �b

(1)

6
(z)=

�

32�+
8

3

�

z6:
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III C om putation ofpolynom ialsand deform ed C lebsch-G ordan series

Theeigenfunctions��
m
(q)arepolynom ialswhen expressed in zvariables,��

m
(q)= P �

m
(z).TheSchr�odin-

gerequation can then besolved by applying a system aticprocedure,which issuitableto beim plem ented

in a com puterprogram able to carry outsym bolic calculations.W e proposetwo alternative m ethodsto

�nd theSchr�odingereigenfunctions:

1. G iven a weightn1�1 + n2�2 + n3�3 + n4�4 + n5�5 + n6�6,letusdenote z
n = z

n1
1
z
n2
2
z
n3
3
z
n4
4
z
n5
5
z
n6
6
.

Thus,� � acting on zn gives

� �
z
n =

X

�2�

k�;n(�)z
n��

; (11)

where�includesonly integrallinearcom binationsofthesim plerootswith non-negativecoe�cients

and, of course, in the exponent of (11) we express � in the basis of fundam entalweights. In

particular,k0;n(�)= "n(�).Thepolynom ialsPm (z)can bewritten as

P
�
m
(z)=

X

�2Q + (m )

c�(�)z
m ��

; c0 = 1;

whereagain the� in Q + (m )areintegrallinearcom binationsofthesim plerootswith non-negative

coe�cients such that they do not give rise to negative powers ofthe z’s. By substituting in the

Schr�odingerequation we �nd theiterative form ula

c�(�)=
1

"m (�)� "
m �(���) (�)

X

�2�;�6= 0

k��m �(���) (�)c��� (�):

To use thisform ula in practice,one should take into accountthe heightsofthe �0s,because each

coe�cientc � can depend only on som eofthe c� such thatht(�)< ht(�).

2. The productz
m 1

1
z
m 2

2
z
m 3

3
z
m 4

4
z
m 5

5
z
m 6

6
can be expanded on the basis ofthe orthogonalPolynom ials

P �
m
(z)as

z
m 1

1
z
m 2

2
z
m 3

3
z
m 4

4
z
m 5

5
z
m 6

6
= P

�
m
(z)+

X

�2Sm

n�(�)P
�
m �� (z):

In each particularcase,itisnotdi�cultto elaborate a listwith allthe elem entsin S m (they are

the sam e integraldom inantweightswhich appearin the corresponding Clebsch-G ordan series,see

[18]).Furtherm ore,theoperator� �� "n(�)annihilatesthecharacterP
�
n
.Takingthisinto account,

we can obtain the eigenfunctionsusing theform ula

P
�
m
=

n Y

�2Sm

(� �
� "

m �� (�))

o

z
m

:

Through any ofthesem ethods,itispossibleto com putethecharactersratherquickly.Asan illustration,

weo�era listofpolynom ialsand m onom ialfunctionsin Appendix B.Fora sim ilarlistofcharacters,see

[18].

O nce we have a m ethod for the com putation ofthe polynom ials,we can extend it to produce an

algorithm for calculating deform ed Clebsch-G ordan series for the product ofthem . Suppose that we

want to obtain the series for P �
m
� P�

n
. W e list the possible dom inant weights entering in the series

arranged by heights

P
�
m
� P

�
n
= P

�
m + n + n�1(�)P

�
�1
+ n�2(�)P

�
�2
+ :::

The coe�cient n �1(�)issim ply the di�erence between the coe�cients ofz �1 in P �
m
� P�

n
and in P �

m + n.

Then,n�2(�)isthedi�erencebetween thecoe�cientofz
�2 in P �

m
� P�

n
and thesum ofthecorresponding

coe�cientsin P �
m + n and P

�
�1
,and soon.Asan exam ple,wepresentalistwith allthecuadraticdeform ed

Clebsch-G ordan seriesin Appendix C.
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IV Som e recurrence relations

The approach we are describing is also usefulto �nd the form ofthe recurrence relations for products

zjP
�
m
(z). Considered in fullgenerality, these recurrence relations are extrem ely com plicated,but for

som e specialcases they can be written in explicit form . Let us consider,for instance,the recurrence

relation forz1P
�
n�1

with arbitrary n. Ifwe expressthe weightsofthe representation R �1 (which are all

the com binations"i� ",� "i� "j)in the basisoffundam entalweights,we see thatthere are only three

whosecoe�cientsfor� i,i6= 1,areallnon-negative,nam ely �1;� �1+ �3 and � �1+ �6.Hence,theform

ofthe seriesshould be

z1P
�
n00000 = P

�
(n+ 1)00000

+ an(�)P
�
(n�1)01000

+ bn(�)P
�
(n�1)00001

; (12)

wherewehaveto �x an(�)and bn(�).Now,solving theSchr�odingerequation by m eansofthe�rstofthe

two m ethodsdescribed in Sect.3,one�nds

P
�
n00000 = z

n
1 +

(1� n)n

n + �� 1
z
n�2
1

z3 +
(1� n)n�(n + 5�� 2)

(n + �� 1)(n + �� 2)(n + 4�� 1)
z
n�2
1

z6 + :::;

P
�
(n�1)01000

= z
n�1
1

z3 +
10�3 � 5(1+ 3n)�2 � 2(� 1� 9n + 5n2)�� n(2� 3n + n2)

(n + �� 2)(n + �� 1)(n + 7�)
z
n�1
1

z6 + :::;

P
�
(n�1)00001 = z

n�1
1

z6 + ::::

Substituting in (12),we can solve foran(�)and bn(�)with theresults

an(�) =
n(n + 2�� 1)

(n + �)(n + �� 1)
;

bn(�) =
n(n + 3�)(n + 5�� 1)(n + 8�� 1)

(n + �� 1)(n + 4�� 1)(n + 4�)(n + 7�)
:

W e listbelow the seriesoftheform z1P
�
n�k

obtained through the sam e procedure:

z1P
�
0n0000 = P

�
1n0000 + cn(�)P

�
0(n�1)0010 + dn(�)P

�
1(n�1)0000 ;

z1P
�
00n000 = P

�
10n000 + en(�)P

�
00(n�1)100

+ fn(�)P
�
10(n�1)001

+ gn(�)P
�
10(n�1)001

;

z1P
�
000n00 = P

�
100n00 + hn(�)P

�
010(n�1)10 + in(�)P

�
001(n�1)01 + jn(�)P

�
110(n�1)00 + kn(�)P

�
000(n�1)10 ;

z1P
�
0000n0 = P

�
1000n0 + ln(�)P

�
0100(n�1)1

+ pn(�)P
�
0010(n�1)0

+ qn(�)P
�
0000(n�1)1

;

z1P
�
00000n = P

�
10000n + rn(�)P

�
01000(n�1) + sn(�)P

�
00000(n�1) ;

where

cn(�) =
n(� 1+ n + 5�)

(� 1+ n + �)(n + 4�)
;

dn(�) =
2n(n + 2�)(� 1+ n + 6�)(� 1+ n + 8�)(� 1+ 2n + 12�)

(� 1+ n + �)(� 1+ n + 3�)(n + 7�)(� 1+ 2n + 11�)(2n + 11�)
;

en(�) =
n(� 1+ n + 3�)

(� 1+ n + �)(n + 2�)
;

fn(�) =
2n(n + 2�)(� 1+ n + 4�)(� 1+ n + 6�)(� 1+ 2n + 8�)

(� 1+ n + �)(� 1+ n + 3�)(n + 5�)(� 1+ 2n + 7�)(2n + 7�)
;

gn(�) =
n(n + �)(n + 3�)(� 1+ n + 5�)(� 1+ n + 6�)(� 1+ 2n + 11�)

(� 1+ n + �)(� 1+ n + 2�)(n + 4�)(n + 5�)2(� 1+ 2n + 7�)
;
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hn(�) =
n(� 1+ n + 4�)

(� 1+ n + �)(n + 3�)
;

in(�) =
n(n + �)(� 1+ n + 3�)(� 1+ n + 4�)(� 1+ 2n + 7�)

(� 1+ n + �)(� 1+ n + 2�)(n + 3�)2(� 1+ 2n + 5�)
;

jn(�) =
6n(n + �)(n + 2�)(� 1+ n + 4�)(� 1+ n + 5�)(� 1+ 2n + 8�)(� 1+ 3n + 11�)

(� 1+ n + �)(� 1+ n + 2�)(n + 4�)(� 1+ 2n + 5�)(2n + 7�)(� 1+ 3n + 10�)(3n + 10�)
;

kn(�) =
3n(n + �)(n + 2�)(� 1+ n + 4�)(� 1+ n + 5�)(2n + 5�)(� 1+ 2n + 8�)

(� 1+ n + �)(� 1+ n + 2�)(n + 4�)2(� 1+ 2n + 5�)(� 1+ 2n + 6�)(2n + 7�)

�
(� 1+ 2n + 9�)(� 1+ 3n + 12�)

(� 1+ 3n + 10�)(3n + 11)�
;

ln(�) =
n(� 1+ n + 5�)

(� 1+ n + �)(n + 4�)
;

pn(�) =
n(n + �)(� 1+ n + 4�)(� 1+ n + 5�)(� 1+ 2n + 9�)

(� 1+ n + �)(� 1+ n + 2�)(n + 4�)2(� 1+ 2n + 7�)
;

qn(�) =
2n(n + 2�)(n + 3�)(� 1+ n + 6�)(� 1+ n + 8�)(� 1+ 2n + 12�)

(� 1+ n + �)(� 1+ n + 3�)(n + 5�)(n + 7�)(� 1+ 2n + 7�)(2n + 11�)

rn(�) =
n(� 1+ n + 6�)

(� 1+ n + �)(n + 5�)
;

sn(�) =
n(n + 3�)(� 1+ n + 9�)(� 1+ n + 12�)

(� 1+ n + �)(� 1+ n + 4�)(n + 8�)(n + 11�)
:

Note thatthe seriesz6P
�
n�j

im m ediately follow by duality.

V C onclusions

In this paper,we have shown how to solve the Schr�odinger equation for the trigonom etric Calogero-

Sutherland m odelrelated to the Lie algebra E 6 and we have explored som e properties ofthe energy

eigenfunctions.Them ain pointisthattheuseofa W eyl-invariantsetofvariables,thecharactersofthe

fundam entalrepresentations,leads to a form ulation ofthe Schr�odinger equation by m eans ofa second

orderdi�erentialoperatorwhich issim pleenough to m akefeasible a recursivem ethod forthetreatm ent

ofthe spectralproblem .Theeigenfunctionsprovidea com plete system oforthogonalpolynom ialsin six

variables,and thesepolynom ialsobey recurrencerelationswhich aredeform ationsoftheClebsch-G ordan

seriesofthe algebra.Thestructureofsom eofthese recurrencerelationshasbeen �xed.
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A ppendix A :Sum m ary ofresults on the Lie algebra E 6

In thisSection,wereview som estandard factsabouttherootand weightsystem softheLiealgebra E 6,

with the aim of�xing the notation and help the readerto follow the restofthe paper. M ore extensive

and sound treatm ents ofthese topics can be found in m any excellent textbooks,see for instance [20],

[21].
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Thecom plex LiealgebraE 6,thelowest-dim ensionalonein theE -fam ily ofexceptionalLiealgebrasin

theCartan-K illingclassi�cation,hasdim ension 78and rank6,asthenam esuggests.From thegeom etrical

pointofview,itadm its(with som esubtleties,see[22])an interpretation which extendsthestandard-one

forthe classicalalgebras: in the sam e way thatthese correspond to the isom etries ofprojective spaces

over the �rst three norm ed division algebras | SO (n + 1) ’ Isom (R P n),SU (n + 1) ’ Isom (C P n),

Sp(n+ 1)’ Isom (H P n)| F4,E 6,E 7 and E 8 aretheLiealgebrasoftheprojectiveplanesoverextensions

ofthe octonions,giving rise to the so-called \m agic square":F4 ’ Isom (O P 2),E 6 ’ Isom [(C 
 O )P 2],

E 7 ’ Isom [(H 
 O )P 2],E 8 ’ Isom [(O 
 O )P 2].In Physics,them ostrem arkableroleplayed by E 6 isin

theheteroticten-dim ensionalE 8� E 8 superstringtheory when theextra six dim ensionsarecom pacti�ed

to a m anifold ofSU (3)holonom y.In such a case,one ofthe E 8 breaksto an E 6 which givesthe G rand

Uni�cation group offour-dim ensionalphysics[23].TheDynkin diagram ofE 6,see Figure 1,

g g g

g

gg

�1 �3 �4 �5 �6

�2

Figure 1.TheDynkin diagram fortheLie algebra E 6.

encodesthe euclidean relationsam ong the sim pleroots,which are

(�i;�i) = 2; i= 1;2;3;4;5;6;

(�4;�i) = � 1; i= 2;3;5;

(�1;�3) = (�5;�6)= � 1;

(�i;�j) = 0; in allothercases:

Therefore,the Cartan m atrix reads

A =

0

B
B
B
B
B
B
@

2 0 � 1 0 0 0

0 2 0 � 1 0 0

� 1 0 2 � 1 0 0

0 � 1 � 1 2 � 1 0

0 0 0 � 1 2 � 1

0 0 0 0 � 1 2

1

C
C
C
C
C
C
A

:

W ewillusea realization ofthesim plerootsin term sofa generating system f"1;"2;"3;"4;"5;"6;"g of

R
7 (endowed with thestandardEuclidean m etric)satisfying"1+ "2+ "3+ "4+ "5+ "6 = 0,("i;"j)= � 1

6
+ �ij,

(";")= 1

2
and (";"j)= 0 [20].W ith reference to thissystem ,we have

�1 = "1 � "2; �2 = "4 + "5 + "6 + ";

�3 = "2 � "3; �4 = "3 � "4; (13)

�5 = "4 � "5; �6 = "5 � "6:

Thepositive roots,which are given by alllinearcom binationsofthe form s

"i� "j; "i+ "j + "k + "; 2"; i6= j6= k; (14)

can be classi�ed by heights as indicated in the Table 1. The fundam entalweights �k follow from the

9



Height Positive roots

1 �1; �2; �3;�4; �5;�6

2 �1 + �3; �3 + �4; �4 + �5; �5 + �6; �2 + �4

3 �1 + �3 + �4;�3 + �4 + �5; �4 + �5 + �6; �2 + �3 + �4;

�2 + �4 + �5

4 �1 + �3 + �4 + �5; �3 + �4 + �5 + �6;�1 + �2 + �3 + �4;

�2 + �3 + �4 + �5;�2 + �4 + �5 + �6

5 �1 + �3 + �4 + �5 + �6; �1 + �2 + �3 + �4 + �5; �2 + �3 + 2�4 + �5;

�2 + �3 + �4 + �5 + �6

6 �1 + �2 + �3 + 2�4 + �5; �1 + �2 + �3 + �4 + �5 + �6;

�2 + �3 + 2�4 + �5 + �6

7 �1 + �2 + 2�3 + 2�4 + �5; �2 + �3 + 2�4 + 2�5 + �6;

�1 + �2 + �3 + 2�4 + �5 + �6

8 �1 + �2 + 2�3 + 2�4 + �5 + �6;�1 + �2 + �3 + 2�4 + 2�5 + �6

9 �1 + �2 + 2�3 + 2�4 + 2�5 + �6

10 �1 + �2 + 2�3 + 3�4 + 2�5 + �6

11 �1 + 2�2 + 2�3 + 3�4 + 2�5 + �6

Table 1:Heightsofpositive roots.

equation �i=
P

4

j= 1A ji�j.They are

�1 = "1 + ";

�2 = 2";

�3 = "1 + "2 + 2";

�4 = "1 + "2 + "3 + 3";

�5 = "1 + "2 + "3 + "4 + 2";

�6 = "1 + "2 + "3 + "4 + "5 + ":

Thegeom etry oftheweightsystem issum m arized by the relations

(�i;�j)= A
�1
ij ;

with (A
�1
ij )being the inverse Cartan m atrix.TheW eylvectoris

� =
1

2

X

�2R +

� =

6X

i= 1

�i= 8�1 + 11�2 + 15�3 + 21�4 + 15�5 + 8�6;

with R + being the setofpositive rootsofthe algebra.The W eylform ula fordim ensionsapplied to the

irreduciblerepresentation associated to theintegraldom inantweight� = m 1�1+ m 2�2+ m 3�3+ m 4�4+

m 5�5 + m 6�6 gives

dim R � =
Y

�2R +

(�;�+ �)

(�;�)
=

P

25 � 35 � 45 � 54 � 63 � 73 � 82 � 9� 10� 11

where P isa productextended to the setofpositive rootsin which the root� =
P

6

i= 1ci�i contributes

with a factor ht(�)+
P

6

i= 1
cim i where ht(�) is the height of�. In particular,for the fundam ental
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representations,one �nds:

dim R �1 = 27 dim R �2 = 78

dim R �3 = 351 dim R �4 = 2925

dim R �5 = 351 dim R �6 = 27:

Note that, these dim ensions re
ect the fact, com ing from the Z 2 sym m etry (duality) ofthe Dynkin

diagram ,thattherepresentationsR l1 and R l6 arecom plex conjugates.Thesam eistrueforR l3 and R l5,

whileR l2 (the adjointrepresentation)and R l4 are real.

A ppendix B :Som e polynom ials and m onom ialfunctions

W e listherethepolynom ialsup to degree two,and them onom ialfunctionsup to degree three.Som eof

them are om itted forthey can beobtained by duality.

Polynom ials

P
�
200000 = z

2

1 �
2z3

1+ �
�

10�z6

(1+ �)(1+ 4�)
;

P
�
110000 = z1z2 �

5z5

1+ 4�
+
(6� 95� + 24�

2
)z1

(1+ 4�)(2+ 11�)
;

P
�
020000 = z

2

2 �
2z4

1+ �
�

8�z1z6

(1+ �)(1+ 3�)
+
6(� 1+ �)(1� � + 6�

2
)z2

(1+ �)(1+ 3�)(3+ 11�)
+

18(� 1+ �)(2+ 13� � 7�
2
+ 6�

3
)

(1+ �)(1+ 3�)(2+ 11�)(3+ 11�)
;

P
�
101000 = z1z3 �

3z4

1+ 2�
+
(� 2� 35� + 10�

2
)z1z6

(1+ 2�)(2+ 7�)
�

6(� 1+ �)(2+ 15�)z2

(1+ 2�)(1+ 4�)(2+ 7�)
+

9(� 2+ 17�)

(1+ 2�)(1+ 4�)(2+ 7�)
;

P
�
011000 = z2z3 �

4z1z5

1+ 3�
+
5(� 1+ �)(� 2+ 3�)z2z6

(1+ 3�)(2+ 7�)
�

4(� 1+ 7�)z
2

1

(1+ 3�)(1+ 5�)

+
6(� 4+ 51� + 311�

2
+ 41�

3
+ 105�

4
)z3

(1+ 3�)(1+ 5�)(2+ 7�)(3+ 11�)
+
6(� 16+ 17� + 673�

2 � 245�
3
+ 75�

4
)z6

(1+ 3�)(1+ 5�)(2+ 7�)(3+ 11�)
;

P
�
002000 = z

2

3 �
2z1z4

1+ �
�

2(� 1+ �)z2z5

(1+ �)(1+ 2�)
�

8�z
2

1z6

(1+ �)(1+ 3�)
+
2(� 3+ 7� + 49�

2
+ 37�

3
+ 30�

4
)z3z6

(1+ �)(1+ 2�)(1+ 3�)(3+ 7�)

�
2(� 1+ �)�(17+ 69�)z1z2

(1+ �)(1+ 2�)(1+ 3�)(3+ 7�)
+
(� 1+ �)(42+ 291� + 478�

2
+ 59�

3
+ 150�

4
)z

2

6

(1+ �)(1+ 2�)(1+ 3�)(2+ 7�)(3+ 7�)

+
12(6+ 27� + 41�

2
+ 103�

3
+ 3�

4
)z5

(1+ �)(1+ 2�)(1+ 3�)(2+ 7�)(3+ 7�)
�

6(� 2� 7� + 58�
2 � 433�

3
+ 24�

4
)z1

(1+ �)(1+ 2�)(1+ 3�)(2+ 7�)(3+ 7�)
;

P
�
100100 = z1z4 �

4z2z5

1+ 3�
+
4(� 1+ �)z

2

1z6

1+ 5�
�
2(� 1+ �)(5+ 21�)z3z6

(1+ 3�)2(1+ 5�)
+
(1� �)(27+ 292� + 723�

2 � 270�
3
)z1z2

(1+ 3�)2(1+ 5�)(3+ 10�)

+
2(7+ 56� � 15�

2
)z

2

6

(1+ 3�)2(1+ 5�)
�
6(34+ 321� + 712�

2
+ 55�

3
+ 750�

4
)z5

(1+ 3�)2(1+ 5�)(2+ 7�)(3+ 10�)

+
3(� 1+ �)(42+ 703� + 1634�

2 � 2937�
3 � 270�

4
)z1

(1+ 3�)2(1+ 5�)(2+ 7�)(3+ 10�)
;

P
�
010100 = z2z4 �

3z3z5

1+ 2�
+
4(� 1+ �)(� 1+ 2�)z1z2z6

(1+ 2�)(2+ 5�)
+
6(� 1+ �)(� 1+ 2�)(� 2+ 5�)z

2

2

(1+ 2�)(2+ 5�)(3+ 10�)

�
5(� � 1)(2+ 11�)z1z3

(1+ 2�)(1+ 3�)(2+ 5�)
�

5(� � 1)(2+ 11�)z5z6

(1+ 2�)(1+ 3�)(2+ 5�)
+
6(� � 1)(56+ 548� + 1465�

2
+ 1000�

3
+ 300�

4
)z4

(1+ 2�)(1+ 3�)(2+ 5�)(3+ 10�)(4+ 11�)

+
(� 456� 2930� + 2063�

2
+ 23981�

3 � 7718�
4
+ 1440�

5
)z1z6

(1+ 2�)(1+ 3�)(2+ 5�)(3+ 10�)(4+ 11�)

+
3(272+ 244� � 11336�

2 � 28933�
3
+ 8109�

4 � 18036�
5
+ 540�

6
)z2

(1+ 2�)(1+ 3�)(2+ 5�)(2+ 7�)(3+ 10�)(4+ 11�)
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+
18(1� �)(112+ 1200� + 2570�

2 � 1215�
3
+ 1788�

4
+ 180�

5
)

(1+ 2�)(1+ 3�)(2+ 5�)(2+ 7�)(3+ 10�)(4+ 11�)
;

P
�
001100 = z3z4 �

3z1z2z5

1+ 2�
�

5(� 1+ �)z
2

2z6

(1+ 2�)(1+ 3�)
+
4(� 1+ �)(� 1+ 2�)z1z3z6

(1+ 2�)(2+ 5�)
�

5(� 1+ �)z
2

5

(1+ 2�)(1+ 3�)

+
(� 42+ 25� + 444�

2
+ 263�

3
+ 150�

4
)z4z6

(1+ 2�)(1+ 3�)(2+ 5�)(3+ 7�)
�

5(� 1+ �)(2+ 11�)z
2

1z2

(1+ 2�)(1+ 3�)(2+ 5�)

+
4(� 15� 32� + 276�

2
+ 626�

3 � 105�
4
+ 90�

5
)z1z

2

6

(1+ 2�)(1+ 3�)2(2+ 5�)(3+ 7�)
+
2(� 1+ �)(84+ 574� + 904�

2
+ 69�

3
+ 315�

4
)z2z3

(1+ 2�)(1+ 3�)(2+ 5�)2(3+ 7�)

4(1� �)(30+ 109� � 87�
2
+ 158�

3
+ 1680�

4
)z1z5

(1+ 2�)(1+ 3�)2(2+ 5�)2(3+ 7�)
+
(� � 1)(� 36� 1080� � 8095�

2 � 12988�
3
+ 5847�

4
)z

2

1

(1+ 2�)(1+ 3�)2(2+ 5�)2(3+ 7�)

+
2(� 1+ �)(12+ 734� + 5474�

2
+ 9705�

3 � 1620�
4
+ 675�

5
)z2z6

(1+ 2�)(1+ 3�)2(2+ 5�)2(3+ 7�)

+
3(1� �)(1+ 6�)(44+ 492� � 41�

2
+ 252�

3
+ 45�

4
)z3

(1+ 2�)(1+ 3�)2(2+ 5�)2(3+ 7�)

�
3(� 120� 3020� � 14654�

2
+ 9383�

3
+ 99779�

4 � 34713�
5
+ 12555�

6
+ 1350�

7
)z6

(1+ 2�)(1+ 3�)2(2+ 5�)2(2+ 7�)(3+ 7�)
;

P
�
000200 = z

2

4 �
2z2z3z5

1+ �
�

2(� 1+ �)z
2

3z6

(1+ �)(1+ 2�)
�

2(� 1+ �)z1z
2

5

(1+ �)(1+ 2�)
�
2(� 1+ �)z1z

2

2z6

(1+ �)(1+ 2�)
�

2(� 1+ �)(� 1+ 2�)z
3

2

(1+ �)(1+ 2�)(1+ 3�)

+
4(� 3+ 5� + 6�

2
+ 4�

3
)z1z4z6

(1+ �)(1+ 2�)(3+ 5�)
�
2(� 1+ �)(� 3+ 2� + 28�

2
)z2z5z6

(1+ �)(1+ 2�)2(3+ 5�)
�
2(� 1+ �)(� 3+ 2� + 28�

2
)z1z2z3

(1+ �)(1+ 2�)2(3+ 5�)

+
6(� 1+ �)(� 15+ 2� + 335�

2
+ 754�

3
+ 436�

4
+ 120�

5
)z2z4

5(1+ �)(1+ 2�)3(1+ 3�)(3+ 5�)
+
16(� 1+ �)(3+ 10� + 3�

2
+ 2�

3
)z

2

1z
2

6

(1+ �)(1+ 2�)(2+ 5�)(3+ 5�)

�
4(� 18� 65� � 82�

2 � 109�
3
+ 22�

4
)z3z

2

6

(1+ �)(1+ 2�)2(2+ 5�)(3+ 5�)
�
4(� 18� 65� � 82�

2 � 109�
3
+ 22�

4
)z

2

1z5

(1+ �)(1+ 2�)2(2+ 5�)(3+ 5�)

�
4(150+ 1507� + 6668�

2
+ 17329�

3
+ 27482�

4
+ 23584�

5
+ 9800�

6
+ 4200�

7
)z3z5

5(1+ �)(1+ 2�)4(1+ 3�)(2+ 5�)(3+ 5�)

�
2(� 1+ �)(6+ 39� � 118�

2 � 453�
3
+ 70�

4
)z

3

6

(1+ �)(1+ 2�)2(1+ 3�)(2+ 5�)(3+ 5�)

+
2(� 1+ �)(� 30� 21� + 3383�

2
+ 22456�

3
+ 52408�

4
+ 39680�

5 � 3216�
6
+ 2880�

7
)z1z2z6

5(1+ �)(1+ 2�)4(1+ 3�)(2+ 5�)(3+ 5�)

�
4(� 1+ �)(� 6� 37� + 225�

2
+ 1328�

3
+ 1224�

4 � 616�
5
+ 600�

6
)z5z6

(1+ �)(1+ 2�)4(1+ 3�)(2+ 5�)(3+ 5�)

�
2(� 1+ �)(6+ 39� � 118�

2 � 453�
3
+ 70�

4
)z

3

1

(1+ �)(1+ 2�)2(1+ 3�)(2+ 5�)(3+ 5�)

+
9(� 1+ �)(� 60� 784� � 4813�

2 � 15896�
3 � 24883�

4 � 9500�
5
+ 9296�

6
+ 80�

7
+ 1200�

8
)z

2

2

5(1+ �)(1+ 2�)4(1+ 3�)(2+ 5�)2(3+ 5�)

�
4(� 1+ �)(� 6� 37� + 225�

2
+ 1328�

3
+ 1224�

4 � 616�
5
+ 600�

6
)z1z3

(1+ �)(1+ 2�)4(1+ 3�)(2+ 5�)(3+ 5�)
�
Az1z6

a
�
B z2

a
�
C z4

a
+
D

a
;

P
�
001010 = z3z5 �

4z1z2z6

1+ 3�
�

9(� 1+ �)z
2

2

(1+ 3�)(1+ 4�)
+
5(� 1+ �)(� 2+ 3�)z1z3

(1+ 3�)(2+ 7�)
+
5(� 1+ �)(� 2+ 3�)z5z6

(1+ 3�)(2+ 7�)

+
24(� 1+ � + 21�

2
+ 9�

3
)z4

(1+ 3�)2(1+ 4�)(2+ 7�)
+
(� 44+ 140� + 3413�

2
+ 7150�

3 � 5079�
4
+ 900�

5
)z1z6

(1+ 3�)2(1+ 4�)(2+ 7�)2

�
36�(16+ 26� � 231�

2
+ 9�

3
)z2

(1+ 3�)2(1+ 4�)(2+ 7�)2
�
108�(6+ 103� + 311�

2 � 123�
3
+ 63�

4
)

(1+ 3�)2(1+ 4�)(1+ 5�)(2+ 7�)2
;

P
�
100001 = z1z6 �

6z2

1+ 5�
�

9(� 1+ 7�)

(1+ 5�)(1+ 8�)
;

where the coe� cientsA;B ;C;D and a are

A = 8�(� 12� 6872� � 74937�
2 � 237510�

3 � 15495�
4
+ 979026�

5
+ 989844�

6 � 199504�
7
+ 142260�

8
+ 10800�

9
);

B = 18(1� �)(180+ 2196� + 12403�
2
+ 34729�

3
+ 9833�

4 � 153277�
5 � 225096�

6 � 37608�
7 � 36240�

8 � 3600�
9
);
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C = 6(420+ 6424� + 50807�
2
+ 228922�

3
+ 594476�

4
+ 938974�

5
+ 1027217�

6
+ 835680�

7
+ 400680�

8
+ 132000�

9

+ 18000�
10
);

D = 27(120+ 1772� + 7970�
2
+ 5421�

3
+ 21440�

4
+ 503710�

5
+ 1712910�

6
+ 1652129�

7
+ 44920�

8
+ 259768�

9

+ 19840�
10
+ 3600�

11
);

a = 5(1+ �)(1+ 2�)
4
(1+ 3�)(2+ 5�)

2
(3+ 5�)(3+ 7�):

M onom ialfunctions

M 200000 = z
2

1 � 2z3 ;

M 110000 = z1z2 � 5z5 + 3z1 ;

M 020000 = z
2

2 � 2z4 � 2z2 � 6;

M 101000 = z1z3 � 3z4 � z1z6 + 6z2 � 9;

M 011000 = z2z3 � 4z1z5 + 5z2z6 + 4z
2

1 � 4z3 � 16z6 ;

M 002000 = z
2

3 � 2z1z4 + 2z2z5 � 2z3z6 � 7z
2

6 + 12z5 + 2z1 ;

M 100100 = z1z4 � 4z2z5 � 4z
2

1z6 + 10z3z6 + 9z1z2 + 14z
2

6 � 34z5 � 21z1 ;

M 010100 = z2z4 � 3z3z5 + 2z1z2z6 � 2z
2

2 + 5z1z3 + 5z5z6 � 14z4 � 19z1z6 + 17z2 + 42;

M 001100 = z3z4 � 3z1z2z5 + 5z
2

2z6 + 2z1z3z6 + 5z
2

5 � 7z4z6 + 5z
2

1z2 � 10z1z
2

6 � 14z2z3 + 10z1z5 � 3z
2

1 � 2z2z6

+ 11z3 + 15z6 ;

M 000200 = z
2

4 � 2z2z3z5 + 2z
2

3z6 + 2z1z
2

5 + 2z1z
2

2z6 � 2z
3

2 � 4z1z4z6 � 2z2z5z6 � 2z1z2z3 + 6z2z4 � 8z
2

1z
2

6 + 12z3z
2

6

+ 12z
2

1z5 � 20z3z5 + 2z
3

6 + 2z1z2z6 � 4z5z6 + 2z
3

1 + 9z
2

2 � 4z1z3 � 14z4 � 18z2 + 9;

M 001010 = z3z5 � 4z1z2z6 + 9z
2

2 + 5z1z3 + 5z5z6 � 12z4 � 11z1z6 ;

M 100001 = z1z6 � 6z2 + 9;

M 300000 = z
3

1 � 3z1z3 + 3z4 ;

M 210000 = z
2

1z2 � 2z2z3 � z1z5 � z
2

1 + 5z2z6 � 5z3 � 9z6 ;

M 120000 = z1z
2

2 � 2z1z4 � z2z5 + 4z3z6 � 4z
2

6 � 8z1z2 + 9z5 + 7z1 ;

M 030000 = z
3

2 � 3z2z4 + 3z3z5 � 3z1z2z6 + 3z4 + 3z1z6 � 9;

M 201000 = z
2

1z3 � 2z
2

3 � z1z4 � z
2

1z6 + 4z2z5 � 2z3z6 � 4z
2

6 + z1z2 � z5 + 8z1 ;

M 111000 = z1z2z3 � 3z2z4 � 4z
2

1z5 + 6z3z5 + 7z1z2z6 � 10z5z6 � 12z
2

2 + 4z
3

1 � 19z1z3 + 33z4 + 7z1z6 + 15z2 � 9;

M 021000 = z
2

2z3 � 2z3z4 � z1z2z5 + 5z
2

5 + 4z1z3z6 � 8z4z6 � 6z
2

1z2 � 12z1z
2

6 + 3z2z3 + 11z1z5 + 14z
2

1 + 18z2z6

� 18z3 � 14z6 ;

M 102000 = z1z
2

3 � 2z
2

1z4 � z3z4 + 5z1z2z5 � 5z
2

5 � 5z
2

2z6 � 5z1z3z6 + 10z4z6 + 5z2z3 + 4z1z
2

6 � 3z1z5 + 6z2z6

� 10z3 � z6 ;

M 012000 = z2z
2

3 � 2z1z2z4 � z1z3z5 + 2z
2

2z5 + 3z4z5 + 4z
2

1z2z6 � 9z2z3z6 � 6z
2

1z3 � 3z1z5z6 � 4z1z
2

2 + 11z
2

3 + 8z1z4

+ 2z
2

1z6 � 2z2z
2

6 + 6z2z5 + 11z3z6 � 12z1z2 � 6z
2

6 + 19z5 + 18z1 ;

M 003000 = z
3

3 � 3z1z3z4 + 3z
2

4 + 3z
2

1z2z5 � 3z2z3z5 � 3z1z
2

2z6 � 3z
2

1z3z6 + 3z
2

3z6 � 3z1z
2

5 + 6z1z4z6 + 3z
2

1z
2

6 + 3z2z5z6

+ 3z
3

2 + 3z1z2z3 � 9z2z4 � 3z
2

1z5 � 8z
3

6 � 3z1z2z6 + 21z5z6 � 21z4 ;

M 200100 = z
2

1z4 � 2z3z4 � z1z2z5 � 4z
3

1z6 + 5z
2

5 + 5z
2

2z6 + 12z1z3z6 � 19z4z6 + 4z
2

1z2 � 11z2z3 � 8z1z
2

6 + 8z
2

1 + 4z2z6

� 6z3 � 7z6 ;

M 110100 = z1z2z4 � 3z1z3z5 � 4z
2

2z5 + 6z4z5 + 2z
2

1z2z6 + 7z2z3z6 + 5z
2

1z3 � 7z1z
2

2 � 3z1z5z6 � 15z
2

3 + 2z1z4 � 3z
2

1z6

� z2z
2

6 + 15z2z5 � 6z3z6 + 24z1z2 + 9z
2

6 � 16z5 � 28z1 ;

M 020100 = z
2

2z4 � 2z
2

4 � z2z3z5 + 4z
2

3z6 + 4z1z
2

5 � 6z1z4z6 � 3z2z5z6 � 3z1z2z3 � 8z
2

1z
2

6 + 4z3z
2

6 + 6z2z4 + 4z
2

1z5

� 8z3z5 + 8z
3

6 + 27z1z2z6 + 8z
3

1 � 22z5z6 � 19z
2

2 � 22z1z3 + 20z4 � 14z1z6 � 4z2 + 42;

M 101100 = z1z3z4 � 3z
2

4 � 3z
2

1z2z5 + 4z2z3z5 + 2z
2

1z3z6 + 7z1z
2

2z6 � 4z
2

3z6 + 7z1z
2

5 � 9z1z4z6 � 10z
2

1z
2

6 � 20z2z5z6

� 12z32 + 5z
3

1z2 � 20z1z2z3 + 12z3z
2

6 + 45z2z4 + 2z
2

1z5 + 40z
3

6 + 12z3z5 + 24z1z2z6 + 3z
3

1 � 92z5z6 � 21z1z3 � 18z
2

2

+ 96z4 � 7z1z6 + 33z2 � 9;

M 011100 = z2z3z4 � 3z
2

3z5 � 3z1z
2

2z5 + 5z
3

2z6 + 4z1z4z5 + 8z1z2z3z6 + 7z2z
2

5 � 22z2z4z6 � 5z1z
2

3 � 4z
2

1z5z6 � 5z
2

1z
2

2
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+ z3z5z6 � 10z1z2z
2

6 + 8z5z
2

6 + 8z
2

1z4 � 3z
2

2z3 + 8z3z4 + 19z1z2z5 � 2z
2

2z6 + 4z
3

1z6 � 23z
2

5 + z1z3z6 � 4z
2

1z2 + 8z4z6

+ 2z1z
2

6 + 10z2z3 � 18z1z5 + 17z
2

1 + 3z2z6 � 14z3 � 6z6 ;

M 002100 = z
2

3z4 � 2z1z
2

4 � z1z2z3z5 + 5z2z4z5 + 4z
2

1z
2

5 + 4z
2

1z
2

2z6 � 7z3z
2

5 � 6z
2

1z4z6 � 7z
2

2z3z6 � 3z
2

1z2z3 + 10z3z4z6

� 4z1z
3

2 � 9z1z2z5z6 + 6z2z
2

3 � 8z
3

1z
2

6 + 5z
2

5z6 + 5z
2

2z
2

6 + 9z1z2z4 + 24z1z3z
2

6 + 13z
2

2z5 + 4z
3

1z5 � 8z1z3z5 � 8z4z
2

6

� 4z1z
3

6 � 18z4z5 + 7z
2

1z2z6 � 23z2z3z6 + 4z1z5z6 + 8z
4

1 � 29z
2

1z3 � 20z2z
2

6 + 4z1z
2

2 + 16z
2

3 + z1z4

+ z
2

1z6 + 10z2z5 + 24z3z6 � z1z2 + 19z
2

6 � 16z5 � 27z1 ;

M 100200 = z1z
2

4 � 2z1z2z3z5 � z2z4z5 + 2z
2

1z
2

5 + 2z1z
2

3z6 + 2z
2

1z
2

2z6 + 3z3z
2

5 � 4z
2

1z4z6 + 3z
2

2z3z6 � 2z
2

1z2z3 � 5z3z4z6

� 7z1z
3

2 � 7z1z2z5z6 � 3z2z
2

3 � 8z
3

1z
2

6 + 21z1z2z4 + 14z1z3z
2

6 + 7z
2

2z5 + 12z
3

1z5 � 25z1z3z5 � z4z
2

6 + 8z1z
3

6 + 3z4z5

+ 13z
2

1z2z6 � 19z2z3z6 � 17z1z5z6 + 2z
4

1 � 16z
2

1z3 � 8z2z
2

6 + 10z1z
2

2 + 27z
2

3 � 11z1z4 � z
2

1z6 + 7z2z5

+ 11z3z6 � 31z1z2 � 8z
2

6 + 37z5 + 22z1 ;

M 010200 = z2z
2

4 � 2z
2

2z3z5 � z3z4z5 + 5z2z
2

3z6 + 5z1z2z
2

5 � 5z
3

3 � 5z
3

5 + 2z1z
3

2z6 � 9z1z2z4z6 � 5z
2

2z5z6

� 5z1z3z5z6 + 15z4z5z6 � 5z1z
2

2z3 � 2z
4

2 + 15z1z3z4 � 6z
2

1z2z
2

6 + 7z2z3z
2

6 + 14z
2

2z4 � 16z
2

4 + 11z1z5z
2

6

+ 7z
2

1z2z5 � 10z2z3z5 + 11z
2

1z3z6 + 4z1z
2

2z6 � 12z1z
2

5 � 12z
2

3z6 � 17z1z4z6 � 5z
2

1z
2

6 � 10z
3

1z2 � 10z2z
3

6

+ 29z2z5z6 + 29z1z2z3 + 3z3z
2

6 + 10z
3

6 � 21z2z4 + 3z
2

1z5 � 34z3z5 + 7z1z2z6 � 14z5z6 + 10z
3

1 � 14z1z3

� 6z22 � 6z4 � 34z1z6 + 38z2 + 42;

M 001200 = z3z
2

4 � 2z2z
2

3z5 + 2z
3

3z6 � z1z2z4z5 + 5z1z3z
2

5 + 4z
2

2z
2

5 � 7z4z
2

5 + 5z1z
2

2z3z6 � 7z
2

2z4z6 � 9z1z3z4z6

+ 14z
2

4z6 � 5z
2

1z2z5z6 � 6z
2

1z3z
2

6 � 5z
2

1z
3

2 � 6z2z3z5z6 � 5z1z2z
2

3 + 15z
2

1z2z4 + 6z
2

3z
2

6 + 7z
2

1z3z5 + 2z
3

2z3

+ z2z3z4 � 4z
2

3z5 + 24z1z4z
2

6 + 8z1z
2

2z5 � 12z2z5z
2

6 � 33z1z4z5 + 2z
2

1z
3

6 + 11z
3

1z2z6 + 8z3z
3

6 + 8z
4

6 � 28z1z2z3z6

+ 16z2z
2

5 + 7z
2

1z
2

2 + 2z2z4z6 � z
2

1z5z6 � 6z3z5z6 + 11z
2

2z3 � 10z
3

1z3 + 38z1z
2

3 � 29z
2

1z4 � 22z3z4 � z
3

1z6

� z1z2z5 � 20z5z
2

6 � 9z1z3z6 � 20z
2

1z2 � 5z
2

2z6 + 22z
2

5 � 3z4z6 + 14z2z3 � 24z1z
2

6

+ 29z1z5 + 10z2z6 + 27z3 + 17z6 ;

M 000300 = z
3

4 � 3z2z3z4z5 + 3z
2

3z
2

5 + 3z1z
2

2z
2

5 + 3z
2

2z
2

3z6 � 3z
2

3z4z6 � 3z1z
2

2z4z6 � 3z1z4z
2

5 � 3z2z
3

3 � 3z
3

2z5z6 + 6z1z
2

4z6

� 9z1z2z3z5z6 � 3z2z
3

5 + 12z2z4z5z6 � 3z1z
3

2z3 + 3z3z
2

5z6 + 9z
2

1z4z
2

6 + 12z1z2z3z4 + 3z
2

2z3z
2

6 + 6z
3

2z4 � 18z2z
2

4

+ 3z
2

1z
2

2z5 � 12z3z4z
2

6 + 3z1z
2

3z5 � 12z
2

1z4z5 + 3z
2

2z
3

6 � 4z
3

1z
3

6 + 9z3z4z5 + 3z
2

1z
2

3 + 3z
2

5z
2

6 � 12z1z2z4z6

+ 12z1z3z
3

6 � 24z4z
3

6 � 3z
3

5 + 12z
3

1z5z6 � 33z1z3z5z6 � 3z
3

3 + 3z
3

1z
2

2 � 24z
3

1z4 + 54z4z5z6 + 54z1z3z4 � 45z
2

4

� 9z2z3z5 � 9z1z
2

2z6 � 6z1z5z
2

6 � 6z2z
3

6 � 6z
2

1z3z6 � 6z
3

1z2 + 27z1z4z6 + 9z2z5z6 + 12z
3

2 + 3z
2

1z
2

6

+ 9z1z2z3 + 9z
2

1z5 � 36z2z4 + 9z3z
2

6 + 9z3z5 � 18z1z2z6 + 3z
3

6 + 3z
3

1 + 9z4 + 9z1z6 � 9;

M 101010 = z1z3z5 � 3z4z5 � 4z
2

1z2z6 + 5z
2

1z3 + 6z2z3z6 + 9z1z
2

2 + 7z1z5z6 � 10z
2

3 � 13z1z4 � 13z
2

1z6 � 10z2z
2

6 � 7z2z5

+ 16z3z6 + 50z
2

6 + 11z1z2 � 57z5 � 59z1 ;

M 011010 = z2z3z5 � 4z
2

3z6 � 4z1z
2

5 � 4z1z
2

2z6 + 9z
3

2 + 12z1z4z6 + 11z2z5z6 + 11z1z2z3 � 45z2z4 + 16z
2

1z
2

6 � 28z3z
2

6

� 28z21z5 + 45z3z5 � 16z
3

6 � 17z1z2z6 + 45z5z6 � 16z
3

1 + 45z1z3 � 27z4 � 3z1z6 + 18z2 � 27;

M 002010 = z
2

3z5 � 2z1z4z5 + 2z2z
2

5 � z1z2z3z6 + 3z2z4z6 + 4z
2

1z5z6 + 5z
2

1z
2

2 � 9z3z5z6 � 3z1z2z
2

6 � 8z
2

1z4

� 9z22z3 � 2z5z
2

6 + 16z3z4 � 6z1z2z5 + 7z
2

5 � 12z
3

1z6 + 8z
2

2z6 + 37z1z3z6 � 9z4z6 + 2z
2

1z2 + z1z
2

6

� 27z2z3 + 6z1z5 + 13z
2

1 � 11z2z6 � 14z3 + 13z6 ;

M 001110 = z3z4z5 � 3z1z2z
2

5 � 3z2z
2

3z6 + 5z
3

3 + 4z1z2z4z6 + 8z1z3z5z6 + 5z
3

5 + 7z
2

2z5z6 + 7z1z
2

2z3 � 22z4z5z6

� 4z21z2z
2

6 � 18z
2

2z4 + z2z3z
2

6 � 22z1z3z4 + 36z
2

4 + z
2

1z2z5 � 10z1z5z
2

6 + 8z2z
3

6 � 8z2z3z5 � 10z
2

1z3z6 + 8z
2

3z6

+ 8z1z
2

5 + 9z
3

2 + 52z1z4z6 + 16z
2

1z
2

6 � 40z2z5z6 + 8z
3

1z2 � 40z1z2z3 � z3z
2

6 � z
2

1z5 + 9z2z4 + 24z3z5

� 23z1z2z+ 18z
2

2 + 27z1z3 + 27z5z6 � 63z4 � 9z1z6 � 36z2 � 27;

M 200001 = z
2

1z6 � 2z3z6 � z1z2 + 5z5 � 4z1 ;

M 110001 = z1z2z6 � 6z
2

2 � 5z1z3 � 5z5z6 + 21z4 + 24z1z6 � 30z2 � 9;

M 101001 = z1z3z6 � 3z4z6 � z1z
2

6 � 5z
2

1z2 + 8z2z3 + 9z1z5 + z
2

1 � 9z2z6 + 3z3 + 2z6 ;

M 100101 = z1z4z6 � 4z2z5z6 � 4z1z2z3 � 4z
2

1z
2

6 + 9z2z4 + 10z3z
2

6 + 10z
2

1z5 � 9z3z5 � z1z2z6 + 14z
3

6 � 39z5z6

+ 14z
3

1 � 39z1z3 + 27z4 + 24z1z6 � 81:
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A ppendix C :D eform ed quadratic C lebsch-G ordan series

P
�
100000 � P

�
100000 = P

�
200000 +

2

1+ �
P

�
001000 +

10(1+ 3�)

(1+ 4�)(1+ 7�)
P

�
000001 ;

P
�
100000 � P

�
010000 = P

�
110000 +

5

1+ 4�
P

�
000010 +

32(1+ 2�)(1+ 12�)

(1+ 7�)(1+ 11�)(2+ 11�)
P

�
100000 ;

P
�
010000 � P

�
010000 = P

�
020000 +

2

1+ �
P

�
000100 +

8(1+ 2�)

(1+ 3�)(1+ 5�)
P

�
100001 +

12(5+ 84� + 255�
2
+ 160�

3
)

(1+ 5�)2(1+ 11�)(3+ 11�)
P

�
010000

+
144(1+ 2�)(1+ 3�)(1+ 5�)(1+ 12�)

(1+ 7�)(1+ 8�)(1+ 11�)2(2+ 11�)
P

�
000000 ;

P
�
100000 � P

�
001000 = P

�
101000 +

3

1+ 2�
P

�
000100 +

16(1+ 2�)(1+ 8�)

(1+ 5�)(1+ 7�)(2+ 7�)
P

�
100001 +

15(1+ �)(1+ 3�)(1+ 11�)

(1+ 4�)(1+ 5�)2(1+ 7�)
P

�
010000 ;

P
�
010000 � P

�
001000 = P

�
011000 +

4

1+ 3�
P

�
100010 +

20(1+ �)(1+ 8�)

(1+ 4�)(1+ 7�)(2+ 7�)
P

�
010001 +

16(1+ 2�)

(1+ 5�)(1+ 7�)
P

�
200000

+
20(1+ 2�)(1+ 9�)(3+ 46� + 71�

2 � 8�
3
)

(1+ �)(1+ 4�)2(1+ 7�)(1+ 11�)(3+ 11�)
P

�
001000 +

80(1+ �)(1+ 2�)(1+ 3�)(1+ 12�)

(1+ 4�)(1+ 5�)(1+ 7�)2(2+ 11�)
P

�
000001 ;

P
�
001000 � P

�
001000 = P

�
002000 +

2

1+ �
P

�
100100 +

6(1+ �)

(1+ 2�)(1+ 3�)
P

�
010010 +

8(1+ 2�)

(1+ 3�)(1+ 5�)
P

�
200001

+
4(9+ 113� + 305�

2
+ 231�

3 � 18�
4
)

(1+ �)(1+ 3�)2(1+ 7�)(3+ 7�)
P

�
001001 +

120(1+ �)(1+ 2�)(2+ 33� + 56�
2
)

(1+ 4�)(2+ 5�)(1+ 7�)(2+ 7�)(3+ 10�)
P

�
110000

+
80(1+ �)(1+ 2�)(1+ 3�)(1+ 8�)

(1+ 4�)(1+ 5�)(1+ 7�)2(2+ 7�)
P

�
000002 +

80(1+ 8�)(3+ 56� + 176�
2
+ 108�

3 � 63�
4
)

(1+ 4�)2(1+ 7�)2(2+ 7�)(3+ 11�)
P

�
000010

+
160(1+ �)

2
(1+ 2�)(1+ 3�)(1+ 9�)(1+ 12�)

(1+ 4�)2(1+ 5�)(1+ 7�)3(2+ 11�)
P

�
100000 ;

P
�
100000 � P

�
000100 = P

�
100100 +

4

1+ 3�
P

�
010010 +

6(1+ �)(1+ 7�)

(1+ 3�)2(1+ 5�)
P

�
001001

+
30(1+ �)(1+ 2�)(1+ 8�)(2+ 11�)

(1+ 4�)(1+ 5�)2(2+ 7�)(3+ 10�)
P

�
110000 +

30(1+ �)(1+ 2�)(2+ 5�)(1+ 8�)(1+ 9�)

(1+ 4�)2(1+ 5�)2(2+ 7�)(3+ 11�)
P

�
000010 ;

P
�
010000 � P

�
000100 = P

�
010100 +

3

1+ 2�
P

�
001010 +

12(1+ �)(1+ 6�)

(1+ 3�)(1+ 5�)(2+ 5�)
P

�
110001 +

30(1+ �)(1+ 2�)(2+ 11�)

(1+ 4�)(1+ 5�)2(3+ 10�)
P

�
020000

+
20(1+ �)(1+ 2�)(1+ 8�)

(1+ 3�)(1+ 4�)(1+ 5�)(2+ 7�)
P

�
101000 +

20(1+ �)(1+ 2�)(1+ 8�)

(1+ 3�)(1+ 4�)(1+ 5�)(2+ 7�)
P

�
000011

+
72(1+ 7�)(1+ 22� + 115�

2
+ 87�

3 � 45�
4
)

(1+ 3�)2(1+ 5�)2(1+ 11�)(4+ 11�)
P

�
000100 +

144(1+ �)
2
(1+ 2�)(2+ 5�)(1+ 8�)

2

(1+ 3�)(1+ 5�)3(2+ 7�)2(3+ 11�)
P

�
100001

+
60(1+ �)(1+ 2�)

2
(1+ 3�)(2+ 5�)(1+ 8�)(1+ 9�)(1+ 11�)

(1+ 4�)2(1+ 5�)4(1+ 7�)(2+ 7�)(3+ 11�)
P

�
010000 ;

P
�
001000 � P

�
000100 = P

�
001100 +

3

1+ 2�
P

�
110010 +

10(1+ �)

(1+ 3�)(1+ 4�)
P

�
020001 +

12(1+ �)(1+ 6�)

(1+ 3�)(1+ 5�)(2+ 5�)
P

�
101001

+
10(1+ �)

(1+ 3�)(1+ 4�)
P

�
000020 +

72(1+ 6�)(1+ 11� + 13�
2 � 5�

3
)

(1+ 2�)(1+ 5�)(2+ 5�)(1+ 7�)(3+ 7�)
P

�
000101

+
20(1+ �)(1+ 2�)(1+ 8�)

(1+ 3�)(1+ 4�)(1+ 5�)(2+ 7�)
P

�
210000 +

48(1+ �)
2
(1+ 2�)(1+ 8�)

(1+ 3�)2(1+ 5�)2(2+ 7�)
P

�
100002

+
6(36+ 1134� + 12624�

2
+ 65771�

3
+ 172189�

4
+ 224179�

5
+ 127295�

6
+ 17700�

7
)

(1+ 2�)(1+ 3�)(1+ 5�)2(2+ 5�)2(1+ 7�)(3+ 8�)
P

�
011000

+
24(1+ �)(42+ 1024� + 7069�

2
+ 17092�

3
+ 13653�

4
+ 720�

5
)

(1+ 3�)2(1+ 5�)2(3+ 7�)(3+ 8�)(4+ 11�)
P

�
100010

+
480(1+ �)

2
(1+ 2�)

2
(1+ 6�)(1+ 8�)

(1+ 4�)(1+ 5�)3(1+ 7�)(2+ 7�)(3+ 11�)
P

�
200000

+
60(1+ �)(1+ 2�)(1+ 8�)(32+ 842� + 6313�

2
+ 16912�

3
+ 16251�

4
+ 3330�

5
)

(1+ 3�)(1+ 4�)(1+ 5�)2(2+ 5�)(1+ 7�)(2+ 7�)(3+ 10�)(4+ 11�)
P

�
010001
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+
60(1+ �)(1+ 2�)(2+ 5�)(1+ 8�)(1+ 9�)(3+ 40� + 39�

2 � 18�
3
)

(1+ 3�)2(1+ 4�)2(1+ 5�)2(1+ 7�)(2+ 7�)(3+ 11�)
P

�
001000

+
480(1+ �)

2
(1+ 2�)

2
(1+ 3�)(2+ 5�)(1+ 8�)(1+ 9�)(1+ 12�)

(1+ 4�)2(1+ 5�)3(1+ 7�)2(2+ 7�)(2+ 11�)(3+ 11�)
P

�
000001 ;

P
�
000100 � P

�
000100 = P

�
000200 +

2

1+ �
P

�
011010 +

6(1+ �)

(1+ 2�)(1+ 3�)
P

�
002001 +

6(1+ �)

(1+ 2�)(1+ 3�)
P

�
100020

+
6(1+ �)

(1+ 2�)(1+ 3�)
P

�
120001 +

20(1+ �)(1+ 2�)

(1+ 3�)(1+ 4�)(1+ 5�)
P

�
030000 +

24(1+ 7� � 2�
2
)

(1+ 2�)(1+ 5�)(3+ 5�)
P

�
100101

+
36(1+ �)

2
(1+ 13� + 16�

2
)

(1+ 2�)2(1+ 3�)(1+ 5�)(3+ 7�)
P

�
010011 +

36(1+ �)
2
(1+ 13� + 16�

2
)

(1+ 2�)2(1+ 3�)(1+ 5�)(3+ 7�)
P

�
111000

+
36(1+ �)(40+ 1064� + 7172�

2
+ 16301�

3
+ 13138�

4
+ 940�

5 � 1800�
6
)

5(2+ �)(1+ 2�)3(1+ 5�)2(2+ 5�)(4+ 9�)
P

�
010100

+
48(1+ �)

2
(1+ 2�)(1+ 6�)

(1+ 3�)2(1+ 5�)2(2+ 5�)
P

�
200002 +

144(1+ �)(1+ 6�)(1+ 11� + 13�
2 � 5�

3
)

(1+ 3�)2(1+ 5�)2(2+ 5�)(3+ 7�)
P

�
001002

+
144(1+ �)(1+ 6�)(1+ 11� + 13�

2 � 5�
3
)

(1+ 3�)2(1+ 5�)2(2+ 5�)(3+ 7�)
P

�
200010

+
2(195+ 5540� + 49198�

2
+ 163456�

3
+ 239715�

4
+ 157964�

5
+ 57452�

6
+ 26320�

7
)

(1+ 2�)4(1+ 5�)2(3+ 7�)(5+ 11�)
P

�
001010

+ E P
�
000003 + F P

�
110001 + G P

�
000011 + E P

�
300000

+
180(1+ �)

2
(1+ 2�)(90+ 2499� + 31155�

2
+ 193684�

3
+ 611355�

4
+ 972155�

5
+ 708750�

6
+ 171000�

7
)

(1+ 3�)(1+ 4�)(1+ 5�)4(2+ 5�)2(3+ 8�)(3+ 10�)(5+ 11�)
P

�
020000

+ G P
�
101000 + H P

�
000100 + IP

�
100001

+
2160(1+ �)

2
(1+ 2�)

2
(2+ 5�)(1+ 8�)(1+ 9�)(1+ 22� + 115�

2
+ 87�

3 � 45�
4
)

(1+ 3�)(1+ 4�)2(1+ 5�)6(2+ 7�)(3+ 11�)(4+ 11�)
P

�
010000

+
4320(1+ �)

2
(1+ 2�)

3
(1+ 3�)

2
(2+ 5�)(1+ 9�)(1+ 12�)

(1+ 4�)2(1+ 5�)3(1+ 7�)2(2+ 7�)(1+ 11�)(2+ 11�)(3+ 11�)
P

�
000000 ;

P
�
100000 � P

�
000010 = P

�
100010 +

5

1+ 4�
P

�
010001 +

10(1+ �)(1+ 9�)

(1+ 4�)2(1+ 7�)
P

�
001000 +

32(1+ 2�)(1+ 3�)(1+ 12�)

(1+ 5�)(1+ 7�)2(2+ 11�)
P

�
000001 ;

P
�
001000 � P

�
000010 = P

�
001010 +

4

1+ 3�
P

�
110001 +

15(1+ �)

(1+ 4�)(1+ 5�)
P

�
020000 +

20(1+ �)(1+ 8�)

(1+ 4�)(1+ 7�)(2+ 7�)
P

�
101000

+
20(1+ �)(1+ 8�)

(1+ 4�)(1+ 7�)(2+ 7�)
P

�
000011 +

6(3+ 40� + 39�
2 � 18�

3
)

(1+ 2�)(1+ 3�)2(1+ 7�)
P

�
000100

+
8(1+ 2�)(48+ 1342� + 11893�

2
+ 41323�

3
+ 59235�

4
+ 31311�

5
)

(1+ 3�)(1+ 5�)(1+ 7�)2(2+ 7�)2(3+ 11�)
P

�
100001

+
60(1+ 2�)(1+ 3�)(1+ 9�)(3+ 46� + 71�

2 � 8�
3
)

(1+ 4�)2(1+ 5�)2(1+ 7�)2(3+ 11�)
P

�
010000 +

432(1+ �)(1+ 2�)(1+ 3�)
2
(1+ 12�)

(1+ 5�)(1+ 7�)2(1+ 8�)(1+ 11�)(2+ 11�)
P

�
000000 ;

P
�
100000 � P

�
000001 = P

�
100001 +

6

1+ 5�
P

�
010000 +

27(1+ 3�)

(1+ 8�)(1+ 11�)
P

�
000000 ;

where the coe� cientsE ;F;G ;H and I are such that

E (1+ 3�)(1+ 4�)(1+ 5�)
2
(1+ 7�)(2+ 7�)= 160(1+ �)

2
(1+ 2�)

2
(1+ 8�);

F (1+ 2�)(1+ 3�)(2+ 3�)(1+ 5�)
3
(2+ 5�)

2
(3+ 5�)(3+ 7�)

2
(5+ 11�)= 144(1+ �)

2
(270+ 10965�

+ 166113�
2
+ 1237287�

3
+ 5078136�

4
+ 12177475�

5
+ 17282049�

6
+ 13976605�

7
+ 5700600�

8
+ 818500�

9
);

G =
720(1+ �)

2
(1+ 2�)(1+ 8�)(8+ 208� + 1312�

2
+ 1877�

3
+ 360�

4 � 300�
5
)

(2+ �)(1+ 3�)(1+ 4�)(1+ 5�)3(2+ 5�)(2+ 7�)(3+ 8�)(4+ 11�)
;

H
(1+ 3�)

2
(1+ 5�)

4
(2+ 5�)

2
(1+ 7�)(3+ 7�)(3+ 8�)(4+ 11�)

24(1+ �)
= 444+ 21566� + 436658�

2
+ 4716853�

3

+ 29111132�
4
+ 102644506�

5
+ 195972356�

6
+ 176806835�

7
+ 45083850�

8 � 6894000�
9
+ 10935000�

10
;

I(1+ 3�)
2
(1+ 5�)

5
(2+ 7�)

2
(3+ 8�)(3+ 11�)(4+ 11�)= 864(1+ �)

2
(1+ 2�)(1+ 8�)(16+ 626� + 8775�

2
+ 55745�

3

+ 172984�
4
+ 268299�

5
+ 193845�

6
+ 48150�

7
):
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