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A bstract

W e re-expressthe quantum Calogero-Sutherland m odelforthe Lie algebra E 7 and the particular

valueofthecoupling constant� = 1 by using thefundam entalirreduciblecharactersofthealgebra as

dynam icalvariables. Forthat,we need to develop a system atic procedure to obtain allthe Clebsch-

G ordan seriesrequired to perform the change ofvariables. W e describe how the resulting quantum

Ham iltonian operator can be used to com pute m ore characters and Clebsch-G ordan series for this

exceptionalalgebra.

1 Introduction

Integrablesystem sareim portantbecausetheycan beconsidered as0-th orderperturbativeaproxim ations

tonon-integrablesystem s.By integrabilitywem ean hereintegrability in thesenseofLiouville,thatis,the

existence ofa com plete setofm utually com m uting integralsofm otion.During thethreelastdecadesof

the pastcentury,a plethora ofhighly nontrivial(classicaland quantum )m echanicalintegrable system s

were discovered,see [1,2]for com prehensive reviews. Am ong these,the Calogero-Sutherland m odels

form a distinguished class.The�rstanalysisofa system ofthiskind wasperform ed by Calogero [3]who

studied,from the quantum standpoint,the dynam icson the in�nite line ofa setofparticlesinteracting

pairwise by rationalplusquadratic potentials,and found thatthe problem was exactly solvable. Soon

afterwards,Sutherland [4]arrived to sim ilarresultsforthequantum problem on thecircle,thistim ewith

trigonom etricinteraction;and laterM oser[5]proved,in term sofLax pairs,thattheclassicalcounterparts

ofthese m odelsalso enjoyed integrability.

The identi�cation ofthe generalscope ofthese discoveries cam e with the work ofO lshanetsky and

Perelom ov [6,7,8],whorealized thatitispossibletoassociatem odelsofthiskind toalltherootsystem sof

the sim ple Lie algebras,and thatallthese m odelsare integrable,both in the classicaland the quantum

fram ework [9,10], for interactions of the type rational(or inverse-square), q�2 ; rational+ quadratic,

q�2 + !2q2;trigonom etric,sin�2 q;hyperbolic,sinh�2 q;and the m ostgeneral,given by the W eierstrass

elliptic function P(q). Nowadays,there isa widespread interestin thiskind ofintegrable system s,and

m any m athem aticaland physicalapplicationsforthem havebeen found,seeforinstance[11].In Physics,

wem ention,am ongothers,therem arkableconnection established [12,13]between thedi�erentCalogero-

Sutherland m odels and the properties ofthe equations describing the physics ofdisordered wires (the

DM PK equation);the resultsare in good agreem entwith the experim entalobservations.

The study ofthe form and propertiesofthe Schr�odingereigenfunctions for the quantum version of

these m odelsconstitutesby itselfan interesting line ofresearch. In fact,these eigenfunctionshave very

�
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rich m athem aticalproperties.In particular,forthetrigonom etriccase,ifwetunethecoupling constants

to som eespecialvalues,thewavefunctionscorrespond to thecharactersofthesim pleLiealgebras,while

ifwe selecta di�erenttuning,we can m ake them to coincide with zonalsphericalfunctions. Thus,the

Calogero-Sutherland theories provide uswith a new toolforcom puting these quantities. In thisspirit,

wewilldescribein thepresentpaperhow to usethetrigonom etric Calogero-Sutherland m odelto obtain

both particular characters and Clebsch-G ordan series for the exceptionalLie algebra E 7. The m ain

point ofour approach is to express the Ham iltonian in a suitable set ofindependentvariables,indeed

the fundam entalcharacters ofE 7. The use ofsuch kind ofvariables hasbeen quite usefulto solve the

Schr�odingerequation forthe m odelsassociated to som ealgebras[6],[14]-[21].

The organization ofthe paperisasfollows. Section 2 isa rem inderofthe propertiesofE 7 relevant

forthecontentsofthepaper.Section 3 describesthem ain propertiesoftheCalogero-Sutherland m odels

associated to rootsystem sand explainshow to �nd the Ham iltonian in the variablesm entioned above.

Section 4 gives som e account ofthe com putation ofthe Clebsch-G ordan series ofE 7 needed to passto

the new variables. In Section 5 we present the Ham iltonian in these variables and describe its use for

com puting new charactersand to reducetensorproductsofrepresentations.Som econclusionsare given

in Section 6,and �nally,the appendices show som e explicit results for characters and Clebsch-G ordan

seriesofE 7.

2 Sum m ary ofresults on the Lie algebra E 7

In thisSection,wereview som estandard factsabouttherootand weightsystem softheLiealgebra E 7,

with the aim of�xing the notation and help the readerto follow the restofthe paper. M ore extensive

and sound treatm entsofthesetopicscan befound in m any excellenttextbooks,seeforinstance[22,23].

Thecom plexLiealgebraE 7 hasdim ension 133and rank7,asthenam esuggests.From thegeom etrical

pointofview,itadm its(with som esubtleties,see[24])an interpretation which extendsthestandard-one

forthe classicalalgebras: in the sam e way thatthese correspond to the isom etries ofprojective spaces

over the �rst three norm ed division algebras | SO (n + 1) ’ Isom (R P n),SU (n + 1) ’ Isom (C P n),

Sp(n+ 1)’ Isom (H P n)| F4,E 6,E 7 and E 8 aretheLiealgebrasoftheprojectiveplanesoverextensions

ofthe octonions,giving rise to the so-called \m agic square":F4 ’ Isom (O P 2),E 6 ’ Isom [(C 
 O )P 2],

E 7 ’ Isom [(H 
 O )P 2],E 8 ’ Isom [(O 
 O )P 2].

TheDynkin diagram ofE 7,see Figure 1,

g g g

g

gg g

�1 �3 �4 �5 �6

�2

�7

Figure 1.TheDynkin diagram forthe Liealgebra E 7.

encodesthe euclidean relationsA ij = (�i;�j)am ong the sim pleroots,which are

(�i;�i) = 2; i= 1;:::;7

(�i;�i+ 2) = � 1; i= 1;2 (1)

(�i;�i+ 1) = � 1; i= 3;:::;6

(�i;�j) = 0; in allothercases:
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Therefore,the Cartan m atrix A = (A ij)and itsinverse A
�1 = (A �1

ij )read

A =

0

B
B
B
B
B
B
B
B
B
B
@

2 0 � 1 0 0 0 0

0 2 0 � 1 0 0 0

� 1 0 2 � 1 0 0 0

0 � 1 � 1 2 � 1 0 0

0 0 0 � 1 2 � 1 0

0 0 0 0 � 1 2 � 1

0 0 0 0 0 � 1 2

1

C
C
C
C
C
C
C
C
C
C
A

; A
�1 =

1

2

0

B
B
B
B
B
B
B
B
B
B
@

4 4 6 8 6 4 2

4 7 8 12 9 6 3

6 8 12 16 12 8 4

8 12 16 24 18 12 6

6 9 12 18 15 10 5

4 6 8 12 10 8 4

2 3 4 6 5 4 3

1

C
C
C
C
C
C
C
C
C
C
A

: (2)

Throughoutthis paperwe willuse a realization ofthisrootsystem in term s ofa system ofvectors

fvigi= 1;:::;8 ofR
8 (endowed with the standard Euclidean product(;))satisfying the relations(vi;vj)=

� 1

8
+ �ij [22].W ith referenceto thissystem ,E 7 istherootsystem in thehyperplaneV � R

8 ofequation
P

ivi = 0 given by R = fvi� vj;vi+ vj + vk + vlji6= j 6= k 6= lg,the positive onesbeing those in the

subsetR + = fvi� vj; v8 � vi;vi+ vj+ vk + v8ji< j< k < 8g.Thereare 63 positive roots,which can

beclassi�ed by heightsasindicated in Table 1.Theseven sim ple rootsare

�1 = v1 � v2; �2 = v4 + v5 + v6 + v7;

�3 = v2 � v3; �4 = v3 � v4; (3)

�5 = v4 � v5; �6 = v5 � v6;

�7 = v6 � v7;

which clearly satisfy the relations(1).

The hyperplaneV can beviewed asR 7,and the basism ade with the vectorsv1;:::;v7 isrelated to

thecanonicalbasisfekgk= 1;:::;7 by vk = ek �
1

7
(1+ 1p

8
)
P

7
j= 1ej;thus,the sim pleroots�i are given by

�1 = e1 � e2;

�2 =
1

7

�

3�
2
p
2

� 7X

j= 4

ej �
4

7

�

1+
1
p
8

� 3X

j= 1

ej; (4)

�k = ek�1 � ek; k = 3;:::;7:

Thefundam entalweights�i=
P

7
j= 1A

�1
ji �j are

�1 = v1 � v8;

�2 = � 2v8;

�3 = v1 + v2 � 2v8;

�4 = v1 + v2 + v3 + 3v� 3v8;

�5 = v1 + v2 + v3 + v4 � 2v8;

�6 = v1 + v2 + v3 + v4 + v5 � v8;

�7 = v1 + v2 + v3 + v4 + v5 + v6;

asitfollowsfrom (2)and (3). AsE 7 issim ply-laced,the geom etry ofthe weightsystem issum m arized

by the relations(�i;�j)= A
�1
ij .TheW eylvectoris

� =
1

2

X

�2R +

� =

7X

i= 1

�i=
1

2
(34�1 + 49�2 + 66�3 + 96�4 + 75�5 + 52�6 + 27�7);
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ht Positive roots

1 �1; �2;�3; �4; �5; �6;�7

2 �1 + �3; �3 + �4; �4 + �5; �5 + �6; �2 + �4; �6 + �7

3 �1 + �3 + �4;�3 + �4 + �5; �4 + �5 + �6; �2 + �3 + �4;�2 + �4 + �5; �5 + �6 + �7

4 �1 + �3 + �4 + �5; �3 + �4 + �5 + �6;�1 + �2 + �3 + �4; �2 + �3 + �4 + �5;

�2 + �4 + �5 + �6;�4 + �5 + �6 + �7

5 �1 + �3 + �4 + �5 + �6; �1 + �2 + �3 + �4 + �5; �2 + �3 + 2�4 + �5;

�2 + �3 + �4 + �5 + �6; �2 + �4 + �5 + �6 + �7; �3 + �4 + �5 + �6 + �7

6 �1 + �2 + �3 + 2�4 + �5;�1 + �2 + �3 + �4 + �5 + �6; �2 + �3 + 2�4 + �5 + �6;

�1 + �3 + �4 + �5 + �6 + �7; �2 + �3 + �4 + �5 + �6 + �7

7 �1 + �2 + 2�3 + 2�4 + �5; �2 + �3 + 2�4 + 2�5 + �6; �1 + �2 + �3 + 2�4 + �5 + �6;

�1 + �2 + �3 + �4 + �5 + �6 + �7;�2 + �3 + 2�4 + �5 + �6 + �7

8 �1 + �2 + 2�3 + 2�4 + �5 + �6;�1 + �2 + �3 + 2�4 + 2�5 + �6;

�1 + �2 + �3 + 2�4 + �5 + �6 + �7; �2 + �3 + 2�4 + 2�5 + �6 + �7

9 �1 + �2 + 2�3 + 2�4 + 2�5 + �6; �1 + �2 + �3 + 2�4 + 2�5 + �6 + �7;

�1 + �2 + 2�3 + 2�4 + �5 + �6 + �7;�2 + �3 + 2�4 + 2�5 + 2�6 + �7

10 �1 + �2 + �3 + 2�4 + 2�5 + 2�6 + �7; �1 + �2 + 2�3 + 2�4 + 2�5 + �6 + �7;

�1 + �2 + 2�3 + 3�4 + 2�5 + �6

11 �1 + 2�2 + 2�3 + 3�4 + 2�5 + �6;�1 + �2 + 2�3 + 2�4 + 2�5 + 2�6 + �7;

�1 + �2 + 2�3 + 3�4 + 2�5 + �6 + �7

12 �1 + �2 + 2�3 + 3�4 + 2�5 + 2�6 + �7; �1 + 2�2 + 2�3 + 3�4 + 2�5 + �6 + �7

13 �1 + �2 + 2�3 + 3�4 + 3�5 + 2�6 + �7; �1 + 2�2 + 2�3 + 3�4 + 2�5 + 2�6 + �7

14 �1 + 2�2 + 2�3 + 3�4 + 3�5 + 2�6 + �7

15 �1 + 2�2 + 2�3 + 4�4 + 3�5 + 2�6 + �7

16 �1 + 2�2 + 3�3 + 4�4 + 3�5 + 2�6 + �7

17 2�1 + 2�2 + 3�3 + 4�4 + 3�5 + 2�6 + �7

Table 1:Heightsofpositive rootsofE 7.

and haslenghtj�j=
p
798=2.TheW eylform ula fordim ensionsapplied to theirreduciblerepresentation

associated to theintegraldom inantweight� =
P

7
i= 1m i�i gives

dim R � =
Y

�2R +

(�;�+ �)

(�;�)
=

P

26 � 36 � 46 � 56 � 65 � 75 � 84 � 94 � 103 � 113 � 122 � 132 � 14� 15� 16� 17
;

where P isa productextended to the setofpositive rootsin which the root� =
P

7
i= 1ai�i contributes

with afactorht(�)+
P

7
i= 1aim i,whereht(�)istheheightof�.In particular,forthebasicrepresentations

R �k,one�nds:

dim R �1 = 133; dim R �2 = 912;

dim R �3 = 8645; dim R �4 = 365750;

dim R �5 = 27664; dim R �6 = 1539;

dim R �7 = 56:

Alltheirreduciblerepresentationsareself-adjoint;R �1 istheadjointrepresentation and R �7,thefunda-

m entalone.
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3 T he trigonom etric C alogero-Sutherland m odelassociated to a root

system

Firstofall,wereview briey thegeneraltheory ofthequantum trigonom etricCalogero-Sutherland m odel

related to a rootsystem R associated to a sim ple Lie algebra L ofrank r,and laterstudy explicity the

E 7 case.ForCalogero-Sutherland system sotherthan trigonom etric see [10];see also [25].

Thetrigonom etricCalogero-Sutherland m odelrelated to therootsystem R ofrank r isthequantum

system in an Euclidean space R r de�ned by the standard Ham iltonian operator

H =
1

2

rX

j= 1

p
2
j +

X

�2R +

��(�� � 1)sin�2 (�;q); (5)

whereq= (qj)isa cartesian coordinatesystem and pj = � i@qj;R
+ isthesetofthepositive rootsofL,

and the coupling constants�� are such that�� = �� ifj�j= j�j. W e willrestrictourselvesto the case

ofsim ply-laced rootsystem s(astheE -seriesis),forwhich theCalogero-Sutherland m odeldependsonly

on one coupling constant�.

Although the Ham iltonian (5)isde�ned in allR r,the con�guration space iscon�ned by the singu-

larities(in�nitewalls)(�;q)= 0.Iftheq-coordinatesareassum ed to takevaluesin the[0;�]interval,H

can be interpreted asdescribing the dynam icsofa system ofr unitm assparticlesm oving on the circle

with interaction V (q) = �(� � 1)
P

� sin
�2 (�;q),but notice that there is not translationalinvariance.

Thewave functionshave to be�-periodic.

The m ain problem isto �nd the stationary states,i.e.,to solve the Schr�odingereigenvalue problem

H 	 = E 	. The following im portantfacts aboutthisfam ily ofquantum m echanicalsystem swere well

established in [6,10].

(a)They are integrable,and m oreoverthey are exactly solvable. The con�guration space iscon�ned

to theW eylalcove �W = fq2 R
rj0 < (�;q)< �g.

(b)Theground state energy and (non-norm alized)wave function are

E 0(�) = 2�2�2

	 �
0(q) =

Y

�2R +

sin�(�;q);

while the excited states are indexed by the highest weights � =
P
m i�i 2 P + (P + is the cone of

dom inantweights)oftheirreduciblerepresentationsofL,thatis,by ther-tupleofnon-negativeintegers

m = (m 1;:::;m r)(the quantum num bers),and the wave functionssatisfy

H 	 �
m

= E m (�)	
�
m

E m (�) = 2(�+ ��;�+ ��): (6)

(c)Itisnaturalto look forthesolutions	 �
m
in the form

	 �
m
(q)= 	 �

0(q)�
�
m
(q); (7)

and consequently we are led to the eigenvalue problem

� ���
m
= "m (�)�

�
m
; (8)

where� � isthe lineardi�erentialoperator

� � = �
1

2

rX

j= 1

@
2
qj
� �

X

�2R +

cot(�;q)(�;r q); (9)
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and theeigenvalues"m (�)are theenergiesoverthe ground level,i.e.,

"m (�)= E m (�)� E 0(�)= 2(�;�+ 2��): (10)

Takingintoaccountthat(�j;�k)= A
�1
jk
,itispossibletogiveam oreexplicitexpression fortheeigenvalues

"m (�):

"m (�)= 2

rX

j;k= 1

A
�1

jk
m jm k + 4�

rX

j;k= 1

A
�1

jk
m j: (11)

W e willwrite "j(�)forthe fundam entalweigth �j,i.e.,forthe quantum num bers(0;:::;
(j)

1;:::;0)

(d)In thecase � = 0 the wave functions(8)are (proportionalto)the m onom ialsym m etric functions

M �(q)=
X

w 2W

e
2i(w ��;q)

; � 2 P
+
; (12)

W being the W eylgroup ofL. And the wave functions in the case � = 1 are (proportionalto) the

charactersofthe irreduciblerepresentations

��(q)=

P

w 2W (detw)e2i(w �(�+ �);q)
P

w 2W (detw)e2i(w ��;q)
; � 2 P

+
: (13)

Both M � and �� are sum sover the orbitof� underW ,and consequently,W -invariant;aswave func-

tions, they represent superpositions of plane waves whose m om enta are consistent with the required

�-periodicity.

(d)Due to the W eylsym m etry ofthe Ham iltonian,the wave functions��
m
(q)are W -invariant,and

the bestway to solve the eigenvalue problem (8)isto use the setofindependentW -invariantvariables

zk = ��k
(q),in term sofwhich thewave functions��

m
are polynom ials.

Unfortunately,the expression ofthese characters zk in term s ofthe q-variables is com plicated and

m akes the direct change ofvariables z = z(q) very cum bersom e. W e are thus forced to follow a m uch

m oreconvenient,indirectroute,which hasproven to beusefulforotherrootsystem s,[20,21].

To thisgoal,the starting pointisto writethe operator� � in thez-variables:

� � =
X

j;k

ajk(z)@zj@zk +
X

j

h

b
0
j(z)+ �b

1
j(z)

i

@zj; (14)

with ajk = akj. Now,ifwe take into account the fact that,as pointed above,b0j(z)+ b1j(z)= � 1zj =

"j(1)zj,thefullexpression forthe coe�cientsb j(q)= b0j(z)+ b1j(z)appearing in �
1 iscom pletely deter-

m ined by theCartan m atrix ofthealgebra;explicitly

bj(z)= 2(A �1
jj + 2

X

k

A
�1
kj
)zj; j= 1;:::;r: (15)

O n theotherhand,in orderto �nd thecoe�cientsa jk wewillrelay on thequadraticClebsh-G ordan

series

R �j 
 R �k
=

X

�2Q jk

N �;jk R �; (16)

where Q jk � P + is the set of dom inant weights in the irreducible representation of highest weight

�j + �k,and N �;jk is the m ultiplicity ofthe irreducible representation R � in that series;in particular,

N �j+ �k;jk = 1. In these expressions we willwrite m or (m 1;:::;m r) instead of� =
P

im i�i. The

Clebsh-G ordan series(16)yield theform ulas

zjzk =
X

m 2Q jk

N
m ;jk�m

(z) (17)

6



for the products of fundam entalcharacters zjzk, and consequently we obtain the coe�cients a jk by

applying the operator� 1 to thetwo m em bersof(17):

2ajk(z)=
X

m 2Q jk

N
m ;jk"m (1)�m

(z)� bj(z)zk � bk(z)zj; j;k = 1;:::;r: (18)

Therefore,to accom plish the task of�xing the form ofthe coe�cents a jk we need the list ofall

the quadratic Clebsh-G ordan series,the explicitexpressionsofthe charactersentering in them ,and the

coe�cients b j. Although there are som e resultsforE 7 already available in the literature [22,26],m ost

ofthe required Clebsch-G ordan seriesand charactersrem ain,to ourknowledge,to becalculated.

Therem ainingstep toachievethecom pleteexpression of� � istolook forthecoe�cientsb 0
j(z).These

can befound ifweknow enough m onom ialsym m etricfunctionsM � in term softhez-variables.Suppose

that the relations M k = M k(z) are known,where M k = M �k
;k = 1;:::;r;then,from the eigenvalue

equation � 0M k = "k(0)M k weobtain the following linearsystem forthe b0’s:

X

i;j

aij(z)
@2M k

@zi@zj
+
X

j

b
0
j(z)

@M k

@zj
= 2�2kM k(z): (19)

Thissystem hasa unique solution (b0j)because each ofthe setsofcharacters and m onom ialsym m etric

functionsconstitutesa basisofW {invariantfunctions.

Recently [27]wehavesound how to �nd thefunctionsM k(z)in theE 6 case.In thepresentpaperwe

willstudy only the case � = 1 and consequently we do notneed to calculate theb0{coe�cientsnow.

4 T he quadratic C lebsh-G ordan series for E 7

W ehavedeveloped asystem aticstrategy,entirely based in afew elem entary facts,to obtain allquantities

needed forapplication oftheform ula(18).Thisstrategy,which isessentially thesam eused in theprevious

paper[21]forthecaseofE 6,wasdescribed therein fulldetail,sowewillcon�neourselvesheretom ention

som e very generalbutim portantpoints.Firstofall,the seriesshould be com puted starting from those

involvingthem ostexternaldotsoftheDynkin diagram ,and goinggradually towardsthecenterofit.This

isthe orderthatallows the m oste�cientuse ofthe orthogonality relations. Second,the orthogonality

relationsshould be used notonly to �x the m ultiplicity ofsom e ofthe weightsoflowerheight,butalso

to determ ine linearequationsam ong the m ultiplicities ofseveralweightsofinterm ediate height. W hile

forE 6 thisisnotofgreatim portance,forthem orecom plicated caseofE 7 an extensiveuseofsuch linear

constraintsisrequired.Thisconstraints,along with theboundson m ultiplicitiesestablished in [28],m ake

itposibletowriteasystem ofdiophantineequationswith uniquesolution forthesem ultiplicities.Finally,

once allthe series are found,the inversion ofthem to obtain the second-order characters appearing in

(18)requiresthecom putation ofm any othercharactersofthird,fourth and �fth order.Thebestway to

perform thesecom putationsisasfollows.Startingfrom theouterregion oftheDynkin diagram ,webuild

in each step thepartofthe� 1 operatorwhich only requiresthecharactersthatwealready know.Then,

we can use one ofthe the proceduresdescribed in Section 5 below to com pute the charactersneeded to

obtain the nextcoe�cient through (18),and so on. Thisispossible because (18)gives each coe�cient

aij(z)in term sofcharactersassociated to weightswhoseheightislowerorequalthan �i+ �j.

By m eansofthese techniques,one �nally arrivesto the following listofClebsch-G ordan series:

R �1 
 R �1 = R 2�1 � R �6 � R �3 � R �1 � 1;

R �1 
 R �2 = R �1+ �2 � R �7 � R �2 � R �1+ �7 � R �5;

R �1 
 R �3 = R �1+ �3 � R �4 � R �1 � R �6 � R �3 � R 2�1 � R �1+ �6 � R �2+ �7;
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R �1 
 R �4 = R �1+ �4 � R �2+ �5 � R �3+ �6 � R �1+ �2+ �7 � R �5+ �7 � R 2�2 � R �1+ �3 � R �4 � R �1+ �6

� R �2+ �7 � R �3;

R �1 
 R �5 = R �1+ �5 � R �2+ �6 � R �2 � R �5 � R �1+ �2 � R �1+ �7 � R �3+ �7 � R �6+ �7

R �1 
 R �6 = R �1+ �6 � R �2+ �7 � R �3 � R �6 � R 2�7 � R �1

R �1 
 R �7 = R �1+ �7 � R �2 � R �7

R �2 
 R �2 = R 2�2 � R �1 � R 2�7 � R �6 � R 2�1 � R �3 � R �2+ �7 � R �1+ �6 � R �4 � 1

R �2 
 R �3 = R �2+ �3 � R �1+ �5 � R �2 � R �5 � R �7 � R �2+ �6 � R �3+ �7 � R �6+ �7 � 2R �1+ �7

� 2R �1+ �2 � R 2�1+ �7

R �2 
 R �4 = R �2+ �4 � R �3+ �5 � R �1+ �2+ �6 � R 2�2+ �7 � R �1+ �3+ �7 � R �5+ �6 � R �4+ �7 � R �1+ �6+ �7

� R 2�1+ �2 � 2R �2+ �3 � R �2+ 2�7 � 2R �1+ �5 � R 2�1+ �7 � 2R �2+ �6 � 2R �3+ �7

� 2R �1+ �2 � R �6+ �7 � R �5 � R �1+ �7 � R �2

R �2 
 R �5 = R �2+ �5 � R �3+ �6 � R 2�6 � R �1+ �2+ �7 � R 2�2 � R �1+ �3 � R �5+ �7 � R �4 � R �1+ 2�7

� 2R �1+ �6 � 2R �2+ �7 � R 2�7 � R 2�1 � R �3 � R �6 � R �1

R �2 
 R �6 = R �7 � R �2 � 2R �1+ �7 � R �5 � R �6+ �7 � R �1+ �2 � R �3+ �7 � R �2+ �6

R �2 
 R �7 = R �2+ �7 � R �1 � R �3 � R �6

R �3 
 R �3 = R 2�3 � R �1+ �4 � R �2+ �5 � R 2�1+ �6 � R �3+ �6 � 2R �1+ �2+ �7 � R 2�6 � R �5+ �7 � R 3�1

� R 2�2 � 2R �1+ �3 � R �1+ 2�7 � 2R �4 � 3R �1+ �6 � 2R 2�1 � 2R �2+ �7 � R 2�7 � 2R �3

� 2R �6 � R �1 � 1

R �3 
 R �4 = R �3+ �4 � R �1+ �2+ �5 � R 2�2+ �6 � R �1+ �3+ �6 � R 2�5 � R �4+ �6

� R 2�1+ �2+ �7 � R �1+ 2�6 � 2R �2+ �3+ �7 � 2R �1+ �5+ �7 � R 2�1+ �3 � R 2�1+ 2�7

� 2R �1+ 2�2 � R 2�3 � 3R �1+ �4 � 2R �2+ �6+ �7 � 2R 2�1+ �6 � 3R �2+ �5 � R �3+ 2�7 � 4R �3+ �6

� R �6+ 2�7 � 5R �1+ �2+ �7 � R 2�6 � 2R 2�2 � 3R �5+ �7 � R 3�1 � 3R �1+ �3 � 2R �1+ 2�7 � 3R �4

� 4R �1+ �6 � R 2�1 � 3R �2+ �7 � R 2�7 � 2R �3 � R �6 � R �1

R �3 
 R �5 = R �3+ �5 � R �1+ �2+ �6 � R 2�2+ �7 � R �1+ �3+ �7 � R �5+ �6 � R �4+ �7 � 2R �1+ �6+ �7

� R 2�1+ �2 � R �2+ 2�7 � 2R �2+ �3 � 2R �1+ �5 � R 3�7 � 2R 2�1+ �7 � 3R �2+ �6 � 3R �3+ �7

� 3R �1+ �2 � 2R �6+ �7 � 2R �5 � 3R �1+ �7 � R �2 � R �7

R �3 
 R �6 = R �3+ �6 � R �1+ �2+ �7 � R 2�2 � R �1+ �3 � R �5+ �7 � R �4 � R �1+ 2�7 � 2R �1+ �6 � 2R �2+ �7

� R 2�1 � R 2�7 � 2R �3 � R �6 � R �1

R �3 
 R �7 = R �3+ �7 � R �1+ �7 � R �1+ �2 � R �2 � R �5

R �4 
 R �4 = R 2�4 � R �2+ �3+ �5 � R 2�3+ �6 � R �1+ 2�5 � R �1+ 2�2+ �6 � R 3�2+ �7 � R �1+ �4+ �6

� 2R �1+ �2+ �3+ �7 � 2R �2+ �5+ �6 � 2R �2+ �4+ �7 � R 2�1+ 2�6 � R 2�1+ 2�2 � R �3+ 2�6

� R 2�1+ �5+ �7 � 3R �3+ �5+ �7 � R �1+ 2�3 � 2R 2�1+ �4 � 4R �1+ �2+ �6+ �7 � R 3�6 � 3R 2�2+ �3

� R 3�1+ 2�7 � 2R �5+ �6+ �7 � 2R 2�2+ 2�7 � 2R �1+ �3+ 2�7 � 3R �3+ �4 � 6R �1+ �2+ �5

� 4R 2�2+ �6 � 2R �4+ 2�7 � 3R �1+ �6+ 2�7 � R 3�1+ �6 � 2R 2�5 � 6R �1+ �3+ �6 � 6R 2�1+ �2+ �7

� 7R �4+ �6 � R 4�1 � R �2+ 3�7 � 4R �1+ 2�6 � 9R �2+ �3+ �7 � 9R �1+ �5+ �7 � 3R 2�1+ �3

� 6R �1+ 2�2 � 4R 2�1+ 2�7 � 4R 2�3 � 8R �2+ �6+ �7 � 6R �3+ 2�7 � 8R �1+ �4 � 8R �2+ �5

� 8R 2�1+ �6 � R 4�7 � 3R �6+ 2�7 � 2R 3�1 � 9R �3+ �6 � 4R 2�6 � 12R �1+ �2+ �7 � 6R �1+ �3

� 3R 2�2 � 7R �5+ �7 � 7R �4 � 6R �1+ 2�7 � 7R �1+ �6 � 5R �2+ �7 � 2R 2�7 � 3R 2�1 � 3R �3

� 3R �6 � R �1 � 1
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R �4 
 R �5 = R �4+ �5 � R �2+ �3+ �6 � R �1+ �5+ �6 � R 2�3+ �7 � R �1+ 2�2+ �7 � R �1+ �4+ �7 � R �2+ 2�6

� 2R �2+ �5+ �7 � 2R �1+ �2+ �3 � R 2�1+ �6+ �7 � R 3�2 � 2R �3+ �6+ �7 � 2R �2+ �4

� R 2�1+ �5 � 3R �3+ �5 � 2R �1+ �2+ 2�7 � 5R �1+ �2+ �6 � R 2�6+ �7 � R �5+ 2�7 � R 3�1+ �7

� 4R �1+ �3+ �7 � 3R �5+ �6 � 3R 2�2+ �7 � 5R �4+ �7 � 3R 2�1+ �2 � 5R �2+ �3 � R �1+ 3�7

� 5R �1+ �6+ �7 � 5R �1+ �5 � 3R �2+ 2�7 � 5R �2+ �6 � 4R 2�1+ �7 � 5R �3+ �7 � 4R �1+ �2 � R 3�7

� 3R �6+ �7 � 3R �5 � 3R �1+ �7 � R �2 � R �7

R �4 
 R �6 = R �4+ �6 � R �2+ �3+ �7 � R 2�3 � R �1+ �5+ �7 � R �2+ �6+ �7 � R �1+ 2�2 � R �1+ �4 � R �3+ 2�7

� 2R �2+ �5 � R 2�1+ �6 � 2R �3+ �6 � 3R �1+ �2+ �7 � R 2�6 � 2R �5+ �7 � R 2�2 � R �1+ 2�7

� 2R �1+ �3 � 3R �4 � 2R �1+ �6 � 2R �2+ �7 � R 2�1 � R �3 � R �6

R �4 
 R �7 = R �4+ �7 � R �2+ �3 � R �1+ �5 � R �2+ �6 � R �3+ �7 � R �1+ �2 � R �5

R �5 
 R �5 = R 2�5 � R �4+ �6 � R �2+ �3+ �7 � R �1+ 2�6 � R 2�3 � R �1+ �5+ �7 � 2R �2+ �6+ �7

� R �1+ 2�2 � R 2�1+ 2�7 � R �1+ �4 � R �3+ 2�7 � 2R �2+ �5 � R 2�1+ �6 � 3R �3+ �6 � 4R �1+ �2+ �7

� R �6+ 2�7 � R 3�1 � 2R 2�6 � 3R �5+ �7 � 2R 2�2 � 3R �1+ 2�7 � 2R �1+ �3

� 3R �4 � 4R �1+ �6 � 3R �2+ �7 � 2R 2�7 � 2R 2�1 � 2R �3 � 2R �6 � R �1 � 1

R �5 
 R �6 = R �5+ �6 � R �4+ �7 � R �1+ �6+ �7 � R �2+ �3 � R �2+ 2�7 � R �1+ �5

� 2R �2+ �6 � R 2�1+ �7 � 2R �3+ �7 � 2R �1+ �2 � 2R �6+ �7 � 2R �5 � 2R �1+ �7 � R �2 � R �7

R �5 
 R �7 = R �5+ �7 � R �4 � R �6 � R �3 � R �1+ �6 � R �2+ �7

R �6 
 R �6 = R 2�6 � R �5+ �7 � R �1 � R �3 � R �4 � 2R �6 � R 2�1 � R 2�7 � R �1+ �6 � 2R �2+ �7

� R �1+ 2�7 � 1

R �6 
 R �7 = R �6+ �7 � R �5 � R �1+ �7 � R �2 � R �7

R �7 
 R �7 = R 2�7 � R �1 � R �6 � 1

W e presentalso a listofsecond ordercharacters:

�2000000 = z
2
1 � z3 � z6 � z1 � 1

�1100000 = z1z2 � z5 � z1z7

�1010000 = z1z3 � z4 � z1z6 � z
2
1 + z

2
7 + z3

�1001000 = z1z4 � z2z5 + z
2
6 � z5z7 + z1z6 � z2z7 � z

2
7 + z6 + z1

�1000100 = z1z5 � z2z6 + z1z7 � z2

�1000010 = z1z6 � z2z7 � z
2
7 + z6 + z1 + 1

�1000001 = z1z7 � z2 � z7

�0200000 = z
2
2 � z4 � z1z6 � z

2
1 + z3 + z6 + z1

�0110000 = z2z3 � z1z5 � z
2
1z7 + z3z7 + z6z7 + z1z7

�0101000 = z2z4 � z3z5 + z1z6z7 � z2z
2
7 � z1z5 + z2z6 � z6z7 + z5 + z2

�0100100 = z2z5 � z3z6 � z
2
6 + z5z7 + z1z

2
7 � z1z6 � z6 � z1

�0100010 = z2z6 � z3z7 � z6z7 + z5 + z2

�0100001 = z2z7 � z3 � z6 � z1

�0020000 = z
2
3 � z1z4 � z

2
1z6 + z3z6 + z5z7 � z

3
1 + 2z1z3 + z1z

2
7 � z4 + z3 + z1

�0011000 = z3z4 � z1z2z5 + z4z6 + z1z
2
6 + z

2
1z6 � z3z6 � z6z

2
7 � z1z2z7 + z

2
2 + z5z7 � z4 � z1z6 + z

2
7

+ z3 � 1
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�0010100 = z3z5 � z1z2z6 + z4z7 + z1z6z7 + z2z
2
7 � z

3
7 + z

2
1z7 � z2z6 � z3z7 � z1z2 + z6z7 � z5 � z1z7

� z2 + z7

�0010010 = z3z6 � z1z2z7 + z4 + z1z6 + z2z7 + z
2
1 � z3 � z1

�0010001 = z3z7 � z1z2 + z7

�0002000 = z
2
4 � z2z3z5 + z1z4z6 + z3z

2
6 + z

2
1z5z7 � 2z3z5z7 � 2z4z

2
7 � z1z6z

2
7 � z

2
5 + 2z4z6 + z1z

2
6

� z1z5z7 + z2z5 + z
4
7 � 2z6z

2
7 + z

2
6 + 2z4 + z1z6 � 2z27 + 2z6 + 1

�0001100 = z4z5 � z2z3z6 + z1z4z7 + z
2
1z6z7 � z3z5 � z5z6 � z1z

3
7 � z4z7 � z1z5 + z

3
7 � z6z7 + z1z7 � z7

�0001010 = z4z6 � z2z3z7 + z
2
1z

2
7 + z1z4 � z3z

2
7 + z3z6 � z5z7 � 2z1z

2
7 + z4 + z1z6 � z

2
7 + z6 + z1 + 1

�0001001 = z4z7 � z2z3 + z
2
1z7 � z3z7 � z5 � z1z7 � z7

�0000200 = z
2
5 � z4z6 � z1z

2
6 + z1z5z7 + z3z

2
7 � z3z6 + z6z

2
7 � z

2
6 � z4 � z1z6 + z

2
7 � z3 � 2z6 � 1

�0000110 = z5z6 � z4z7 � z1z6z7 + z1z5 + z
3
7 + z3z7 � z6z7 + z5 � z7

�0000101 = z5z7 � z4 � z1z6 + z
2
7 � z6 � 1

�0000020 = z
2
6 � z5z7 � z1z

2
7 + z1z6 + z3 + z6 + z1

�0000011 = z6z7 � z5 � z1z7

�0000002 = z
2
7 � z6 � z1 � 1

5 T he C alogero-Sutherland H am iltonian � 1 in E 7. Som e applications

Thecoe�cientsb j(z)in theexpression of�
1 are easily obtained from (15)and (2):

b1(z)= 72z1; b2(z)= 105z2; b3(z)= 144z1; b4(z)= 216z4;

b5(z)= 165z5; b6(z)= 112z5; b7(z)= 57z7:

Afterhaving com puted in Section 4 the necessary seriesand characters,we can now follow the lines

indicated in Section 3toobtain theHam iltonian operatorin thelim it� = 1.Theresultforthecoe�cients

ajk(z)in (14)for� = 1 is

a11(z) = 4(� 19� 10z1 + z
2
1 � z3 � 5z6)

a12(z) = 2(� 7z2 + 2z1z2 � 5z5 � 19z7 � 13z1z7)

a13(z) = 2(10� 14z1 � 19z21 + 13z3 + 3z1z3 � 3z4 � 4z6 � 9z1z6 � 6z2z7 + 9z27)

a14(z) = 2(� 10� 2z1 + 18z21 � 7z22 � 24z3 � 6z1z3 + 14z4 + 4z1z4 � 4z2z5 + 8z6 + 12z1z6

� 4z3z6 + 4z26 � 14z2z7 � 5z1z2z7 � 9z5z7 � 9z27 + 9z1z
2
7)

a15(z) = 2(� 12z2 � 6z1z2 + 8z5 + 3z1z5 � 5z2z6 + 19z7 + 5z1z7 � 5z3z7 � 13z6z7)

a16(z) = 4(9� 3z1 � 3z3 + 2z6 + z1z6 � 3z2z7 � 9z27)

a17(z) = 2(� 7z2 � 19z7 + z1z7)

a22(z) = � 40+ 24z1 � 36z21 + 7z22 + 24z3 � 4z4 + 44z6 � 16z1z6 � 12z2z7 � 36z27

a23(z) = 2(9z2 � 14z1z2 + 4z2z3 + 16z5 � 4z1z5 � 5z2z6 + 4z1z7 � 12z21 z7 + 7z3z7 � z6z7)

a24(z) = 2(� 7z2 � 4z1z2 � 6z21 z2 � z2z3 + 6z2z4 + 20z5 � 6z1z5 � 3z3z5 + 14z2z6 � 4z1z2z6

� 5z5z6 � 10z1z7 + 22z21 z7 � 6z22 z7 � 12z3z7 � 5z1z3z7 + 12z4z7

� 10z6z7 + 13z1z6z7 � 9z2z
2
7)

a25(z) = 40� 24z1 + 12z21 � 14z22 + 12z3 � 12z1z3 + 28z4 + 9z2z5 + 16z6 � 12z1z6
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� 8z3z6 � 24z26 + 12z2z7 � 10z1z2z7 + 14z5z7 � 2z27 � 2z1z
2
7

a26(z) = 2(17z2 � 6z1z2 + 8z5 + 3z2z6 � 24z1z7 � 5z3z7 � 13z6z7)

a27(z) = � 48z1 � 12z3 � 28z6 + 3z2z7

a33(z) = 4(� 20+ 16z1 � 5z21 � 9z31 + 8z3 + 12z1z3 + 3z23 � 7z4 � z1z4 � 2z2z5 � 9z6

+ � 3z1z6 � 4z21 z6 + 2z3z6 � 3z26 + 6z2z7 � 6z1z2z7 + 8z5z7 + z
2
7 + 7z1z

2
7)

a34(z) = 2(� 20� 12z1 � 6z21 + 6z31 + 9z22 � 7z1z
2
2 + 20z3 + 6z1z3 � 6z21 z3 + 6z23 � 26z4 + 6z1z4

+ 8z3z4 + 2z2z5 � 3z1z2z5 � 5z25 � 2z6 � 32z1z6 + 20z21 z6 � 5z22 z6 � 24z3z6 � 4z1z3z6

+ 10z4z6 + 4z26 + 4z1z
2
6 � 3z2z7 � 2z1z2z7 � 5z21 z2z7 � z2z3z7 + 15z5z7 + 4z2z6z7

+ 20z27 � 5z1z
2
7 + 5z21 z

2
7 + 9z3z

2
7 � 9z6z

2
7)

a35(z) = 2(� z2 + z1z2 � 6z21 z2 � z2z3 � 22z5 + 15z1z5 + 6z3z5 � 15z2z6 � 4z1z2z6 � 5z5z6

+ 18z7 � 5z1z7 + 11z21 z7 � 6z22 z7 � 6z3z7 � 5z1z3z7 + 12z4z7 + 45z6z7 � 8z1z6z7

+ 12z2z
2
7 � 18z37)

a36(z) = 2(20+ 6z21 � 7z22 � 18z3 � 6z1z3 + 14z4 + 20z6 + 6z1z6 + 4z3z6 + 6z2z7 � 5z1z2z7

� 5z5z7 � z
2
7 � 13z1z

2
7)

a37(z) = 2(� 7z2 � 6z1z2 � 5z5 + 19z7 � 13z1z7 + 2z3z7)

a44(z) = 4(� 10� 16z1 + 8z21 � 6z41 � 4z22 � 16z3 + 24z21z3 � 4z22z3 � 12z23 + 8z4 � 16z1z4 � 4z21z4

+ 8z3z4 + 6z24 + 11z2z5 + 2z1z2z5 � z2z3z5 � 12z25 � 2z1z
2
5 + 4z6 � 4z1z6 � 14z21z6 + 4z31z6

+ 3z22z6 � 2z1z
2
2z6 � 4z3z6 � 8z1z3z6 � 2z23z6 + 6z4z6 + 4z1z4z6 � 3z2z5z6 � 2z26 + 4z1z

2
6

+ 4z3z
2
6 � 2z36 + z2z7 + z1z2z7 + 9z21z2z7 � 3z32z7 � 8z2z3z7 � 3z1z2z3z7 + 9z2z4z7 � 21z5z7

+ 6z1z5z7 + 4z21z5z7 � 9z3z5z7 � 6z2z6z7 + 7z1z2z6z7 + 9z5z6z7 � 9z27 + 17z1z
2
7 � 3z21z

2
7

� 2z31z
2
7 + 9z1z3z

2
7 � 9z4z

2
7 + 9z6z

2
7 � 9z1z6z

2
7)

a45(z) = 2(9z2 � 7z1z2 + 13z21 z2 � 7z32 � 12z2z3 � 7z1z2z3 + 21z2z4 � 28z5 � 7z1z5 + 7z21 z5

� 13z3z5 + 9z4z5 � 3z2z6 + 7z1z2z6 � 3z2z3z6 � 19z5z6 � 4z1z5z6 � 5z2z
2
6 + 21z1z7

� 24z21 z7 + 6z31 z7 + 7z22 z7 � 5z1z
2
2 z7 + 14z3z7 � z1z3z7 � 5z23 z7 � 19z4z7 + 10z1z4z7

� z2z5z7 + 10z1z6z7 + 4z21 z6z7 + 5z26 z7 � 2z2z
2
7 + 4z1z2z

2
7 + 9z5z

2
7 � 9z1z

3
7)

a46(z) = 2(20+ 12z1 � 18z21 + 12z31 + 7z22 � 6z1z
2
2 + 12z3 � 24z1z3 � 6z23 + 2z4

+ 12z1z4 � z2z5 + 2z6 + 8z1z6 + 2z21 z6 + 8z3z6 + 6z4z6 � 4z26 � 6z2z7 � z1z2z7

� 4z2z3z7 � 10z5z7 � 4z1z5z7 � 5z2z6z7 � 20z27 + 2z1z
2
7 + 4z21 z

2
7 � 9z3z

2
7 + 9z6z

2
7)

a47(z) = 2(� 5z2 � 6z1z2 � 5z2z3 � 19z5 � 4z1z5 � 5z2z6 � 19z7 + 11z1z7 + 5z21 z7 � 10z3z7

+ 3z4z7 + 9z6z7)

a55(z) = � 60+ 48z1 � 12z21 � 12z1z
2
2 � 24z3 + 24z1z3 � 12z23 � 48z4 + 24z1z4 + 12z2z5

+ 15z25 � 52z6 + 24z21 z6 � 48z3z6 � 4z4z6 � 48z26 � 16z1z
2
6 + 40z2z7 + 8z1z2z7

� 8z2z3z7 + 20z5z7 + 8z1z5z7 � 24z2z6z7 � 16z27 + 4z1z
2
7 � 12z21 z

2
7 + 32z3z

2
7 + 28z6z

2
7

a56(z) = 2(7z2 � z1z2 � 5z2z3 + 8z5 + 5z1z5 � 7z2z6 + 5z5z6 � 28z7 + 19z1z7 � 6z21 z7

+ 11z3z7 � 3z4z7 � 17z6z7 � 9z1z6z7 � 6z2z
2
7 + 9z37)

a57(z) = � 20+ 12z1 � 12z3 � 8z4 � 48z6 � 20z1z6 � 12z2z7 + 5z5z7 + 20z27

a66(z) = 4(� 14+ 12z1 � 6z21 + 12z3 � 2z4 + 2z6 + 2z26 � 7z2z7 � z5z7 � 5z27 � 5z1z
2
7)

a67(z) = 2(� 7z2 � 3z5 � 19z7 � 11z1z7 + 2z6z7)

a77(z) = � 60� 24z1 � 4z6 + 3z27
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W ith theexplicitexpression of� 1 atourdisposal,wecan now try to usetheSchr�odingerequation as

an e�cientm ean to com puteparticularcharactersofE 7.G iven thatallthesecharactersarepolynom ials

in the z-variables,the Schr�odingerequation can besolved by applying a system atic procedure,which is

suitable to beim plem ented in a com puterprogram able to carry outsym bolic calculations.W e propose

two alternative m ethodsto �nd theSchr�odingereigenfunctions:

1. G iven a weight � =
P

7
i= 1ni�i 2 P + ,let usdenote zn (or z�)the m onom ialzn =

Q
7
i= 1z

ni
i ;thus

zi= z�i.Theoperator� 1 acting on zn gives

� 1
z
n =

X

�2�

S�;n z
n�� = "m (1)z

m +
X

06= �2�

S�;n z
n��

; (20)

where�only includesintegrallinearcom binationsofthesim plerootswith non-negativecoe�cients

and,ofcourse,in the exponent of(20) we express � in the basis offundam entalweights. The

eigenfunctions�
m
can bewritten as

�
m
=

X

�2Q
+

m

C�z
m �� = z

m +
X

06= �2Q
+

m

C�z
m ��

;

where again the � in Q +
m
are integrallinear com binations ofthe sim ple roots with non-negative

coe�cients such that they do not give rise to negative powers ofthe z’s. By substituting in the

Schr�odingerequation � 1�
m
= "m (1)� m

we �nd theiterative form ula

C� =
1

"m (1)� "
m �� (1)

X

06= �2�

S�;m �(���) C��� :

Tousethisform ulain practice,oneshould takeintoaccounttheheightsofthe�0sinvolved,because

each coe�cientC � can depend only on som eoftheC� such thatht(�)< ht(�).

2. TheClebsch-G ordan seriesforthe product
Q
7
i= 1z

m i

i reads

z
m 1

1 z
m 2

2 z
m 3

3 z
m 4

4 z
m 5

5 z
m 6

6 z
m 7

7 = �
m
+

X

�2Q m

D ��m �� :

Here it is not di�cult,in each particular case,to elaborate a list with allthe elem ents in Q m

(i.e.,theintegraldom inantweightsappearing in theseries).Furtherm ore,theoperator� 1� "n(1)

annihilates the character �
n
. Having this into account,we can m ake use ofthe sim ple-looking

form ula

�
m
=
n Y

�2Q m

�

� 1
� "

m �� (1)
� o

z
m

to obtain the eigenfunctions.

Through any ofthesem ethods,itispossibleto com putethecharactersratherquickly.Asan illustration,

we o�era listofthethird ordercharactersin theAppendix A.

O nce we have a m ethod for the com putation of the characters, we can extend it to produce an

algorithm for calculating the Clebsch-G ordan series. Suppose that we want to obtain the series for

�
m
� �

n
.W e listthepossibledom inantweightsentering in theseriesarranged by heights

�
m
� �

n
= �

m + n + N �1��1
+ N �2��2

+ :::
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The m ultiplicity N �1 is sim ply the di�erence between the coe�cients ofz �1 in �
m
� �

n
and in �

m + n.

Then,N �2 isthe di�erence between the coe�cientofz �2 in �
m
� �

n
and the sum ofthe corresponding

coe�cients in �
m + n and ��1

,and so on. Asan exam ple,we presentin Appendix B a listwith allthe

cubicClebsch-G ordan series.

The approach we are describing isalso usefulto �nd the generalstructure ofthe seriesforproducts

ofsom e speci�c types. Let us consider,for instance,series ofthe type z7�n�7
with arbitrary integer

n > 0.Theweightsoftherepresentation R �7 aregiven by thelinearcom binations� (vi+ vj);i6= j [22].

Ifwe expand these weights in the basisoffundam entalweights,we see that there are only fourwhose

coe�cientsforall� i with i6= 7 are non-negative: �7;�6 � �7;�1 � �7 and � �7. Hence,the form ofthe

seriesshould be

z7�0;0;0;0;0;0;n = �0;0;0;0;0;0;n+ 1 + a�0;0;0;0;0;1;n�1 + b�1;0;0;0;0;0;n�1 + c�0;0;0;0;0;0;n�1 ; (21)

where we have to �x a,b and c. Now,by solving the Schr�odingerequation by m eansofthe �rstofthe

two m ethodsdescribed above,one �nds

�0;0;0;0;0;0;n = z
n
7 + (1� n)z6z

n�2
7 � z1z

n�2
7 + :::

�0;0;0;0;0;1;n�1 = z6z
n�1
7 � z1z

n�1
7 + :::

Ifwesubstitutethisin (21),wecan solvefora and b,obtaining a = b= 1.W ecan now �x cby adjusting

dim ensionsin (21).Thisgivesc= 1.

W e listbelow the seriesoftheform z7�n�k
obtained through the sam e procedure:

z7�n;0;0;0;0;0;0 = �n;0;0;0;0;0;1 + �n�1;1;0;0;0;0;0 + �n�1;0;0;0;0;0;1

z7�0;n;0;0;0;0;0 = �0;n;0;0;0;0;1 + �0;n�1;1;0;0;0;0 + �0;n�1;0;0;0;1;0 + �1;n�1;0;0;0;0;0

z7�0;0;n;0;0;0;0 = �0;0;n;0;0;0;1 + �1;1;n�1;0;0;0;0 + �0;0;n�1;0;1;0;0 + �1;0;n�1;0;0;0;1 + �0;1;n�1;0;0;0;0

z7�0;0;0;n;0;0;0 = �0;0;0;n;0;0;1 + �0;1;1;n�1;0;0;0 + �1;0;0;n�1;1;0;0 + �0;1;0;n�1;0;1;0 + �0;0;1;n�1;0;0;1

+ �1;1;0;n�1;0;0;0 + �0;0;0;n�1;1;0;0

z7�0;0;0;0;n;0;0 = �0;0;0;0;n;0;1 + �0;0;0;1;n�1;0;0 + �1;0;0;0;n�1;1;0 + �0;1;0;0;n�1;0;1 + �0;0;1;0;n�1;0;0

+ �0;0;0;0;n�1;1;0

z7�0;0;0;0;0;n;0 = �0;0;0;0;0;n;1 + �0;0;0;0;1;n�1;0 + �1;0;0;0;0;n�1;1 + �0;1;0;0;0;n�1;0 + �0;0;0;0;0;n�1;1

6 C onclusions

In this paper we have shown how the Calogero-Sutherland Ham iltonian for the Lie algebra E 7 can be

used to com pute both Clebsch-G ordan series and characters ofthat algebra. The treatm ent we have

presented can beapplied to the casesofothersim ple algebras.Itcan bealso extended to dealwith the

system oforthogonalpolynom ialsbased on E 7 forgeneralvaluesofthe param eter�.Theway in which

thisshould bedoneisthesubjectofa research now in progressand willbepublished elsewhere.

A cknow ledgem ents

Thiswork hasbeen partially supported by the Spanish M inisterio de Educaci�on y Ciencia undergrants

BFM 2003-02532 (J.F.N.),BFM 2003-00936 / FISI(W .G .F.and A.M .P.),and the sabbaticalSAB-2003-

0256 (A.M .P.).

13



A ppendix A :List ofthe characters ofE 7 ofthird order.

�3000000 = z
3
1 � 2z1z3 + z4 � z1z6 � z

2
1 + z2z7 � z3 � 2z1

�2100000 = z
2
1z2 � z2z3 � z1z5 � z

2
1z7 + z6z7 � z5 � z2

�1200000 = z1z
2
2 � z1z4 � z2z5 � z

2
1z6 + z3z6 + z

2
6 � z1z2z7 � z

3
1 + 2z1z3 � z4 + 2z1z6 + z

2
1 � z2z7

+ z3 + z6 + z1

�0300000 = z
3
2 � 2z2z4 + z3z5 � 2z1z2z6 + z5z6 + z1z3z7 � z4z7 � 2z21z2 + 2z2z3 + z1z5 + z2z6

+ z3z7 + z1z2 + z6z7 + z1z7

�2010000 = z
2
1z3 � z

2
3 � z1z4 � z

2
1z6 + z2z5 � z3z6 + z1z2z7 � z

3
1 + z1z

2
7 � z2z7 � z

2
7 + z6 + z1 + 1

�1110000 = z1z2z3 � z2z4 � z
2
1z5 + z5z6 � z

3
1z7 + z1z3z7 � z4z7 + z1z6z7 + z1z5 � z2z6 + z

2
1z7 � z6z7

+ z5 + z1z7

�0210000 = z
2
2z3 � z3z4 � z1z2z5 + z

2
5 � z4z6 � z

2
1z2z7 + z2z3z7 + z1z5z7 � z1z4 + z2z5 + z1z2z7 � z

2
6

+ z5z7 + z1z
2
7 � z1z6 + z2z7 � z3 � z6 � z1

�1020000 = z1z
2
3 � z

2
1z4 � z3z4 + z1z2z5 � z

3
1z6 + z

2
1z2z7 � z

4
1 � z2z3z7 + z

2
1z3 + z1z5z7 + z

2
3 + z

2
1z

2
7

� z2z6z7 � z1z4 + z3z6 � z1z2z7 + 2z1z3 � z5z7 � z1z
2
7 + z4 + 2z1z6 + 2z21

�0120000 = z2z
2
3 � z1z2z4 � z1z3z5 + z4z5 � z

2
1z3z7 + z1z5z6 + z

2
3z7 � z2z

2
6 + z2z5z7 + z3z6z7 + z

2
1z5

� z3z5 � z1z2z6 � z5z6 + z1z3z7 + z
2
2z7 + z2z

2
7 � z1z5 � 2z2z6 + z3z7 � z1z2 + z6z7 � z5 � z2

�0030000 = z
3
3 � 2z1z3z4 + z

2
4 + z

2
1z2z5 � z2z3z5 � 2z21z3z6 + 2z23z6 + z1z4z6 � z2z5z6 + z3z

2
6

+ z
3
1z2z7 � 2z31z3 � 2z1z2z3z7 + z2z4z7 + z3z5z7 � z1z2z6z7 + 4z1z

2
3 + z

2
1z4 � 3z3z4

+ z1z3z
2
7 � z1z2z5 + z5z6z7 � z

2
5 � z4z

2
7 + 2z1z3z6 � z

2
1z2z7 + z

2
2z6 � z4z6 � z1z5z7 � z

2
1z

2
7

+ z
2
1z3 + 2z23 + z3z

2
7 � z1z4 � z2z5 + 2z3z6 + z6z

2
7 � z1z2z7 + 2z1z3 + z1z

2
7 + z4

+ z1z6 + z
2
1 � z3 � z6 � z1

�2001000 = z
2
1z4 � z3z4 � z1z2z5 + z

2
5 + z

2
2z6 � 2z4z6 � z2z6z7 + z3z

2
7 � z1z4 + z2z5 � 2z1z2z7

+ z5z7 + z
2
2 � z4 + z1z6 + z

2
1 + z2z7 + z

2
7 � z3 � z6 � z1 � 1

�1101000 = z1z2z4 � z1z3z5 � z
2
2z5 + z2z3z6 + z1z5z6 � z1z4z7 + z2z

2
6 � z2z5z7 � z1z2z

2
7 � z

2
6z7 + z

2
1z5

� z3z5 + z1z2z6 + z1z
3
7 + z5z6 � z4z7 � 3z1z6z7 + z

3
7 + 2z1z5 + 2z2z6 � z6z7 + z1z2 + z5

� z1z7 � z7

�0201000 = z
2
2z4 � z

2
4 � z2z3z5 + z

2
3z6 + z1z

2
5 � 2z1z4z6 � z

2
1z

2
6 + z3z

2
6 + z

2
1z5z7 � z3z5z7 � z

2
1z4

+ z1z2z6z7 � z
2
2z

2
7 � z5z6z7 + z3z4 � z1z2z5 � z1z3z

2
7 + z

2
5 + z

2
2z6 + z4z

2
7 � z

3
1z6 + 2z1z3z6

+ z
2
1z2z7 + z1z6z

2
7 � z1z

2
6 � z1z

2
2 + z

2
1z

2
7 + z1z4 + z2z5 � z3z

2
7 � z6z

2
7 � z

2
1z6 + 2z3z6 + z

2
6

+ z5z7 + z
2
2 � z1z

2
7 � z4 � z

2
1 + z3 + z6 + z1

�1011000 = z1z3z4 � z
2
4 � z

2
1z2z5 + z1z

2
2z6 + z1z

2
5 � z1z4z6 � z2z4z7 + z

2
1z5z7 � 2z1z2z6z7 � z

2
1z4

+ z3z4 � z5z6z7 + z1z3z
2
7 + z1z2z5 � 2z21z2z7 + z4z

2
7 + z

2
5 + z2z

3
7 + z1z5z7 + z

2
1z

2
7 + 2z1z

2
2

� z3z
2
7 + z1z3 � z4 � z1z6 � z2z7 � z

2
1 + z3

�0111000 = z2z3z4 � z
2
3z5 � z1z

2
2z5 + z1z2z3z6 + z2z

2
5 + z

2
1z5z6 � z3z5z6 � z

2
1z4z7 � z5z

2
6 + z1z2z5z7

� z
3
1z6z7 + z1z3z6z7 + 2z31z5 � 4z1z3z5 � z2z3z

2
7 + 2z4z5 + z2z3z6 + z

2
1z

3
7 � 2z1z5z6 + z1z4z7

+ 2z2z5z7 � z3z6z7 � z
2
1z5 � z3z5 � z5z6 � z1z

3
7 + z2z3 + z1z6z7 � 3z1z5 � z

2
1z7 + z1z7

�0021000 = z
2
3z4 � z1z

2
4 � z1z2z3z5 + z2z4z5 + z

2
1z

2
5 + z

2
1z

2
2z6 � z3z

2
5 � 2z21z4z6 � z

2
2z3z6 + 3z3z4z6

� z
2
2z

2
6 � z

3
1z

2
6 � z

2
5z6 � z1z2z4z7 + 2z1z3z

2
6 + z

3
1z5z7 + z

2
2z5z7 � z1z3z5z7 � 2z21z2z6z7 � z

3
1z4
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+ z4z
2
6 + z4z5z7 + z2z3z6z7 + z1z

3
6 + 2z1z3z4 � z1z5z6z7 + z

2
1z3z

2
7 + z

2
1z2z5 � z

4
1z6 � 2z2z3z5

� z
2
3z

2
7 + z2z

2
6z7 + z1z4z

2
7 + 3z21z3z6 + z

2
1z6z

2
7 � z1z

2
5 � z

3
1z2z7 � z

2
3z6 + z1z4z6 � 2z3z6z

2
7

� z
2
6z

2
7 + z

2
1z

2
2 � z2z5z6 + 2z21z

2
6 + z2z4z7 � z

2
1z5z7 � z3z

2
6 + z

3
1z

2
7 + z1z2z

3
7 + z

2
1z4 + z

3
1z6

+ z1z2z6z7 + z5z6z7 � 3z1z3z
2
7 � 2z1z2z5 � 2z1z6z

2
7 � z

2
5 � z2z

3
7 � 2z22z6 + z1z

2
6 + z2z3z7

+ z
2
3 � z1z4 + 2z2z6z7 � z

2
1z

2
7 � 2z2z5 � z

3
1 + z3z6 + 2z1z3 � z

2
2 + z1z6 + z2z7 + z

2
1

�1002000 = z1z
2
4 � z1z2z3z5 � z2z4z5 + z3z

2
5 + z

2
1z4z6 + z

2
2z3z6 � z3z4z6 � z1z2z4z7 + z

3
1z5z7 � z1z3z5z7

� z
2
1z2z6z7 � z1z5z6z7 + z

2
3z

2
7 � z1z4z

2
7 + z2z3z5 + z2z5z

2
7 � z

2
3z6 + 2z1z4z6 � z1z2z3z7 + z

2
1z

2
6

+ z1z2z
3
7 � 2z21z5z7 + z3z5z7 � z1z2z6z7 + z5z6z7 + z

2
1z4 + z

2
2z3 � 2z3z4 + 2z1z2z5 + z

3
1z6 � z

2
5

� 2z1z3z6 � z1z6z
2
7 + z1z

2
6 � 2z1z5z7 + z1z4 � z

2
1z

2
7 + 2z3z

2
7 + z

2
1z6 � 2z3z6 � z1z2z7 + z1z6

+ z
2
1 � 2z3

�0102000 = z2z
2
4 � z

2
2z3z5 � z3z4z5 + z2z

2
3z6 + z1z2z

2
5 � z4z5z6 � z1z3z4z7 � z

2
1z2z

2
6 + z

2
4z7 + 2z2z3z

2
6

+ 2z21z2z5z7 � z1z5z
2
6 � 3z2z3z5z7 � z

2
1z3z6z7 + 2z1z4z6z7 + z

2
1z

2
6z7 + z

2
3z5 � z1z4z5 � 2z2z4z

2
7

� z2z
2
5 � z3z5z

2
7 + 2z2z4z6 � 3z21z5z6 + 4z3z5z6 + 2z21z4z7 + z5z6z

2
7 � z3z4z7 + z1z3z

3
7 � 2z4z

3
7

+ 2z31z6z7 + z5z
2
6 � 2z1z6z

3
7 � 2z25z7 � 4z1z3z6z7 + 2z4z6z7 � 2z31z5 � 2z1z2z4 + 2z1z

2
6z7

+ z2z
4
7 + 5z1z3z5 + z4z5 � 2z21z2z6 + z

5
7 + 2z2z3z6 � z1z5z

2
7 � 2z2z6z

2
7 + 2z1z5z6 + z2z

2
6

� 2z21z
3
7 + z3z

3
7 + 2z21z6z7 � 2z6z

3
7 � z3z6z7 + 2z2z4 + 2z1z2z

2
7 + 2z3z5 � 2z1z2z6 + z

2
6z7

� z5z
2
7 � z1z3z7 + 2z5z6 + 2z4z7 + 2z1z6z7 � 2z2z

2
7 + z1z5 + 2z21z7 � 2z37 + 2z2z6 � z3z7

+ 2z6z7 � 2z1z2 + z5 + z2 + z7

�0012000 = z3z
2
4 � z2z

2
3z5 � z1z2z4z5 + z1z3z

2
5 + z

2
2z

2
5 � z4z

2
5 + z1z

2
2z3z6 � z

2
2z4z6 + 2z24z6 � z2z3z5z6

� z1z
2
2z

2
6 � z

2
1z2z4z7 � z

2
1z3z

2
6 + z

2
3z

2
6 � z1z

2
5z6 + 3z1z4z

2
6 + 2z21z3z5z7 � 2z23z5z7 + z1z

2
2z5z7

� z1z4z5z7 � z
3
1z2z6z7 � z2z5z

2
6 + z

2
1z

3
6 + z2z

2
5z7 + z3z

3
6 + z1z

2
4 + z2z4z6z7 + z1z

2
3z

2
7 � z

2
1z5z6z7

� 2z3z5z6z7 + z
2
1z4z

2
7 � z

2
1z

2
5 � z1z

2
3z6 � z2z4z5 � 3z3z4z

2
7 + 3z21z4z6 + z3z

2
5 + z3z4z6 + z

3
1z6z

2
7

+ z1z2z
2
6z7 + z5z

2
6z7 + z1z2z5z

2
7 + z

2
2z6z

2
7 � 2z1z3z6z

2
7 � 4z4z6z

2
7 � 2z1z2z5z6 � z

2
5z6 � z

2
1z2z3z7

� 3z1z
2
6z

2
7 + 2z31z

2
6 � z

2
2z

2
6 + z

2
1z2z

3
7 � 2z31z5z7 � z

2
1z

4
7 + 2z4z

2
6 + z1z2z4z7 + z1z

3
6 + z

3
1z4

+ z1z3z5z7 + z1z
2
2z3 + 2z4z5z7 � z2z3z6z7 � z2z6z

3
7 � z

2
2z4 � 2z1z3z4 � z

2
1z3z

2
7 + 4z1z5z6z7

+ z2z
2
6z7 + 2z3z

4
7 + z

2
3z

2
7 + 2z2z3z5 + z

4
1z6 � 2z1z

2
5 � 2z1z4z

2
7 + 2z6z

4
7 � z

2
1z3z6 � z

2
3z6 � z1z

2
2z6

� 2z21z6z
2
7 + z1z2z3z7 � 2z2z5z6 � z3z6z

2
7 � 2z26z

2
7 + z

2
1z

2
6 � z1z2z

3
7 � 2z5z

3
7 + z2z4z7 � z

3
1z

2
7

+ z3z5z7 + 2z1z2z6z7 � z
2
1z4 + 3z1z3z

2
7 + z

2
2z

2
7 + z3z4 + 3z5z6z7 � z1z2z5 � z

2
5 � 2z22z6

� 2z1z3z6 + z1z
4
7 + 2z4z6 � z2z

3
7 � z

2
1z2z7 � z2z3z7 + 2z1z5z7 + z1z4 + 2z21z

2
7 + 2z2z6z7 + z

2
1z6

� 2z3z
2
7 � z2z5 � z3z6 + z

3
1 + z1z2z7 � 2z6z

2
7 � z

2
2 + 2z5z7 � z1z

2
7 � 2z1z3 � z1z6 + z2z7 � z

2
1

�0003000 = z
3
4 � 2z2z3z4z5 + z

2
3z

2
5 + z1z

2
2z

2
5 + z

2
2z

2
3z6 � z

2
3z4z6 � z1z

2
2z4z6 � z1z4z

2
5 + 3z1z

2
4z6

� z1z2z3z5z6 � z2z4z5z6 � z
2
1z

2
2z

2
6 � z1z

2
3z

2
6 � z

2
1z

2
5z6 � z1z2z3z4z7 + z3z

2
5z6 + 3z21z4z

2
6 + z

2
2z3z

2
6

+ z2z
2
4z7 + z

2
1z

2
2z5z7 + z1z

2
3z5z7 � z

2
2z3z5z7 � 2z3z4z5z7 � z1z2z5z

2
6 � z

2
1z2z3z6z7 + z

3
1z

3
6

+ 2z1z2z4z6z7 + z
3
3z

2
7 + z

3
5z7 � 2z1z3z5z6z7 + z

2
1z

2
4 � z

2
1z2z3z5 � z3z

2
4 + 2z2z

2
3z5 � z1z2z4z5

� z
3
3z6 � 2z31z

2
5 + 5z1z3z

2
5 + z

2
1z2z

2
6z7 + 3z31z4z6 � 3z24z

2
7 � 4z4z

2
5 � 4z1z3z4z6 + z1z

2
2z6z

2
7

+ z1z
2
5z

2
7 � z1z2z

2
3z7 + z

2
3z6z

2
7 + 3z24z6 � 2z21z2z5z6 � 6z1z4z6z

2
7 � 3z21z

2
6z

2
7 + 2z41z

2
6 + 3z2z3z5z6

� z1z
2
2z

2
6 + z

2
1z2z4z7 � z1z

2
5z6 � 3z21z3z

2
6 + z2z5z6z

2
7 � z

4
1z5z7 + z1z2z3z

3
7 � z

2
3z

2
6 + 4z1z4z

2
6

� 2z2z4z
3
7 + z

2
1z3z5z7 + 2z23z5z7 + 2z3z5z

3
7 + z

2
1z

3
6 � 2z2z

2
5z7 � 2z1z2z6z

3
7 + z

3
1z2z6z7 + z

2
1z3z4

� 3z1z2z3z6z7 � z
3
1z3z

2
7 + z

2
2z

2
3 � z

3
1z2z5 + 2z21z5z6z7 � z1z

2
2z4 � 2z23z4 � 2z1z

2
4 + 4z1z2z3z5

15



+ 2z1z
2
3z

2
7 + 3z2z4z6z7 � z

2
1z

2
2z6 � 2z3z5z6z7 � z

2
1z

2
5 � 2z21z4z

2
7 + 2z31z3z6 + 3z1z2z

2
6z7

+ 2z3z4z
2
7 � 4z1z

2
3z6 � 3z31z6z

2
7 + 3z4z

4
7 � z2z4z5 � z1z2z5z

2
7 + 2z22z3z6 + 6z1z3z6z

2
7 + 3z1z6z

4
7

+ z
2
5z

2
7 + 5z3z

2
5 � 2z21z4z6 + z

2
1z2z3z7 � 2z3z4z6 � z1z2z5z6 � 5z4z6z

2
7 � z2z

2
3z7 + z

3
1z

2
6

+ z
3
1z5z7 � 3z1z

2
6z

2
7 � 6z1z3z

2
6 � z

2
1z2z

3
7 + z2z

5
7 + 2z4z

2
6 + 2z4z5z7 � z

6
7 + z

2
1z2z6z7 � z1z5z

3
7

� 2z1z3z4 � z2z3z6z7 + 2z1z5z6z7 + z1z
2
2z

2
7 + z

2
1z

4
7 � z

2
1z2z5 + 3z24 + 2z23z

2
7 � 3z2z6z

3
7 � z

2
1z3z6

+ 3z2z3z5 � 2z3z
4
7 � 2z1z

2
2z6 + 2z6z

4
7 � 3z23z6 + 3z1z

2
5 + 3z1z4z

2
7 + 2z2z

2
6z7 + z

2
1z6z

2
7 + z2z5z

2
7

+ 4z3z6z
2
7 � z

2
6z

2
7 � 2z21z

2
6 � 3z1z2z3z7 � 2z3z

2
6 + 3z2z4z7 + 3z21z5z7 + z

2
2z3 � z5z

3
7 � 4z3z5z7

� z1z
4
7 + 2z21z4 + 3z1z2z6z7 + 3z31z6 � 2z3z4 + 3z1z3z

2
7 � 8z1z3z6 + z

2
1z2z7 � 5z4z

2
7 + 4z4z6

� 3z2z
3
7 � 2z1z

2
6 + z

2
1z3 � z2z3z7 � z1z

2
2 + 2z47 + 4z2z6z7 � 2z21z

2
7 � 2z23 + 4z3z

2
7 � 4z1z4

� 2z21z6 � 2z6z
2
7 � 4z3z6 � 2z1z3 + 3z1z

2
7 + 2z4 � 4z1z6 + z

2
1 + 2z2z7 � 2z3 � z

2
7 � 2z1

�2000100 = z
2
1z5 � z3z5 � z1z2z6 + z

2
2z7 � z4z7 � z1z5 + z3z7 � 2z1z2 + z1z7

�1100100 = z1z2z5 � z
2
2z6 � z1z3z6 � z

2
5 + z4z6 + z1z

2
6 + z2z3z7 � z1z5z7 + z2z6z7 + z

2
1z6 � z2z5

� z3z6 � z6z
2
7 � z

2
2 � z1z

2
7 + z2z7 + z

2
7

�0200100 = z
2
2z5 � z4z5 � z2z3z6 + z

2
3z7 � z2z

2
6 � z1z4z7 + z2z5z7 + z3z6z7 � z

2
1z5 � z

3
1z7

+ z1z3z7 + z
2
1z2 + z4z7 � z2z3 + z1z6z7 + z2z

2
7 + z

2
1z7 � 2z2z6 � z1z2 � z2

�1010100 = z1z3z5 � z4z5 � z
2
1z2z6 + z1z

2
2z7 + z2z

2
6 + z

2
1z6z7 � z2z5z7 � z3z6z7 � z2z4 � z

2
6z7 � z

2
1z5

+ 2z3z5 � z1z2z6 + 2z5z6 + z1z3z7 � z1z
3
7 � 2z21z2 � z

2
2z7 + z1z6z7 + z2z3 + z1z5 + 2z2z6

+ z
2
1z7 + z

3
7 + z1z2 � z6z7 + z5 + z2 � z7

�0110100 = z2z3z5 � z
2
3z6 � z1z

2
5 � z1z

2
2z6 + z1z4z6 + z2z5z6 + z1z2z3z7 + 2z21z

2
6 � 2z3z

2
6

� 2z21z5z7 + 2z3z5z7 + z1z2z6z7 � z
3
6 + z5z6z7 � z3z4 � z

3
1z

2
7 + z1z3z

2
7 + 2z31z6 � 4z1z3z6

� z1z6z
2
7 � 2z1z

2
6 + 2z1z5z7 + z2z6z7 + z

2
1z

2
7 � z1z4 + z3z

2
7 � z

2
1z6 + 2z6z

2
7 � 3z3z6 � 3z26

+ z1z
2
7 � 3z1z6 � z3 � 2z6 � z1

�0020100 = z
2
3z5 � z1z4z5 � z1z2z3z6 + z2z4z6 + z

2
1z

2
2z7 + z1z2z

2
6 � z5z

2
6 � z

2
1z4z7 � z

2
2z3z7 + 2z3z4z7

� z1z2z5z7 + z
2
5z7 � z

2
2z6z7 � z1z2z4 � z

3
1z5 + z

2
2z5 � z

2
1z2z

2
7 + 2z4z6z7 + 3z1z3z5 + z2z3z

2
7

� 2z4z5 � z2z3z6 � z
4
1z7 + z1z5z

2
7 � z1z

2
2z7 � z1z5z6 + 4z21z3z7 + z2z

2
6 � 2z23z7 + z

3
2 � z

3
1z2

+ 2z21z6z7 + z1z2z3 � z2z4 + 2z31z7 � 3z3z6z7 + z3z5 � z
2
6z7 + z1z2z

2
7 + z5z

2
7 � z

2
2z7 � 3z1z3z7

� z5z6 + 2z2z3 + z1z
3
7 � 4z1z6z7 + z1z5 + 2z2z6 � z

2
1z7 � z3z7 � z6z7 + 2z1z2 � z1z7

�1001100 = z1z4z5 � z2z
2
5 � z1z2z3z6 + z3z5z6 + z

2
1z4z7 + z1z2z

2
6 + z

2
2z3z7 � z3z4z7 + z5z

2
6 � z1z2z5z7

� z
2
5z7 + z

3
1z6z7 � z1z3z6z7 � z

2
1z2z

2
7 � z1z2z4 � z4z6z7 + z4z5 � 2z1z

2
6z7 + z2z3z

2
7 � z2z3z6

+ 3z1z5z6 + z
2
3z7 � 2z1z4z7 + z6z

3
7 � 2z21z6z7 � z1z2z3 + z

2
1z5 + 2z3z6z7 + z2z4 + z1z2z

2
7

� z3z5 + z1z2z6 � z5z
2
7 + z5z6 + z

2
1z2 + z4z7 + z1z

3
7 � z1z6z7 � z2z3 � z1z2 � z

3
7 � z1z7 + z7

�0101100 = z2z4z5 � z3z
2
5 � z

2
2z3z6 + z1z2z5z6 + z2z

2
3z7 + z1z3z

2
6 � z4z

2
6 � z1z

3
6 � z1z3z5z7 � z

2
1z3z

2
7

+ z2z3z6z7 � z1z3z4 + z
2
4 + z

2
1z2z5 + z1z5z6z7 � 2z2z3z5 � z2z5z

2
7 � z1z

2
5 + z1z4z6 � z

2
1z

2
6

+ z
2
6z

2
7 + z1z2z3z7 + z3z

2
6 + z1z2z6z7 � z

2
2z3 + z

2
1z4 + z

3
1z

2
7 � z5z6z7 � z3z4 � z4z

2
7 � z

2
2z6

� z1z6z
2
7 � z1z3z6 � z

2
1z2z7 + z4z6 + z1z

2
6 + z2z3z7 � 2z21z

2
7 + z

2
1z6 + z3z

2
7 � z3z6 + 2z1z2z7

� z1z3 � z5z7 � z
2
2 + z4 + z1z6 + z

2
1 � z3

�0011100 = z3z4z5 � z1z2z
2
5 � z2z

2
3z6 + z1z3z5z6 + z

2
2z5z6 + z1z

2
2z3z7 � z

2
2z4z7 + z

2
1z2z

2
6 � z2z3z

2
6

+ z
2
4z7 � z

2
1z2z5z7 � z2z

3
6 � z

2
1z2z4 + z

2
1z3z5 � z1z

2
2z6z7 + z1z4z6z7 + z2z5z6z7 + z1z

2
2z5

� z
3
1z2z

2
7 � z

2
1z

2
6z7 + z1z2z3z

2
7 + z3z

2
6z7 � z

2
3z5 + z

3
6z7 + z

2
1z5z

2
7 � z1z2z3z6 + z2z4z6 � z3z5z

2
7

16



+ z1z2z6z
2
7 + z

2
2z

3
7 + z

3
1z

3
7 + z

2
1z5z6 + z1z

2
3z7 � 2z3z5z6 � z1z3z

3
7 + z

2
1z4z7 � 2z3z4z7 � z5z6z

2
7

� z4z
3
7 � z1z6z

3
7 � z1z2z5z7 � z5z

2
6 + z

2
5z7 + z

2
1z2z

2
7 � z

2
1z2z3 � z

2
2z6z7 + z4z6z7 + 2z1z

2
6z7

+ 2z1z2z4 + 2z22z5 � z1z3z5 � 2z4z5 � z2z3z
2
7 + 2z21z2z6 � 2z2z3z6 � z2z6z

2
7 � 2z21z

3
7 + z3z

3
7

� z
2
1z3z7 � 3z1z5z6 + z

2
3z7 � 2z2z

2
6 + z

3
1z2 � z1z4z7 � 2z21z5 + z3z6z7 + z2z4 � z

3
1z7 + z3z5

+ z
2
6z7 + 2z1z3z7 � z5z6 � z

2
2z7 + z4z7 + z1z

3
7 + z1z6z7 � z2z

2
7 � z

2
1z2 + z1z5 + 2z21z7 � z3z7

� z1z7 + z2

�0002100 = z
2
4z5 � z2z3z

2
5 � z2z3z4z6 + z

2
3z5z6 + z1z

2
2z5z6 + z

2
2z

2
3z7 � z

2
3z4z7 � z1z

2
2z4z7 � z2z4z

2
6

+ 2z1z
2
4z7 � z1z2z3z5z7 � z

2
1z5z

2
6 + 2z3z5z

2
6 � z1z

2
3z6z7 � z

2
1z

2
2z6z7 + z

2
1z

2
5z7 � z1z2z

3
6

� z1z2z3z4 + z2z
2
4 � 2z3z

2
5z7 + z

2
2z3z6z7 + 3z21z4z6z7 + z1z

2
3z5 � z3z4z6z7 � z

2
1z2z3z

2
7 + z

2
1z

2
2z5

+ z2z
2
3z

2
7 + z

2
5z6z7 � z

2
2z3z5 � z

2
1z4z5 + z

3
1z

2
6z7 � z1z3z

2
6z7 + z1z2z4z

2
7 + z

3
1z5z

2
7 � 2z1z3z5z

2
7

+ z4z
2
6z7 � z2z

2
3z6 � z

3
5 + z1z2z4z6 + z

3
3z7 � 3z4z5z

2
7 � 3z31z5z6 + z

2
1z2z6z

2
7 + 6z1z3z5z6

+ z1z
3
6z7 � z4z5z6 + z2z3z6z

2
7 + 2z31z4z7 + z1z

2
2z

3
7 + z

2
1z3z

3
7 � 2z1z5z6z

2
7 + z2z

2
6z

2
7 � 4z1z3z4z7

� 4z1z4z
3
7 � z2z3z

2
6 � 3z21z6z

3
7 � z

2
1z2z5z7 + z

2
4z7 + z1z5z

2
6 + z2z3z5z7 + 2z41z6z7 � z1z

2
5z7

� 6z21z3z6z7 � z1z2z
2
3 � z1z

2
2z6z7 + z

2
1z2z4 � 2z41z5 � z2z3z4 � z

2
6z

3
7 � z2z

3
6 + 2z23z6z7

+ 5z1z4z6z7 + z1z
2
2z5 + 5z21z3z5 + 3z21z

2
6z7 + z

3
1z2z6 � z1z2z

4
7 � z

2
1z5z

2
7 � 3z1z4z5 + z

3
6z7

� z2z4z
2
7 + 2z3z5z

2
7 + 2z5z

4
7 � 2z31z

3
7 + z1z2z6z

2
7 � 2z1z2z3z6 � z

3
1z3z7 � z2z4z6 + 2z3z5z6

+ 2z1z
2
3z7 + z

2
2z3z7 � 2z1z2z

2
6 � 2z21z4z7 � z1z2z5z7 + 2z1z

5
7 + 3z1z3z

3
7 � 2z5z6z

2
7 � z4z

3
7

+ 2z21z2z3 � 4z1z6z
3
7 + z

2
5z7 � 2z2z

2
3 � z

2
1z2z

2
7 � z1z2z4 + 2z4z6z7 + 3z1z

2
6z7 + 2z1z3z5

+ 3z2z3z
2
7 + z4z5 + 2z1z5z

2
7 � 5z2z3z6 + 2z1z5z6 + 2z2z6z

2
7 � z1z

2
2z7 + 3z1z4z7 � 3z2z

2
6

+ 2z21z
3
7 � z3z

3
7 � 2z1z2z3 � z6z

3
7 + 3z21z5 + z3z6z7 + 2z26z7 � 2z3z5 + 2z1z2z

2
7 � 2z1z2z6

� 2z5z
2
7 + 2z31z7 � 2z1z3z7 + z4z7 + z

2
1z2 � 3z1z

3
7 + 3z1z6z7 � 4z2z3 + z2z

2
7 � z1z5 � 3z2z6

� 2z21z7 + z3z7 � z1z2 + z6z7 + z1z7 � z2

�1000200 = z1z
2
5 � z1z4z6 � z2z5z6 � z

2
1z

2
6 + z2z4z7 + z3z

2
6 + z

2
1z5z7 � z3z5z7 + z1z2z6z7 + z

3
6 � 2z5z6z7

� z1z2z5 + z4z
2
7 + z

2
5 � z2z

3
7 � z4z6 � z2z3z7 + z1z5z7 + z2z6z7 + z

2
3 + z

2
1z

2
7 � z3z

2
7 � 2z1z4

� 2z21z6 � z2z5 � z6z
2
7 + 2z3z6 � z

3
1 + 2z26 + 2z1z3 + z5z7 + z1z

2
7 � 2z4 � z1z6 + z2z7 + z3 � 1

�0100200 = z2z
2
5 � z2z4z6 � z3z5z6 + z3z4z7 � z5z

2
6 + z1z3z6z7 + z

2
5z7 � z

2
1z2z

2
7 + z2z3z

2
7 + z1z5z

2
7

� z1z3z5 + z
2
1z2z6 � z2z3z6 � z

2
3z7 � 2z1z5z6 + z1z4z7 + z2z5z7 � z3z6z7 + z1z2z3 � 2z2z4

+ z1z2z
2
7 + z5z

2
7 � z3z5 + z1z

3
7 � 2z5z6 + z

3
1z7 � 2z1z3z7 � z4z7 � 3z1z6z7 + z2z

2
7 � z1z5

� 2z21z7 � z2z6 + z1z2 � z5 � z1z7 � z2

�0010200 = z3z
2
5 � z3z4z6 � z1z2z5z6 + z

2
2z

2
6 + z1z2z4z7 � z4z

2
6 � z

2
2z5z7 + 2z4z5z7 + z

2
1z2z6z7

� z2z3z6z7 � z
2
1z3z

2
7 � z1z

2
2z

2
7 � z

2
4 � z

2
1z2z5 + z

2
3z

2
7 + z2z3z5 + 2z1z4z

2
7 � z2z

2
6z7 + z1z

2
2z6

+ z
2
1z3z6 � z

2
3z6 + z2z5z

2
7 + z1z

2
5 � 4z1z4z6 + z3z6z

2
7 + z2z5z6 � 2z21z

2
6 � z2z4z7 + 3z21z5z7 + z

3
6

+ z
2
2z3 + z1z

2
3 � 2z3z5z7 + 2z31z

2
7 � 2z21z4 � z1z2z6z7 � z3z4 + 2z22z6 � z1z3z

2
7 � 3z31z6 � z5z6z7

+ 2z1z3z6 + z2z
3
7 � z

4
1 � 2z4z6 + z1z

2
6 � z2z3z7 + z1z

2
2 � 2z1z5z7 � 2z21z

2
7 + z

2
1z3 + z

2
3

� 3z2z6z7 + z3z
2
7 � z1z4 + z2z5 + 2z3z6 + 2z26 � z5z7 + z

2
2 + 2z1z3 + 3z1z6 � 2z2z7 + z

2
1 + z6

�0001200 = z4z
2
5 � z

2
4z6 � z2z3z5z6 + z

2
3z

2
6 + z2z3z4z7 � z

2
3z5z7 + z1z

2
2z

2
6 � 2z1z4z

2
6 � z1z

2
2z5z7

+ 3z1z4z5z7 � z2z4z6z7 � z
2
1z

2
2z

2
7 � z1z

2
4 � z

2
1z

3
6 + z3z

3
6 � z1z

2
3z

2
7 + 2z21z5z6z7 � z3z5z6z7

+ z1z
2
3z6 + z

2
1z4z

2
7 � 2z1z2z

2
6z7 + z2z4z5 + z

2
2z3z

2
7 + z3z4z

2
7 � z3z

2
5 + z

2
1z

2
2z6 + z5z

2
6z7

+ z1z2z5z
2
7 � z

2
5z

2
7 � z

2
2z3z6 + z

3
1z6z

2
7 � z1z3z6z

2
7 � 3z21z4z6 + z

2
1z2z

3
7 + z

2
1z2z3z7 + 2z1z2z5z6

17



� z2z
2
3z7 + z4z6z

2
7 � z

2
5z6 � 3z31z

2
6 + z

3
3 + 4z1z3z

2
6 + 2z31z5z7 + z1z

2
6z

2
7 � 4z1z3z5z7 � z4z

2
6

+ z4z5z7 � z
2
1z2z6z7 � 2z1z5z

3
7 � z

3
1z4 � z

2
1z

4
7 + z1z

3
6 + z

4
1z

2
7 � z1z5z6z7 � z

2
1z3z

2
7 + z2z6z

3
7

+ z
2
1z2z5 � z2z

2
6z7 � z

2
3z

2
7 � z

2
4 � 2z41z6 + z1z4z

2
7 � z2z3z5 + 2z21z6z

2
7 � z1z

2
5 + z1z

2
2z6

+ 2z21z3z6 + 2z23z6 � 2z3z6z
2
7 � z1z4z6 � 2z1z2z3z7 � z

2
6z

2
7 + z

2
1z

2
6 + 3z3z

2
6

+ z
2
1z

2
2 + z

3
6 � 2z31z3 � 3z21z5z7 + 4z1z

2
3 � 2z1z2z6z7 � z

2
2z3 + z

2
2z

2
7 � z

3
1z

2
7 � z1z3z

2
7

+ z
2
1z4 � z3z4 + z4z

2
7 + 6z1z3z6 � z1z6z

2
7 � z

2
2z6 � z4z6 + z

2
1z3 � z2z3z7 + 4z1z

2
6

+ 2z23 � z2z6z7 + z
2
1z

2
7 + 2z21z6 � z3z

2
7 � z

3
1 � z2z5 � z6z

2
7 + 3z3z6 � 2z1z2z7 + 2z26

+ 4z1z3 � z1z
2
7 � z

2
2 � z4 + 3z1z6 + z

2
1 + z3 + z6 + z1

�0000300 = z
3
5 � 2z4z5z6 + z

2
4z7 + z2z3z

2
6 � 2z1z5z

2
6 � z2z3z5z7 + z2z

3
6 + 2z1z

2
5z7 + z1z4z6z7 � 2z2z5z6z7

� z1z2z3z
2
7 + z2z4z

2
7 � z1z4z5 + z1z2z3z6 + z

2
1z5z

2
7 + z3z5z

2
7 + z2z

2
5 � z2z4z6 � z1z2z6z

2
7

+ z5z6z
2
7 � 2z21z5z6 + z

2
1z4z7 + z1z2z

2
6 � 2z3z4z7 + z1z2z5z7 + z1z3z

3
7 + z

3
1z6z7 + z2z

2
3

� z1z2z4 � z4z
3
7 � 4z1z3z6z7 � z

3
1z5 + z

2
1z2z

2
7 + z4z6z7 � z1z

2
6z7 + 2z1z3z5 � 3z4z5 � z2z3z

2
7

� z
2
1z2z6 + 3z2z3z6 + z1z5z

2
7 � z1z5z6 � z2z6z

2
7 + 3z2z

2
6 � 3z1z4z7 � z

3
1z2 + 3z1z2z3 + z3z

3
7

� 2z21z6z7 + z6z
3
7 � 2z3z6z7 � 2z26z7 � 2z2z4 � z1z2z

2
7 � z

2
1z5 � z

3
1z7 + 2z3z5 + 2z1z2z6 + z5z6

+ 2z4z7 + z1z
3
7 + 2z2z3 � z1z6z7 + 2z1z5 + 2z2z6 + 2z21z7 � 2z3z7 + 2z1z2 � 2z6z7 � 2z1z7

�2000010 = z
2
1z6 � z3z6 � z1z2z7 + z

2
2 � z

2
6 + z5z7 � z4 � z1z6 + z2z7 + z

2
7 � 2z6 � 1

�1100010 = z1z2z6 � z
2
2z7 � z1z3z7 � z5z6 + z4z7 + z2z3 + z

2
1z7 + z2z6 � z3z7 + z1z2 � z6z7 � 2z1z7 + z2

�0200010 = z
2
2z6 � z4z6 � z2z3z7 + z

2
3 � z1z

2
6 + z1z5z7 � z2z6z7 + z

2
1z

2
7 � z1z4 + z2z5 � 2z21z6 + 2z3z6

� z1z2z7 � z
3
1 + z

2
6 + z

2
2 + 2z1z3 + z1z6 + z3 + z6 + z1

�1010010 = z1z3z6 � z4z6 � z1z
2
6 � z

2
1z2z7 + z1z5z7 + z

2
1z

2
7 + z1z

2
2 + z2z6z7 � z

2
1z6 � z2z5 � z3z

2
7 + z3z6

+ z1z2z7 � z
2
2 � z1z

2
7

�0110010 = z2z3z6 � z1z5z6 � z
2
3z7 � z1z

2
2z7 + z1z4z7 + z1z2z3 + z2z5z7 + z

2
1z6z7 � z3z6z7 + z1z2z

2
7

� z
2
1z5 + z3z5 + z

3
1z7 � z1z

3
7 � 3z1z3z7 + z4z7 + z2z3 � z1z6z7 + z2z

2
7 � z

2
1z7 � z3z7

�0020010 = z
2
3z6 � z1z4z6 � z

2
1z

2
6 � z1z2z3z7 + z2z4z7 + z3z

2
6 + z

2
1z5z7 + z

2
1z

2
2 � z3z5z7 + z1z2z6z7 � z

2
1z4

� z
2
2z3 + z

3
1z

2
7 + 2z3z4 � z1z2z5 � 2z1z3z

2
7 + z4z

2
7 � 2z31z6 � z

2
2z6 + 4z1z3z6 � z2z

3
7 � z

4
1 + z1z

2
6

+ 3z21z3 � z1z5z7 � z1z
2
2 + 2z2z6z7 � z

2
1z

2
7 � z

2
3 + 2z21z6 � z2z5 + z

3
1 � z

2
2 � z4 + z2z7

�1001010 = z1z4z6 � z2z5z6 � z1z2z3z7 + z3z5z7 + z
2
1z4 + z1z2z6z7 + z

2
2z3 + z

3
1z

2
7 + z

3
6 � z3z4 � z5z6z7

� z1z3z
2
7 � z1z2z5 � 2z1z6z

2
7 � z4z6 � z

2
1z2z7 + z1z

2
6 + z2z3z7 + z1z5z7 � 2z21z

2
7 � z2z6z7

+ z3z
2
7 � z1z4 + z3z6 + z6z

2
7 + z

2
6 + z1z2z7 + z1z

2
7 + 2z1z6 + z

2
1 � z3 � z6 � z1

�0101010 = z2z4z6 � z3z5z6 � z
2
2z3z7 + z1z2z5z7 + z2z

2
3 + z1z3z6z7 � z4z6z7 + z

2
1z2z

2
7 � z2z3z

2
7 � z1z3z5

� z
2
1z

3
7 � z

2
1z2z6 + 2z2z3z6 � z2z6z

2
7 � z

2
1z3z7 � z1z5z6 + z2z

2
6 + z6z

3
7 � z2z5z7 + z3z6z7

+ z1z2z
2
7 + z1z2z3 � z

2
6z7 � z

2
1z5 + z2z4 � z5z

2
7 + z3z5 + 2z5z6 + z

3
1z7 + z1z

3
7 � z1z3z7 � 2z21z2

� z
2
2z7 + z4z7 + 2z2z3 + 2z1z5 � 2z2z

2
7 + 3z2z6 + z1z2 � z

3
7 + z5 � z1z7 + 2z2 + z7

�0011010 = z3z4z6 � z1z2z5z6 � z2z
2
3z7 + z

2
2z5z7 + z1z3z5z7 + z4z

2
6 � z4z5z7 + z

2
1z2z6z7 + z1z

2
2z3 + z1z

3
6

� z
2
2z4 + z

2
1z3z

2
7 � z2z3z6z7 � z1z5z6z7 + z

2
4 � z

2
1z2z5 � z

2
3z

2
7 � z1z4z

2
7 � z1z

2
2z6 � 2z21z6z

2
7

� z
2
1z3z6 + z

2
3z6 � z2z

2
6z7 + z2z5z

2
7 + 2z1z4z6 � z

3
1z2z7 + 2z21z

2
6 + z1z2z3z7 + z

2
1z5z7 � z3z5z7

+ z
2
2z

2
7 + z1z

4
7 + z3z4 � z1z2z5 + z

3
1z6 + z

2
1z2z7 + z4z6 � 2z2z3z7 � 2z2z6z7 � 2z3z

2
7 � z

4
7

+ 2z3z6 + z6z
2
7 � z5z7 � z1z

2
7 + z4 + z3 + z

2
7

�0002010 = z
2
4z6 � z2z3z5z6 � z2z3z4z7 + z

2
3z5z7 + z

2
2z

2
3 + z1z4z

2
6 + z1z

2
2z5z7 � z1z4z5z7 � z

2
3z4

18



� z2z4z6z7 � z1z
2
2z4 + 2z1z

2
4 + z3z

3
6 � z1z2z3z5 � z3z5z6z7 � z1z

2
3z6 � z1z2z

2
6z7 � z

2
1z

2
2z6

+ 3z21z4z6 + z
2
2z3z6 + z

2
5z

2
7 � z

2
1z2z3z7 � z3z4z6 + z2z

2
3z7 � z

2
5z6 + z1z2z4z7 � z1z3z6z

2
7 + z

3
1z

2
6

� z4z6z
2
7 + z2z3z

3
7 + 2z4z

2
6 � z

3
1z5z7 + 3z1z3z5z7 � 4z4z5z7 + z2z6z

3
7 + z

2
1z2z6z7 + 2z31z4

� z2z3z6z7 + z1z
2
2z

2
7 + z1z

3
6 � 4z1z3z4 � z

2
1z2z5 + z

2
1z3z

2
7 � 2z1z5z6z7 + 2z41z6 � z2z

2
6z7 + 2z24

� 2z1z4z
2
7 + 2z2z3z5 � z2z5z

2
7 � z

2
1z6z

2
7 � z1z

2
2z6 � z1z

2
5 � 5z21z3z6 � z3z6z

2
7 + z

2
3z6 + 4z1z4z6

� z1z2z3z7 + z
2
1z

2
6 � z

2
6z

2
7 + 2z2z5z6 + z3z

2
6 � z1z2z

3
7 � z2z4z7 + 2z5z

3
7 � z

2
1z5z7 + z

3
6 � 2z31z

2
7

+ 3z3z5z7 + z
2
2z3 � 2z21z4 + 3z1z3z

2
7 + z1z2z5 � 2z5z6z7 � 3z4z

2
7 � 2z1z3z6 + 5z4z6 � z1z6z

2
7

+ 2z1z
2
6 + z2z3z7 + z2z

3
7 + z

4
7 + z1z5z7 � z

2
3 � z1z

2
2 + 2z1z4 � 2z2z6z7 + 2z2z5 + 2z21z

2
7 � z

2
1z6

+ 2z31 + z1z2z7 � 3z6z
2
7 + 3z26 � z5z7 � 4z1z3 + 3z4 + z1z6 � z2z7 � 2z21 � 2z27 + 3z6 + 1

�1000110 = z1z5z6 � z2z
2
6 � z1z4z7 � z

2
1z6z7 + z3z6z7 + z1z2z

2
7 + z2z4 + z

2
6z7 + z

2
1z5 � z5z

2
7 � z3z5

� z5z6 + z4z7 + z1z6z7 � z2z3 � z2z
2
7 � z2z6 � z1z2 � z

3
7 + 2z6z7 + z1z7 + z7

�0100110 = z2z5z6 � z3z
2
6 � z2z4z7 � z

3
6 + z3z4 + z1z3z

2
7 + z5z6z7 � z4z

2
7 + z1z6z

2
7 + z4z6 � z1z

2
6

� z
2
1z2z7 + z2z3z7 � z1z5z7 � 2z21z

2
7 � z

2
3 + 2z1z4 + 2z21z6 + z2z5 + z3z

2
7 � 2z3z6 + 2z1z2z7

+ z6z
2
7 � 2z26 + 2z31 � 4z1z3 + 2z1z

2
7 + z4 � 3z1z6 � z

2
1 � z3 � z6 � 2z1

�0010110 = z3z5z6 � z1z2z
2
6 � z3z4z7 + z

2
2z6z7 + z1z2z4 + z

2
1z2z

2
7 + z1z

2
6z7 � z2z3z

2
7 � z

2
2z5 + z4z5

� z1z5z
2
7 � z

2
1z

3
7 � z

2
1z3z7 + z

2
3z7 � z1z

2
2z7 + z1z4z7 + z

2
1z6z7 � z6z

3
7 � z2z

2
6 + z2z5z7 + z3z6z7

� z1z2z
2
7 + 2z26z7 + z

2
1z5 + z5z

2
7 + z1z

3
7 � z3z5 � z1z2z6 + z

2
2z7 + z

3
1z7 + z1z3z7 � 2z5z6 � z4z7

� z2z3 � z1z5 � z
2
1z7 � 2z2z6 + z3z7 + z6z7 � z5 � z2

�0001110 = z4z5z6 � z
2
4z7 � z2z3z

2
6 + z

2
3z6z7 + z2z3z4 � z

2
3z5 + z1z

2
2z6z7 � z1z4z6z7 � z1z

2
2z5 + 2z1z4z5

� z2z4z
2
7 + z3z

2
6z7 � z1z

2
3z7 � z

2
1z

2
2z7 + z

2
1z5z6 � 2z3z5z6 � 2z1z2z6z

2
7 + z5z6z

2
7 � z5z

2
6 + z

2
2z3z7

+ 2z3z4z7 + z
2
1z2z3 + 2z1z2z5z7 � z1z3z

3
7 � z

2
5z7 � z2z

2
3 + z4z

3
7 � z

3
1z6z7 + 4z1z3z6z7 + z

2
1z2z

2
7

� 2z4z6z7 + 2z31z5 + z2z
4
7 � 5z1z3z5 + z1z

2
6z7 + 3z4z5 + z2z3z

2
7 � z2z3z6 � z1z5z

2
7 � z2z6z

2
7

+ z
4
1z7 + z

2
1z

3
7 � 2z1z5z6 � z

2
1z3z7 � z

2
3z7 + 2z1z4z7 � z3z

3
7 + z2z5z7 � 2z1z2z3 + z3z6z7 + z2z4

� z1z2z
2
7 � z

2
1z5 � 2z31z7 � 3z3z5 + z1z2z6 � z5z

2
7 + z

2
2z7 � z5z6 � z4z7 � 3z1z

3
7 + 4z1z6z7

+ z
2
1z2 � z2z3 � 3z1z5 � z2z

2
7 + z3z7 + z6z7 � z1z2 + 3z1z7

�0000210 = z
2
5z6 � z4z

2
6 � z4z5z7 + z2z3z6z7 � z1z

3
6 + z

2
4 + z2z

2
6z7 � z2z3z5 + z1z

2
5 + z1z4z6

� z2z5z
2
7 � z2z5z6 � z1z2z3z7 + z2z4z7 + z3z6z

2
7 � z1z2z

3
7 + z

2
6z

2
7 � z3z

2
6 + z3z5z7 � z

3
6 + z

2
1z4

+ z1z2z6z7 + z5z6z7 � z3z4 + z
3
1z6 � 2z1z3z6 � z4z6 + z

2
1z2z7 � 2z1z

2
6 + 2z1z5z7 + z

2
1z

2
7 + z

2
1z3

� z
2
3 � 3z1z4 + z2z6z7 + z6z

2
7 � 2z21z6 � 3z3z6 � 3z26 � z

3
1 � 2z1z6 + z

2
1 � z3 � 2z6 � z1

�1000020 = z1z
2
6 � z1z5z7 � z2z6z7 � z

2
1z

2
7 + z3z

2
7 + z2z5 + z

2
1z6 � z3z6 + z1z2z7 + z1z

2
7 � z2z7

�0100020 = z2z
2
6 � z2z5z7 � z3z6z7 � z

2
6z7 + z3z5 + z1z3z7 + 2z5z6 + z1z

3
7 � z4z7 � 2z1z6z7

� z
2
1z2 + z2z3 � z2z

2
7 + 2z1z5 � z

2
1z7 + 2z2z6 + z3z7 + z1z2 + z5 + z1z7 + z2

�0010020 = z3z
2
6 � z3z5z7 � z1z2z6z7 + z

2
2z

2
7 + z1z2z5 � z4z

2
7 � z

2
2z6 + 2z4z6 + z

2
1z2z7 � z

2
1z3 + z1z

2
6

� z2z3z7 � z1z
2
2 � z1z5z7 � z

2
1z

2
7 + z

2
3 + 2z1z4 + 2z21z6 � z1z2z7 � z

2
2 + z

3
1 + z4

�0001020 = z4z
2
6 � z4z5z7 � z2z3z6z7 + z

2
3z

2
7 + z2z3z5 + z1z

2
2z

2
7 � z

2
3z6 � 2z1z4z

2
7 � z1z

2
2z6 + 3z1z4z6

� z2z4z7 � z1z2z
3
7 + z

2
1z

2
6 + z5z

3
7 � z1z

2
3 � z

2
1z5z7 + z3z5z7 � z

2
1z

2
2 + 2z21z4 + z

2
2z3 � 2z5z6z7

� 2z31z
2
7 + 3z1z3z

2
7 + 3z31z6 + z

2
5 � z4z

2
7 � 4z1z3z6 + 3z4z6 + z

2
1z2z7 + z2z

3
7 + 2z21z

2
7 + 2z41

� z1z
2
2 � 4z21z3 + 3z1z4 � z2z6z7 + z3z

2
7 + z

4
7 + z2z5 � 3z6z

2
7 � z

2
1z6 � 2z3z6 + z

2
6 � z

3
1

� 2z1z3 + z
2
2 � z1z

2
7 � z1z6 � 2z21 � z2z7 � z

2
7 + 2z6 + 2z1
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�0000120 = z5z
2
6 � z

2
5z7 � z4z6z7 + z2z3z

2
7 + z4z5 � z1z

2
6z7 � z2z3z6 � z1z5z

2
7 + z2z6z

2
7 + 3z1z5z6

� z2z
2
6 � z2z5z7 � z1z2z3 + z6z

3
7 + z3z6z7 � z

2
6z7 + z2z4 + z

2
1z5 � z1z2z

2
7 � z5z

2
7 + 2z5z6

� z1z
3
7 + z4z7 + z

2
1z2 � 2z2z3 + 2z1z6z7 + z2z

2
7 + z1z5 � 2z2z6 + 2z21z7 � z3z7 � z1z2 � z6z7

� z1z7 � z2

�0000030 = z
3
6 � 2z5z6z7 + z4z

2
7 + z

2
5 � z1z6z

2
7 � z4z6 + z2z

3
7 + z1z

2
6 + z1z5z7 � 2z2z6z7 + z

2
1z

2
7

� z3z
2
7 � z1z4 + z2z5 � z

2
1z6 + 2z3z6 � z6z

2
7 � z1z2z7 + 2z26 � z1z

2
7 � z

3
1 + 2z1z3 � z4 + 3z1z6

� z2z7 + z
2
1 + z3 + z6 + z1

�2000001 = z
2
1z7 � z3z7 � z1z2 � z6z7 + z5 � z1z7 + z2

�1100001 = z1z2z7 � z
2
2 � z1z3 � z5z7 + z4 � z1z

2
7 + z1z6 + z

2
1 � z3

�0200001 = z
2
2z7 � z4z7 � z2z3 � z1z6z7 + z1z5 � z2z6 + z3z7 � z1z2 + z6z7 + z1z7 � z2

�1010001 = z1z3z7 � z4z7 � z
2
1z2 � z1z6z7 + z

3
7 + z1z5 + z2z6 � z6z7 + z1z2 + z5 + z2 � z7

�0110001 = z2z3z7 � z1z5z7 � z
2
3 � z

2
1z

2
7 � z1z

2
2 + z3z

2
7 + z1z4 + z2z5 + 2z21z6 + z6z

2
7 � 2z3z6 + z1z2z7

� z
2
6 + 2z31 � 4z1z3 + z4 � 2z1z6 � z

2
1 + z2z7 � 2z3 � 2z6 � 2z1

�0020001 = z
2
3z7 � z1z4z7 � z1z2z3 � z

2
1z6z7 + z3z6z7 + z2z4 + z

2
1z5 � z3z5 + z5z

2
7 + z1z2z6 � z5z6

+ z1z
3
7 + z

2
1z2 � z2z3 � z1z6z7 � z1z5 � z2z

2
7 � z

2
1z7 + z2z6 + z3z7 � z5

�1001001 = z1z4z7 � z2z5z7 � z1z2z3 + z
2
6z7 + z3z5 � z5z

2
7 + z1z2z6 + z

3
1z7 � z1z3z7 � z1z6z7 � z2z

2
7

+ z1z5 � 2z21z7 + z3z7 + z1z2 � z
3
7 + 2z6z7 + z1z7 + z7

�0101001 = z2z4z7 � z3z5z7 � z
2
2z3 + z1z2z5 + z1z3z6 + z1z6z

2
7 � z2z

3
7 � z4z6 + z

2
1z2z7 � z1z

2
6 � z2z3z7

� z1z5z7 � z
2
1z

2
7 + z2z6z7 � z

2
1z6 � z2z5 + z3z6 + z1z2z7 � z

2
2 + z1z

2
7

�0011001 = z3z4z7 � z1z2z5z7 � z2z
2
3 + z1z3z5 + z4z6z7 + z1z

2
6z7 + z

2
2z5 � z4z5 + z

2
1z2z6 � z2z3z6

+ z
2
1z3z7 � z

2
3z7 � z1z5z6 � z1z4z7 � z

2
1z6z7 � z2z

2
6 � z6z

3
7 + z2z5z7 � z3z6z7 + z

2
6z7 � z1z2z

2
7

+ z5z
2
7 � z5z6 � z

3
1z7 + z1z3z7 + z1z

3
7 + z

2
2z7 + z

2
1z2 + z1z6z7 � z2z3 � z1z5

+ z
2
1z7 � 2z2z6 + z6z7 � z1z2 � z5 � z1z7

�0002001 = z
2
4z7 � z2z3z5z7 � z2z3z4 + z1z4z6z7 + z

2
3z5 + z1z

2
2z5 � z1z4z5 + z3z

2
6z7 � z2z4z6 + z

2
1z5z

2
7

� 2z3z5z
2
7 � z

2
1z5z6 + z3z5z6 � z1z2z

2
6 � 2z4z

3
7 � z1z6z

3
7 � z1z3z6z7 + 3z4z6z7 � 2z31z5

+ 5z1z3z5 � 3z4z5 + 2z1z
2
6z7 + z2z3z

2
7 � z1z5z

2
7 � z2z3z6 + z2z6z

2
7 � z2z

2
6 + 2z1z4z7 + 2z21z6z7

+ z
5
7 � z3z6z7 � 3z6z

3
7 + 2z26z7 + z5z

2
7 � 2z2z4 + 3z3z5 � 2z1z2z6 � 2z1z

3
7 � z5z6 + 2z4z7

+ 3z1z6z7 + 2z2z
2
7 � z2z3 + z1z5 � 2z37 � 3z2z6 + 3z6z7 � z5 + 2z1z7 � 2z2 + z7

�1000101 = z1z5z7 � z2z6z7 � z1z4 � z
2
1z6 + z3z6 + z

2
6 + z1z2z7 � z5z7 + z1z

2
7 � z2z7 � z

2
7

� z
2
1 + z3 + 2z6 + 1

�0100101 = z2z5z7 � z3z6z7 � z
2
6z7 � z2z4 + z5z

2
7 + z1z3z7 + z1z

3
7 � z4z7 � z1z6z7 � z1z5

� 2z21z7 + z3z7 + z1z2 � z5 + z7

�0010101 = z3z5z7 � z1z2z6z7 � z3z4 + z4z
2
7 + z1z6z

2
7 + z

2
2z6 � z4z6 + z2z

3
7 + z

2
1z2z7 � z

4
7 � z2z3z7

� z1z5z7 � 2z2z6z7 � z1z4 � z
2
1z6 + z2z5 � z3z

2
7 + z3z6 � 2z1z2z7 � z

3
1 + z

2
2 + z6z

2
7 + z

2
6

� z5z7 + 2z1z3 + 2z1z6 + z
2
1 � 2z2z7 + z

2
7 + z3 + z6 + z1

�0001101 = z4z5z7 � z2z3z6z7 � z
2
4 + z1z4z

2
7 + z

2
3z6 + z1z

2
2z6 � 2z1z4z6 + z

2
1z6z

2
7 � z2z4z7 � z

2
1z

2
6 + z3z

2
6

� z3z5z7 � 2z1z2z6z7 � z
2
1z4 + z3z4 + z1z2z5 � z1z

4
7 � z1z3z

2
7 � 2z31z6 + 4z1z3z6 � z4z6

+ z1z6z
2
7 + z2z

3
7 + z2z3z7 + z1z

2
6 � z1z5z7 + z

4
7 � z2z6z7 + 2z21z

2
7 + 2z1z4 � z3z

2
7 � 2z6z

2
7

+ z
2
1z6 + 2z3z6 � z1z2z7 + z

2
6 � 2z1z

2
7 + 3z1z6 � z

2
1 + z3 � 2z27 + 2z6 + 2z1 + 1

20



�0000201 = z
2
5z7 � z4z6z7 � z4z5 � z1z

2
6z7 + z2z3z6 + z1z5z

2
7 � z1z5z6 + z2z

2
6 � z2z5z7 + z3z

3
7 + z6z

3
7

� z3z6z7 � z
2
6z7 � z

2
1z5 � z1z2z

2
7 + z3z5 + z1z2z6 + z5z6 � z1z3z7 + z2z3 � z1z6z7 + z1z5

+ 2z2z6 + z
2
1z7 � 2z3z7 + z

3
7 + z1z2 � 3z6z7 + z5 � z1z7 + z2 � 2z7

�1000011 = z1z6z7 � z2z
2
7 � z

3
7 � z1z5 � z

2
1z7 + z3z7 + z1z2 + 2z6z7 � z5 + 2z1z7 + z7

�0100011 = z2z6z7 � z3z
2
7 � z2z5 � z6z

2
7 + z1z3 + z5z7 � z4 + z1z

2
7 � z1z6 � z

2
1 + z3

�0010011 = z3z6z7 � z1z2z
2
7 � z3z5 + z

2
2z7 + z1z6z7 + z

2
1z2 � z2z3 + z2z

2
7 � z1z5 � z2z6 � z3z7 � z1z2

� z1z7 � z2

�0001011 = z4z6z7 � z2z3z
2
7 � z4z5 + z

2
3z7 + z

2
1z

3
7 + z1z

2
2z7 � z1z4z7 � z3z

3
7 � z

2
1z6z7 + 2z3z6z7 � z2z4

� z1z2z
2
7 � z1z2z6 � 2z31z7 � 2z1z

3
7 + 3z1z3z7 + 3z1z6z7 + z2z

2
7 � z2z6 + 3z21z7 + z3z7 � z1z2

+ 2z1z7 � z2

�0000111 = z5z6z7 � z4z
2
7 � z

2
5 � z1z6z

2
7 + z2z3z7 + z2z6z7 + z

4
7 + z3z

2
7 � z2z5 � z6z

2
7 � z1z2z7 + z5z7

� z1z
2
7 � z1z3 + z4 + z1z6 + z2z7 � z

2
7 + z

2
1 � z3

�0000021 = z
2
6z7 � z5z

2
7 � z5z6 + z4z7 � z1z

3
7 + z1z6z7 + z2z

2
7 � z2z6 + z

2
1z7 � z1z2 � z2

�1000002 = z1z
2
7 � z1z6 � z2z7 � z

2
1 � z

2
7 + z3 + z6 + z1 + 1

�0100002 = z2z
2
7 � z2z6 � z3z7 � z6z7 � z2

�0010002 = z3z
2
7 � z3z6 � z1z2z7 + z

2
2 � z4 + z

2
7 � 1

�0001002 = z4z
2
7 � z4z6 � z2z3z7 + z

2
3 + z

2
1z

2
7 � z3z

2
7 + z1z

2
2 � 2z1z4 � z

2
1z6 + z3z6 � z1z2z7 � z1z

2
7

� 2z31 + 4z1z3 � 2z4 + z1z6 + z
2
1 + 2z3 + 2z1

�0000102 = z5z
2
7 � z5z6 � z4z7 + z2z3 � z1z6z7 � z1z5 + z

3
7 + z2z6 � z6z7 � z1z7 + z2 � z7

�0000012 = z6z
2
7 � z

2
6 � z5z7 + z4 � z1z

2
7 + z2z7 + z

2
1 � z3 � z6 � z1

�0000003 = z
3
7 � 2z6z7 + z5 � z1z7 + z2 � z7

A ppendix B :List ofthe cubic C lebsch-G ordan series.
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0000002

+ 3�
0000010

+ 5�
1000000

+ �
0000000

z
2

1z2 = �
2100000

+ �
0110000

+ 2�
1000100

+ 2�
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+ 2�
0100010

+ 3�
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+ 5�
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+ 4�
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+ 3�
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+ 7�
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+ �
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z
3

2 = �
0300000
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0101000

+ �
0010100

+ 3�
1100010

+ 2�
0000110

+ 2�
1010001

+ 3�
0200001

+ 4�
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+ 4�
2100000

+ 4�
1000011

+ 5�
0100002

+ �
0000003

+ 6�
0110000

+ 8�
1000100

+ 6�
2000001

+ 9�
0100010

+ 12�
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+ 12�
1100000

+ 8�
0000011

+ 11�
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+ 12�
1000001

+ 10�
0100000

+ 4�
0000001

z
2

1z3 = �
2010000

+ �
0020000

+ 2�
1001000

+ 2�
2000010

+ �
0100100

+ 3�
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+ �
0000020

+ 4�
1100001

+ 2�
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+ 8�
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+ 6�
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2000000
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0010000
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+ 4�
1000000

+ �
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z1z2z3 = �
1110000

+ �
0101000

+ �
2000100

+ 2�
0010100

+ 3�
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+ 2�
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+ 2�
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+ �
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2100000

+ 7�
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0100002

+ 9�
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+ 12�
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+ 13�
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+ �
0000003

+ 7�
0000011

+ 10�
0000100

+ 12�
1000001

+ 7�
0100000

+ 4�
0000001

z
2

2z3 = �
0210000

+ �
0011000

+ 2�
1100100

+ �
0000200

+ 2�
1010010

+ 2�
0200010

+ 3�
0001010

+ 2�
1000020
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+ 3�
2100001

+ 5�
0110001

+ 3�
2010000

+ 6�
1000101

+ 6�
1200000

+ 3�
2000002

+ 3�
0020000

+ 10�
1001000

+ 6�
0100011

+ 9�
2000010

+ 6�
0010002

+ 10�
0100100

+ 14�
0010010

+ 3�
0000012

+ 22�
1100001

+ 4�
3000000

+ 8�
0200000

+ 5�
0000020

+ 16�
0000101

+ 12�
1000002

+ 16�
1010000

+ 18�
0001000

+ 23�
1000010

+ 9�
2000000

+ 21�
0100001

+ 17�
0010000

+ 6�
0000002

+ 12�
0000010

+ 7�
1000000

+ �
0000000

z1z
2

3 = �
1020000

+ �
2001000

+ 2�
0011000

+ 2�
1100100

+ �
0000200

+ �
0200010

+ �
3000010

+ 4�
1010010

+ 4�
2100001

+ 3�
0001010

+ �
4000000

+ 6�
0110001

+ 5�
1200000

+ 6�
2010000

+ 3�
1000020

+ 7�
1000101

+ 5�
0020000

+ 4�
2000002

+ 6�
0100011

+ 12�
1001000

+ 5�
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+ 12�
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+ 10�
0100100

+ 3�
0000012

+ 17�
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+ 22�
1100001

+ 6�
3000000

+ 6�
0000020

+ 20�
1010000

+ 15�
0000101

+ 8�
0200000

+ 11�
1000002

+ 18�
0001000

+ 25�
1000010

+ 19�
0100001

+ 11�
2000000

+ 6�
0000002

+ 16�
0010000

+ 11�
0000010

+ 8�
1000000

+ �
0000000

z2z
2

3 = �
0120000

+ �
1101000

+ 2�
1010100

+ �
0200100

+ 2�
0001100

+ 2�
2100010

+ 4�
0110010

+ 4�
1200001

+ 3�
2010001

+ 4�
1000110

+ 3�
0020001

+ 8�
1001001

+ 6�
2000011

+ 3�
0100020

+ 3�
3100000

+ 7�
0100101

+ 10�
0010011

+ 2�
0300000

+ 12�
1110000

+ 12�
2000100

+ 11�
0101000

+ 10�
1100002

+ 16�
0010100

+ 28�
1100010

+ 3�
0000021

+ 8�
3000001

+ 7�
0000102

+ 4�
1000003

+ 16�
0000110

+ 30�
1010001

+ 14�
0200001

+ 24�
2100000

+ 30�
0001001

+ 32�
0110000

+ 32�
1000011

+ 20�
0100002

+ 42�
1000100

+ 4�
0000003

+ 29�
2000001

+ 38�
0100010

+ 46�
0010001

+ 39�
1100000

+ 25�
0000011

+ 30�
0000100

+ 30�
1000001

+ 17�
0100000

+ 7�
0000001

z
3

3 = �
0030000

+ 2�
1011000

+ �
0002000

+ �
2100100

+ 3�
0110100

+ 2�
1200010

+ 3�
2010010

+ 3�
0020010

+ 2�
1000200

+ 6�
1001010

+ 3�
2000020

+ �
0300001

+ 4�
0100110

+ 6�
0010020

+ 2�
3100001

+ 4�
3010000

+ 10�
1110001

+ 9�
2000101

+ 8�
0101001

+ �
0000030

+ 6�
2200000

+ 12�
0010101

+ 9�
0210000

+ 18�
1100011

+ 8�
1020000

+ 6�
0200002

+ 4�
3000002

+ 15�
2001000

+ 18�
0011000

+ 14�
1010002

+ 30�
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+ 10�
0000111

+ 11�
0000200

+ 14�
0001002

+ 12�
3000010

+ 42�
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+ 42�
2100001

+ 13�
1000012

+ 5�
4000000

+ 18�
0200010

+ 36�
0001010

+ 56�
0110001

+ 27�
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+ 34�
1200000

+ 66�
1000101

+ 7�
0100003

+ 29�
2000002

+ 33�
2010000

+ 29�
0020000

+ 52�
0100011

+ �
0000004

+ 45�
0010002

+ 72�
1001000

+ 63�
2000010

+ 61�
0100100

+ 90�
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+ 21�
0000012

+ 112�
1100001

+ 21�
3000000

+ 29�
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+ 75�
0000101

+ 33�
0200000

+ 74�
1010000

+ 48�
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+ 72�
0001000

+ 88�
1000010

+ 66�
0100001

+ 30�
2000000

+ 50�
0010000

+ 17�
0000002

+ 30�
0000010

+ 16�
1000000

+ 2�
0000000

z
2

1z4 = �
2001000

+ �
0011000

+ 2�
1100100

+ �
0000200

+ �
0200010

+ 2�
1010010

+ 3�
0001010

+ 2�
2100001

+ 4�
0110001

+ �
1000020

+ 4�
1200000

+ 2�
2010000

+ 5�
1000101

+ �
2000002

+ 3�
0020000

+ 4�
0100011

+ 3�
0010002

+ 7�
1001000

+ 8�
0100100

+ 5�
2000010

+ �
0000012

+ 9�
0010010

+ 3�
0000020

+ �
3000000

+ 12�
1100001

+ 8�
0000101

+ 8�
1010000

+ 5�
0200000

+ 11�
0001000

+ 4�
1000002

+ 9�
1000010

+ 3�
2000000

+ 8�
0100001

+ �
0000002

+ 5�
0010000

+ 3�
0000010

+ �
1000000

z1z2z4 = �
1101000

+ �
1010100

+ �
0200100

+ 2�
0001100

+ �
2100010

+ 3�
0110010

+ �
2010001

+ 3�
1200001

+ 2�
0020001

+ 3�
1000110

+ 5�
1001001

+ �
3100000

+ 3�
2000011

+ 2�
0300000

+ 2�
0100020

+ 6�
0100101

+ 6�
0010011

+ 7�
1110000

+ 6�
1100002

+ 8�
0101000

+ 2�
0000021

+ 4�
0000102

+ 6�
2000100

+ 11�
0010100

+ 17�
1100010

+ 3�
3000001

+ 10�
0200001

+ 2�
1000003

+ 15�
1010001

+ 10�
0000110

+ 11�
2100000

+ 18�
0001001

+ 19�
0110000

+ 16�
1000011

+ 10�
0100002

+ 2�
0000003

+ 21�
1000100

+ 12�
2000001

+ 20�
0100010

+ 20�
0010001

+ 10�
0000011

+ 17�
1100000

+ 12�
0000100

+ 10�
1000001

+ 5�
0100000

+ 2�
0000001

z
2

2z4 = �
0201000

+ �
0002000

+ 2�
0110100

+ �
0020010

+ �
1000200

+ 2�
1200010

+ 3�
1001010

+ 4�
0100110

+ �
2000020

+ 4�
1110001

+ 2�
0300001

+ 6�
0101001

+ 3�
0010020

+ 3�
2000101

+ 7�
0010101

+ 2�
1020000

+ 3�
2200000

+ 5�
2001000

+ 10�
1100011

+ �
0000030

+ 5�
0200002

+ 7�
0210000

+ 6�
0000111

+ �
3000002

+ 9�
0011000

+ 18�
1100100

+ 6�
1010002

+ 7�
0000200

+ 13�
0200010

+ 9�
0001002

+ 3�
3000010

+ 18�
1010010

+ 18�
2100001

+ 7�
1000012

+ 21�
0001010

+ 13�
1000020

+ 32�
0110001

+ 34�
1000101
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+ �
4000000

+ 4�
0100003

+ 11�
2010000

+ �
0000004

+ 20�
1200000

+ 13�
0020000

+ 30�
0100011

+ 13�
2000002

+ 35�
1001000

+ 35�
0100100

+ 23�
0010002

+ 11�
0000012

+ 26�
2000010

+ 43�
0010010

+ 7�
3000000

+ 14�
0000020

+ 54�
1100001

+ 36�
0000101

+ 18�
0200000

+ 30�
1010000

+ 21�
1000002

+ 35�
0001000

+ 37�
1000010

+ 28�
0100001

+ 11�
2000000

+ 7�
0000002

+ 18�
0010000

+ 11�
0000010

+ 5�
1000000

+ �
0000000

z1z3z4 = �
1011000

+ �
0002000

+ 1�
2100100

+ 2�
0110100

+ �
2010010

+ 2�
1200010

+ 2�
0020010

+ 2�
1000200

+ 4�
1001010

+ �
3100001

+ �
0300001

+ 4�
0100110

+ 2�
2000020

+ 6�
1110001

+ 6�
0101001

+ �
3010000

+ 4�
2200000

+ 3�
0010020

+ �
0000030

+ 4�
1020000

+ 5�
2000101

+ 7�
0210000

+ 9�
0010101

+ 12�
1100011

+ 8�
2001000

+ 11�
0011000

+ 7�
0000111

+ 2�
3000002

+ 8�
1010002

+ 5�
3000010

+ 21�
1100100

+ 5�
0200002

+ 23�
1010010

+ 13�
0200010

+ 23�
2100001

+ 8�
0001002

+ 8�
0000200

+ 24�
0001010

+ 2�
4000000

+ 35�
0110001

+ 8�
1000012

+ 15�
1000020

+ 14�
2010000

+ 4�
0100003

+ 38�
1000101

+ 15�
2000002

+ 22�
1200000

+ 31�
0100011

+ �
0000004

+ 16�
0020000

+ 39�
1001000

+ 38�
0100100

+ 31�
2000010

+ 24�
0010002

+ 46�
0010010

+ 58�
1100001

+ 11�
0000012

+ 8�
3000000

+ 18�
0200000

+ 16�
0000020

+ 37�
0000101

+ 23�
1000002

+ 33�
1010000

+ 35�
0001000

+ 38�
1000010

+ 29�
0100001

+ 12�
2000000

+ 7�
0000002

+ 18�
0010000

+ 12�
0000010

+ 5�
1000000

+ �
0000000

z2z3z4 = �
0111000

+ �
0020100

+ �
1200100

+ �
0300010

+ 2�
1001100

+ 3�
1110010

+ 2�
0100200

+ 4�
0101010

+ 2�
1020001

+ 2�
2000110

+ 2�
2200001

+ 5�
0010110

+ 5�
1100020

+ 4�
2001001

+ 3�
0000120

+ 5�
0210001

+ 7�
0011001

+ 5�
2110000

+ 13�
1100101

+ 8�
0200011

+ 5�
0000201

+ 4�
1300000

+ 7�
0120000

+ 2�
3000011

+ 12�
1010011

+ 17�
1101000

+ 14�
0001011

+ 4�
3000100

+ 14�
0200100

+ 9�
2100002

+ 8�
1000021

+ 21�
1010100

+ 15�
0110002

+ 16�
1000102

+ 25�
2100010

+ 20�
0001100

+ 41�
0110010

+ 2�
4000001

+ 36�
1200001

+ 5�
2000003

+ 38�
1000110

+ 21�
2010001

+ 13�
0100012

+ 24�
0100020

+ 9�
0010003

+ 24�
0020001

+ 62�
1001001

+ 58�
0100101

+ 11�
0300000

+ 14�
3100000

+ 56�
1110000

+ 4�
0000013

+ 40�
2000011

+ 64�
0010011

+ 19�
0000021

+ 50�
2000100

+ 24�
3000001

+ 60�
1100002

+ 53�
0101000

+ 73�
0010100

+ 113�
1100010

+ 98�
1010001

+ 58�
2100000

+ 38�
0000102

+ 62�
0000110

+ 54�
0200001

+ 102�
0001001

+ 19�
1000003

+ 87�
0110000

+ 95�
1000011

+ 54�
0100002

+ 10�
0000003

+ 101�
1000100

+ 89�
0100010

+ 56�
2000001

+ 89�
0010001

+ 45�
0000011

+ 65�
1100000

+ 46�
0000100

+ 39�
1000001

+ 18�
0100000

+ 7�
0000001

z
2

3z4 = �
0021000

+ �
1002000

+ 2�
1110100

+ 2�
0101100

+ �
2000200

+ 2�
1020010

+ �
2200010

+ 3�
0010200

+ 3�
2001010

+ 3�
0210010

+ 5�
0011010

+ 2�
1300001

+ 4�
2110001

+ 8�
1100110

+ 3�
0200020

+ 6�
0120001

+ �
3000020

+ 3�
0000210

+ 3�
2020000

+ 12�
1101001

+ 6�
1010020

+ 3�
3000101

+ 9�
0200101

+ 16�
1010101

+ 2�
3200000

+ �
0400000

+ 3�
0030000

+ 16�
2100011

+ 12�
1210000

+ 5�
3001000

+ 7�
0001020

+ 14�
0001101

+ 26�
0110011

+ �
4000002

+ 3�
1000030

+ 20�
1011000

+ 11�
0201000

+ 16�
1200002

+ 24�
1000111

+ 11�
2010002

+ 28�
2100100

+ 13�
0002000

+ 3�
4000010

+ 41�
0110100

+ 11�
0020002

+ 14�
0100021

+ 44�
1200010

+ 29�
1001002

+ 29�
2010010

+ 17�
2000012

+ 27�
1000200

+ 18�
0300001

+ 26�
3100001

+ 25�
0100102

+ 33�
0020010

+ 75�
1001010

+ 28�
0010012

+ 7�
0000022

+ 100�
1110001

+ 45�
2200000

+ 61�
0100110

+ �
5000000

+ 34�
2000020

+ 88�
0101001

+ 83�
2000101

+ 51�
0010020

+ 27�
3000002

+ 65�
0210000

+ 22�
1100003

+ 16�
3010000

+ 14�
0000103

+ 40�
1020000

+ 13�
0000030

+ 119�
0010101

+ 82�
2001000

+ 54�
3000010

+ 162�
1100011

+ 56�
0200002

+ 84�
0000111

+ 6�
1000004

+ 106�
1010002

+ 102�
0011000

+ 105�
0001002

+ 184�
1100100

+ 90�
1000012

+ 65�
0000200

+ 44�
0100003

+ 104�
0200010

+ 200�
1010010

+ 13�
4000000

+ 188�
0001010

+ 183�
2100001

+ 118�
1000020

+ 260�
0110001

+ 94�
2010000

+ 128�
1200000

+ 95�
0020000

+ 7�
0000004

+ 280�
1000101

+ 235�
1001000

+ 214�
0100011

+ 104�
2000002

+ 162�
0010002

+ 177�
2000010

+ 212�
0100100

+ 40�
3000000

+ 70�
0000012

+ 261�
0010010

+ 304�
1100001

+ 82�
0000020

+ 192�
0000101

+ 109�
1000002

+ 156�
1010000

+ 80�
0200000

+ 162�
0001000

+ 172�
1000010

+ 123�
0100001

+ 46�
2000000

+ 72�
0010000

+ 27�
0000002

+ 44�
0000010

+ 18�
1000000

+ 2�
0000000

z1z
2

4 = �
1002000

+ �
1110100

+ 2�
0101100

+ �
2000200

+ �
1020010

+ �
2200010

+ 2�
0010200

+ �
2001010

+ 2�
0210010

+ 4�
0011010

+ 2�
1300001

+ 6�
1100110

+ 3�
0200020

+ �
0400000

+ 2�
2110001

+ �
3000020
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+ 3�
0000210

+ 4�
0120001

+ 4�
1010020

+ 8�
1101001

+ 7�
0200101

+ �
3000101

+ �
2020000

+ �
3200000

+ 8�
1210000

+ 2�
0030000

+ 10�
1010101

+ 4�
0001020

+ 2�
3001000

+ 11�
0001101

+ 10�
2100011

+ 18�
0110011

+ �
4000002

+ 6�
2010002

+ 12�
1011000

+ 3�
1000030

+ 12�
1200002

+ 9�
0201000

+ 16�
1000111

+ 16�
2100100

+ 8�
0020002

+ �
4000010

+ 10�
0100021

+ 8�
0002000

+ 17�
1001002

+ 12�
2000012

+ 29�
0110100

+ 16�
2010010

+ 18�
1000200

+ 17�
0100102

+ 30�
1200010

+ 20�
0020010

+ 14�
0300001

+ 14�
3100001

+ �
5000000

+ 48�
1001010

+ 61�
1110001

+ 20�
2000020

+ 17�
0010012

+ 41�
0100110

+ 14�
1100003

+ 34�
0010020

+ 28�
2200000

+ 6�
0000022

+ 58�
0101001

+ 8�
3010000

+ 48�
2000101

+ 8�
0000103

+ 8�
0000030

+ 73�
0010101

+ 16�
3000002

+ 23�
1020000

+ 100�
1100011

+ 35�
0200002

+ 52�
0000111

+ 43�
2001000

+ 42�
0210000

+ 63�
0011000

+ 110�
1100100

+ 62�
1010002

+ 31�
3000010

+ 40�
0000200

+ 5�
1000004

+ 67�
0200010

+ 114�
1010010

+ 7�
4000000

+ 62�
0001002

+ 54�
1000012

+ 27�
0100003

+ 107�
0001010

+ 71�
1000020

+ 103�
2100001

+ 149�
0110001

+ 72�
1200000

+ 154�
1000101

+ 51�
2010000

+ 120�
0100011

+ 49�
0020000

+ 127�
1001000

+ 61�
2000002

+ 5�
0000004

+ 87�
0010002

+ 42�
0000012

+ 93�
2000010

+ 113�
0100100

+ 138�
0010010

+ 158�
1100001

+ 42�
0000020

+ 98�
0000101

+ 41�
0200000

+ 23�
3000000

+ 78�
1010000

+ 75�
0001000

+ 58�
1000002

+ 87�
1000010

+ 22�
2000000

+ 60�
0100001

+ 35�
0010000

+ 16�
0000002

+ 21�
0000010

+ 11�
1000000

+ �
0000000

z2z
2

4 = �
0102000

+ �
0210100

+ 2�
0011100

+ 2�
0120010

+ 2�
1100200

+ �
0030001

+ �
0000300

+ �
1300010

+ 4�
1101010

+ 4�
0200110

+ 4�
1010110

+ 4�
1210001

+ 6�
0001110

+ �
0400001

+ 6�
1011001

+ 6�
0201001

+ 3�
2100020

+ 5�
0002001

+ 7�
0110020

+ 7�
2100101

+ 6�
1000120

+ 17�
0110101

+ 4�
0100030

+ 16�
1200011

+ 5�
1120000

+ 6�
2010011

+ 10�
0020011

+ 10�
1000201

+ 24�
1001011

+ 9�
2000021

+ 4�
3100002

+ 2�
2300000

+ 9�
2101000

+ 6�
0310000

+ 10�
2010100

+ 22�
0100111

+ 22�
1110002

+ 18�
0111000

+ 6�
0300002

+ 26�
1200100

+ 17�
0010021

+ 16�
0020100

+ 16�
0300010

+ 34�
1001100

+ 10�
3100010

+ 24�
0101002

+ 17�
2000102

+ 24�
0100200

+ 8�
3010001

+ 60�
1110010

+ 28�
0010102

+ 4�
3000003

+ 60�
0101010

+ 37�
1100012

+ 40�
2000110

+ 38�
2200001

+ 30�
1020001

+ 67�
0010110

+ 60�
2001001

+ 4�
0000031

+ 20�
0000112

+ 64�
0210001

+ 32�
1300000

+ 69�
1100020

+ 90�
0011001

+ 20�
1010003

+ 12�
0200003

+ 154�
1100101

+ 5�
4100000

+ 21�
0001003

+ 32�
3000011

+ 34�
0000120

+ 49�
2110000

+ 17�
1000013

+ 54�
0000201

+ 57�
0120000

+ 140�
1010011

+ 86�
0200011

+ 94�
2100002

+ 140�
0001011

+ 38�
3000100

+ 128�
1101000

+ 93�
0200100

+ 80�
1000021

+ 144�
0110002

+ 9�
0100004

+ 152�
1010100

+ 133�
0001100

+ 16�
4000001

+ 174�
2100010

+ �
0000005

+ 258�
0110010

+ 144�
1000102

+ 108�
0100012

+ 230�
1000110

+ 131�
2010001

+ 135�
0100020

+ 137�
0020001

+ 44�
2000003

+ 200�
1200001

+ 338�
1001001

+ 70�
0010003

+ 67�
3100000

+ 46�
0300000

+ 242�
1110000

+ 294�
0100101

+ 209�
2000011

+ 30�
0000013

+ 315�
0010011

+ 206�
2000100

+ 216�
0101000

+ 272�
1100002

+ 292�
0010100

+ 90�
3000001

+ 426�
1100010

+ 88�
0000021

+ 163�
0000102

+ 77�
1000003

+ 182�
0200001

+ 342�
1010001

+ 174�
2100000

+ 223�
0000110

+ 336�
0001001

+ 248�
0110000

+ 304�
1000011

+ 160�
0100002

+ 280�
1000100

+ 144�
2000001

+ 28�
0000003

+ 234�
0100010

+ 222�
0010001

+ 107�
0000011

+ 144�
1100000

+ 98�
0000100

+ 80�
1000001

+ 35�
0100000

+ 12�
0000001

z3z
2

4 = �
0012000

+ �
0120100

+ �
0030010

+ 2�
1101100

+ 2�
1010200

+ �
0200200

+ 3�
0001200

+ 2�
1210010

+ 3�
0201010

+ 4�
1011010

+ 3�
0002010

+ �
2300001

+ 4�
2100110

+ 10�
0110110

+ 4�
1120001

+ 6�
1200020

+ 6�
2101001

+ 3�
2010020

+ 4�
0020020

+ 6�
1000210

+ 2�
1030000

+ 3�
0310001

+ 12�
0111001

+ 11�
1001020

+ 7�
2010101

+ 12�
0020101

+ 2�
1400000

+ 16�
1200101

+ 23�
1001101

+ 6�
3100011

+ 9�
0100120

+ 5�
2210000

+ 3�
2000030

+ 9�
2011000

+ 16�
0100201

+ 4�
3010002

+ 36�
1110011

+ 8�
0300011

+ 7�
0010030

+ 9�
0220000

+ 18�
1201000

+ 12�
0021000

+ 19�
1002000

+ 35�
0101011

+ 10�
3100100

+ �
0000040

+ 16�
2200002

+ 14�
1020002

+ 28�
0210002

+ 14�
0300100

+ 24�
2000111

+ 10�
3010010

+ 56�
1110100

+ 40�
0010111

+ 28�
2001002

+ 27�
2000200

+ 44�
2200010

+ 38�
1020010

+ 48�
0101100

+ 71�
0210010

+ 39�
0011002

+ 68�
2001010

+ 42�
0010200

+ 102�
0011010

+ 13�
3000012

+ 38�
1100021

+ 19�
0000121

+ 66�
1100102

+ 33�
0200012

+ 22�
0000202

+ 8�
4100001

+ 5�
4010000

+ 58�
1010012

+ 58�
0001012

+ 154�
1100110

+ 51�
0000210

+ 84�
2110001

+ 29�
2020000

+ 30�
1000022

+ 50�
1300001

+ 25�
3000020

+ 64�
0200020

+ 108�
1010020

+ 34�
2100003

+ 51�
0110003

+ 60�
3000101

+ 51�
1000103

+ 95�
0120001

+ 13�
2000004

+ 32�
3200000

+ 101�
0001020

+ 206�
1101001

+ 13�
0400000

+ 50�
1000030

+ 56�
3001000
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+ 238�
1010101

+ 130�
1210000

+ 139�
0200101

+ 240�
2100011

+ 203�
0001101

+ 354�
0110011

+ 17�
4000002

+ 36�
0100013

+ 30�
0030000

+ 113�
0201000

+ 190�
1011000

+ 136�
2010002

+ 304�
1000111

+ 166�
0100021

+ 260�
2100100

+ 23�
0010004

+ 116�
0002000

+ 144�
0020002

+ 365�
0110100

+ 203�
1200002

+ 32�
4000010

+ 223�
1000200

+ 342�
1001002

+ 287�
0100102

+ 8�
0000014

+ 252�
2010010

+ 198�
3100001

+ 255�
0020010

+ 368�
1200010

+ 594�
1001010

+ 193�
2000012

+ 708�
1110001

+ 7�
5000000

+ 452�
0100110

+ 289�
0010012

+ 75�
0000022

+ 245�
2000020

+ 252�
2200000

+ 556�
2000101

+ 134�
0300001

+ 220�
1100003

+ 127�
0000103

+ 602�
0101001

+ 160�
3000002

+ 92�
3010000

+ 347�
0210000

+ 366�
0010020

+ 217�
1020000

+ 775�
0010101

+ 1005�
1100011

+ 429�
2001000

+ 604�
1010002

+ 79�
0000030

+ 317�
0200002

+ 538�
0011000

+ 494�
0000111

+ 924�
1100100

+ 317�
0000200

+ 498�
0200010

+ 265�
3000010

+ 946�
1010010

+ 53�
1000004

+ 583�
0001002

+ 857�
0001010

+ 469�
1000012

+ 517�
1000020

+ 216�
0100003

+ 789�
2100001

+ 49�
4000000

+ 1108�
0110001

+ 346�
2010000

+ 338�
0020000

+ 462�
1200000

+ 1140�
1000101

+ 837�
1001000

+ 389�
2000002

+ 834�
0100011

+ 583�
2000010

+ 586�
0010002

+ 724�
0100100

+ 862�
0010010

+ 114�
3000000

+ 31�
0000004

+ 930�
1100001

+ 244�
0000012

+ 248�
0000020

+ 221�
0200000

+ 568�
0000101

+ 296�
1000002

+ 426�
1010000

+ 424�
0001000

+ 440�
1000010

+ 293�
0100001

+ 61�
0000002

+ 100�
2000000

+ 162�
0010000

+ 89�
0000010

+ 35�
1000000

+ 3�
0000000
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4 = �
0003000

+ 2�
0111100

+ �
0020200

+ �
1200200

+ �
0220010

+ 3�
0021010

+ 3�
1201010

+ 3�
1001200

+ 2�
0130001

+ �
0040000

+ 2�
0300110

+ 3�
1002010

+ 8�
1110110

+ 2�
0100300

+ 10�
0101110

+ 3�
2200020

+ 2�
1310001

+ 3�
1020020

+ 3�
2000210

+ 10�
1111001

+ 9�
0010210

+ 7�
2001020

+ 9�
0210020

+ 4�
0301001

+ 8�
0102001

+ 9�
2200101

+ 6�
1220000

+ 9�
1020101

+ 21�
0210101

+ 12�
0011020

+ 12�
2001101

+ 27�
0011101

+ �
2400000

+ 18�
1100120

+ 18�
2110011

+ 6�
0000220

+ 9�
2201000

+ 16�
1300011

+ 30�
1100201

+ �
3000030

+ 9�
1021000

+ 6�
2020002

+ 6�
0200030

+ 10�
1010030

+ 30�
0120011

+ 62�
1101011

+ 6�
3200002

+ 10�
0030002

+ 42�
0200111

+ 10�
0000301

+ 10�
3000111

+ 5�
0400002

+ 62�
1010111

+ 11�
2002000

+ 3�
0410000

+ 21�
0211000

+ 13�
3001002

+ 13�
0001030

+ 27�
2110100

+ 18�
0012000

+ 18�
2020010

+ 45�
0120100

+ 26�
1300100

+ 15�
0400010

+ 82�
1101100

+ 45�
0200200

+ 24�
0030010

+ 11�
3000200

+ 42�
1210002

+ 64�
1010200

+ 42�
0201002

+ 58�
0001111

+ 42�
2100021

+ 18�
3200010

+ 58�
1011002

+ 73�
2100102

+ 73�
0110021

+ 27�
3001010

+ 39�
0002002

+ 4�
4000012

+ 4�
1000040
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+ 13�
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+ 23�
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+ 14�
1010010
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+ 16�
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+ 12�
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+ 25�
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+ 16�
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+ 28�
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2000002

+ 13�
0020000
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+ 26�
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+ 46�
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+ 40�
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