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A bstract

W e com pute the generating function for the characters of the irreducible represen—
tations of SU (n) whose associated Young diagram s have only two row s w ith the sam e
num ber ofboxes. T he result is given by form ulae ), (14), (@ )—(E) and is a rational
determ inantal expression In which both the num erator and the denom inator have a
sin ple structure when expressed in term s of Schur polynom ials.

1 Introduction

Among the integrable quantum m echanical system s known to date, those related to the
root system s of nite dim ensional sin ple Lie algebras form a prom nent class [§]. They
constitute, In particular, a natural fram ework to extend m any classical systam s of ortogonal
polynom ials to the case of several ndependent variables. A much studied exam ple is the
trigonom etric Calogero-Sutherland model related to A, 1 [J], [[3], whose eigenfunctions
provide a natural generalization to n variables of the G egenbauer polynom ials. A num ber
of properties of these generalized G egenbauer polynom ials are known (91, L4111, L3]. The
polynom ials depend on a continuous param eter , which is related to the coupling constant
n theH am iltonian,and aredeterm ned by n 1 quantum num bers. Several special values for
these quantities are interesting, am ong which we m ention two: rst, when the param eter
goes to unity, the generalized G egenbauer polynom ials converge to the characters of the
frreducible representations of SU (n); second, when only the rst quantum num ber is non-
vanishing, the polynom ials becom e those of Jack [41.

In the task of despening our understanding of the properties of the generalized G egen—
bauer polynom ials, the com putation of the generating function would be one im portant
m ilestone. This is known only for the sinplest A, and A, cases [@]. N evertheless, in som e
circum stances one can extract usefiil inform ation from the generating function of som e par-
ticular subsets of the whole system of ortogonal polynom ials. T he generating function of
Jack polynom ials, for instance, has been recently used as the starting point of an inductive
proof of the structure of the derivatives of the generalized G egenbauer polynom ials [§1. This
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function isa sin ple deform ation of the generating fiilnction of the characters of the irreducible
representations of SU (n) obtained by taking = 1 in the Jack polynom ials. T his show s how
the know ledge of the generating function of som e speci ¢ classes of irreducible characters
of SU (n) can be a valuable clue for studying the corresponding generating function for the
generalized G egenbauer polynom ials. In this goirit, the purpose of this article is to com pute
the generating function of a subset of irreducible characters of SU (n) which represents the
Inm ediate next step In com plexity starting from the characters related to Jack polynom ials.

2 Com putation of the generating function

A s stated in the Introduction, our goal is to com pute

®
F(tjzi)=  Py(z)t (1)
k=0

where Py (z) is the character of the irreducible representation of SU (n) whose associated
Young diagram has only two row s of length k, ie.

Pk (Zj): k % ;0;:::0 (Zj): (2)

ofSU (n): X
zy = Ry Ry 11iXy 0 (3)
B<ip< ux iy
T here exists a sin ple relation between the -sym bols and the generalized G egenbauer poly—
nom ials for = 1,namely
kn 1 .

ki k2 jkn = Zn Pk1 ko ko Kksjukn 1 kn ® (4)
Finally, we give two convenient form ulae for com puting the characters. First, directly in
term s of the x4, we have the W eyl character form ula ]

1
s n+ky 1, n+ky 2,..... kn .
k1 ko itkn (Xj): — X ! X z IRIERIP: nj/ (5)
In which the shorthand notation
%' %’ "X
1 2 n
X X X
el 2 Nesr 2 2 2 (6)
X ’ 2 . .
1 2
X Xn nn X



And second, as functions of z4, they can be expressed through the second G iam belli dentity

Zy Zy+1 Zu+2 L+% 1
Z1, 1 Zy, Zu,+1 L+&k 2
k1 ko jiitkn (Zj )= . . . . . (8)
Z, m+1 L z

w here it is understood that zp= 1l and z;= 0 ifj> nor j< 0.
A fter these prelin inaries, we tum back to (I]). A ccording to (§), we can write
1% X
— s )RR ) LK (o) E )

k=0 28,

F =

If we interchange the sum m atories, we get an altermating sum of sim ple geom etric progres—
sions, thus

1 X Xn an 2 1 XO
P ®* @) (< 1) @), (10)
25, 1 @ ax
which we willw rite as g
F == 11
c (11)
w ith
Y
£f = (1 tuxy) (12)
i< j
1 X f
g = — wn( X)X X T (13)
28, e I = gx e

f and g are polynom ials in t of regpective degrees N = %n(n 1)and N 1. It is obvious
that the coe cients of £ are hom ogeneous sym m etric polynom ials in x ; over the integers.
AsF is a series of polynom ials of the sam e kind, the statem ent tums out to be also true
for g. Our next task is to com pute f and g in closed form ; we would like, In particular, to
express their coe cients in the m ost naturalbasis for hom ogeneous sym m etric polynom ials
In the present context: the irreducible characters of SU (n), or Schur polynom ials.

In fact, theresult for f isknown: itwasobtained by W eylin the course ofhis com putation
of the characters of the sym plectic groups. The W eyl result is [[4]

1

f= %" x4 4 x7x” P4 kil x ij< JPot (14)
G ven this expression, we can obtain the coe cients In t in
f=1 Z,t+2,% Z,t+ + (Np) (15)

by expanding the detemm inant in the num erator of ([[4) in such a way that all tem s have
m onom ial colum ns and collecting temm s of the sam e order In t. This gives Z4 asa sum of
determ nantal quotients of the form

1'1’1+r n+ r 1

z = —XK X R 4 X ,’:::,’Xnd(l 2);:::;x“d<r 2);:::;1jj< P (1o6)



where the hat over a term m eans that the temm is absent and the sum is is extended to all
possible com binations such that

n 2 r> 1>

From (14),theW eylcharacter formula gives z =  x,;ux, With

S T
k.:<r r+1 § r+ +1 18)
J 3 r k r+ y+3 k Jj r+ 1+ 1 k; k=1;2;::5r 1
0 3 r+ 3

A closer Ingpection show s that this structure corresponds to a Young diagram of rank r
with j+ . 541 boxes in the j-th row and In which the number of row s w ith num ber of
boxesgreater orequalto jis1+ j+ , j.1,J= 1;2;:::;r. Therefore, the Y oung diagram
associated tO  y x,mk, S ( r7 ¢ 178225 1+ 17 o 1+ 15 1+ 1) in Frobenius notation,

X
Za= (1 1; 2 L;:tp o0 1315 25t ¢) (19)
Py
where P4 is the set of partitions ofd such that | > ;> > 1.

O n theotherhand,we can show thatg isgiven by a determ inantalexpression very sin ilar

to ([4):

1
. n 1 n 2 n 3 n 4 n n 5 n+1 )
g= —X X X X + X ;X + X ,'ZZZ,']_+X ]]<>p&: (20)

To see this, it is convenient to rescale tem porarily t to the unity, to write g = 2% and to
consider rst the case x; = le.From (13) we get

n 1l _n 2_n 3 n l_n 2_n 3

Qi = [ 7% %5 n X+ pem ) (x; Tx] TXj n X+ pem )]
(1 xx3) (Lixx) L %, '%3) <111xn>]Yn (1 x3%¢)g=
jk=3
= (x %) Ox; ¢ L x+ pem ]
£l xx3) (Laxx) L %, 'x3) <111xn)]Yn (1 x5%¢)g (21)
k=3

By taking x! * asa comm on factor in the k row of the num erator of () fork = 1 ton,we
w rite:
Q2 — jil’l l;Xn Z;Xn 3;Xn 4+ Xn;Xn + x ;:::;1+ x ]

= % XKLy iiinyt 7] (22)



with yy = x5+ le. Tfwe take x; = X, in this expression and subtract in the detem inant
the second from the rst row ,we obtain through the Vandem onde form ula ()

n 1)(n 2 Y’]
Ordcy = (177 G0 x)exa X2 ve) 2 Ove) b vi): (23)

i;3=3
i< j

T he use of the dentities

1 x,'%5)1 x%5) =  x(v2 y3)

Ve Vi o= (xy) e %) xexy) (24)

in 23) transfom s the right side of this equation In exactly the lastm em ber of (2]); therefore
Qqu:le = Q2112X21 .As? and 22 are symm etric polynom i2ls, this in pliesthat £+ 22 =
fP where P is a symm etric polynom ial, but from (I2) and the de nitions of Q; and Q,,
one can easily check that the totaldegree of the left side of this equation is necessarily lower
than the totaldegree of £, s0 that P = 0. This concludes the proof of (24).

Ifwe now write
Ne 1
g= Gt (25)
k=0
a com putation com pletely analogous to that leading from (14) to [I9) allow s us to write G
as ollow s

X .
Gy = ( D300 352 3ig 33ai 25t 5); (26)
Qk+ 559
where Q . 5;; is the set of partitions ofk + jw ith j term sand satisfying , > , > 5 3.
From (I4) and €Q), we give the nalform ula for the desired generating fiinction:
an l;xn Z;Xn B;Xn 4+Xn;xn 5+Xn+1;:::;1+x2n 4j_
F o= . . % >pB<: (27)
}in 1’.Xr1 2+Xn;xn 3+Xn+l’.....l+x2n 2j

3 D i erential equations for £ and g

W ew illdeduce in this section two di erential equations satis ed by f and g. T hese equations
can be taken as the basis for an altemative approach for the com putation of these quantities.

In establishing the equations, we w ill take advantage of two di erential operators of a
class introduced in @1, @1, B:

X Q@
D, = Zo 15
p=1 @ZP
D 1[Xrl +D?]
2 = = Zy 20—
2p:2 @ZP '

T he action ofthese operators on Schur polynom ials can bem ost sim ply described in graphical
temm s: D ; applied to the Schur polynom ialS gives the sum of all Schur polynom ials whose
associated Young diagram s are that of S w ith one box rem oved. D , does sin ilarly but, in



this case, the sum is over the Young diagram s obtained by rem oving two boxes not in the
sam e row In all possible ways.
From ([{3),we get

X 1 1
Inf = (xiX5 + x%x%+ S0k + ) (28)
. 27 3
i< g
and, therefore
2 nm xn
f = expf —fg; my = xlixl; (29)
k=1 k i< j
or, altematively
® X8
f=expf - B ka‘é‘g; P = xli (30)
k=1 k =1

o Qf @
Thisgives — = ptf.Butp = z and — = D; @], f1], hence
@pr @p

le = thE (31)

or,using ([3)
D]_Zj: Zle 1. (32)

To nd the di erentizal equation for g, we use (B0) to write

1 e’ @ 1
—— —)f= P+ t 33
(2@p% @Pz) [2 (Pf + p2)  tf (33)
and,asz, = = (p° ) and D _1e iIZ] 11, we conclude that
’ 2 = 2p1 |%) 2 = 2@p% @p2 ’ ’
D,f = [F(z z) ¢tIf: (34)
Now,
Dg=D,(fF )= D f)F + £DF )+ D1£)D1F): (35)

The rst term is proportional to g. The second too: as the diagram s iIn F consist only of
two dentical lines, we get
D,F = tF: (36)

T he third term gives a contribution proportionalto D 1g, because
D.g=D,(fF )= tzg+ fDF: (37)
T he di erential equation is therefore
D,g+ tzD1g+ Pzg= 0 (38)

or, altematively
Dsz‘F Z]_D]_Gj]_‘l‘ ZZGjZZO: (39)
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