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ABSTRACT

Shape description and recognition is an important and interesting prob-
Tem in scene analysis. Our approach to shape description is a formal model
of a shape consisting of a set of primitives, their properties, and their
~interrelationships. The primitives are the simple parts and intrusions of
the shape which can be derived through the graph-theoretic clustering pro-
cedure described in [31]. The interrelationships are two ternary relations
on the primitives: the intrusion relation which relates two simple parts
that join to the intrusion they surround and the protrusion're1ation which
relates two intrusions to the protrusion between them. Using this model, a
shape matching procedure that uses a tree search with look-ahead to find
mappings from a prototype shape to a candidate shape has been developed. An
experimental SNOBOL4 imptementation has been used to test the program on

hand-printed character data with favorable results.

KEY WORDS
decomposition, matching, relational description, relaxation, shape

description, shape recognition, tree search.



I.  INTRODUCTION

Shape description and characterization is an important problem in scene
analysis. There have been many different analytic methods used in shape
analysis including transformations and decompositions of the boundary of the
shape, and partitions of the interior of the shape into simple pieces. Shape
descriptions have included numeric values, feature vectors, chafacter strings,
trees, and graphs. The major problem seems to be the lack of a mathematical
mode! for characterizing a shape.

Our approach to shape description is to construct a topological model of
a shape which consists of a set of primitives, their properties, and their
interrelationships. The primitives we use are the simple parts (near-convex
pieces) and intrusions of the shape which can be derived through a decomposition
procedure described in a previous paper [31]. The fnterre?ationships are two
ternary relations on the primitives: the intrusion relation and the protrusion
relation. The intrusion relation is a set of trip]es of the form (s],i,sz)
where the two simple parts $1 and So touch or nearly touch and form part of the
boundary of intrusion i. The protrusion relation is a set of triples of the form
(11,5,12) where simple part s protrudes between the two intrusions i, and is.
These two relations seem to satisfactorily characterize a shape in a manner that
agrees with human intuition on familiar shapes such as hand-printed characters,
Our topological approach to shape matching is that one shape matches another if
there is a mapping from the primitives of the first shape to the primitives of
the second shape that preserves the interrelationships. In this approach, the
metric and statistical properties of the shape and its parts are suppressed.

In this paper, we define a formal shape model and a shape matching procedure

that uses a tree search with look-ahead to find mappings from a prototype shape

to a candidate shape. Section II discusses related work, Section III describes



a general structural model for shape and defines our particular relational model,
Section IV discusses shape matching, and Section V describes an experimental

shape matching system.



IT. RELATED WORK

There have been several different approaches to the shape recognition
problem. {For a complete survey, see Pavlidis [26]). On the statistical
side shapes have been described by such features as area, perimeter, moments,
and coefficients of Fourier series. Description by moments includes the
work of ATt [1] and Hu [19] among others. Descripntion using coefficients of
Fourier series includes the work of Zahn and Roskies [35], Richard aﬁd
Hemami [28], Persoon and Fu [27], and Granlund [13]. Agrawala and KuTkarni
[2] present a sequential one-pass algorithm for extracting simple shape
features such as perimeter, area, and moments. All of these approaches work
with a discrete representation of the boundary of the shape.

Much of the recent work has been structural in nature. Blum [4] suggests
the application of the medial axis transformation which transforms a shape
into a line drawing representing its "skeleton". The skeleton can be used to
derive properties of the shape and, together with information about.the dis~
tance of the boundary from the skeleton, allows reconstruction of the shape.

A second structural apprdach involves the decomposition of the boundary of
the shape into a sequence of 1ine segments. Work in this area includes the
Freeman chain code [11], the analysis of convex blabs by computing dominant
points [20,23,29,30], and Davis' work with angles, sides, and symmetry [6,7,8].

Also in the structural domain is the work on syntactic shape recognition.
This includes Pavlidis and A11's-syntactic analysis of shapes [24] using regu-
lar expressions over the terminal symbols QUAD (arcs that can be approximated
by quadratic curves), TRUS (sharp protrusions or intrusions), LINE (Tong Tinear
segments), and BREAK (short segments). Also using the syntactic approach are
Horowitz [18] and Lozano-Perez [21], both of whom parse piecewise linear approxi-

mations of one-dimensional waveforms to determine the structure of the peaks



and valleys and Fu and Lu [12] who encode 1ine patterns as strings and uSe.
arror-correcting parsers to determine the distance from an input pattern to
grammars describing each of the possible pattern classes. A c]ustering
algorithm then determines which class the input pattern belongs to.

Another recent effort in syntactic shape recognition is the work of
You. and Fu [35] on attributed shape grammars. In an attributed shape
grammar, eacﬁ curve segment (primitive or nonterminal) is described by
four attributes: the vector spanning its end points, its length, its angu-
lar change, and a symmetry measure. Grammar rules specify the generation
of curve segments from smaller curve segments connected by angle primitives
and are of the context free form N - (XA)*X where N is a nonterminal,

X can be a primitive curve segment or a nonterminal, and A is an angle primi-
tive. In this case, the description of the curve segment N can be obtained
directly from the descriptions of the curve segmeﬁts composing N and the
angles between them. Two recognition algorithms have been developed which
accomplish parsing_and primitive extraction simultaneously, using high-

Jevel knowledge to drive 1ow-1e9e1 processes.

Syntactic pattern recognition has the main advantage of having well-de -
fined often linear parsing algorithms. The main disadvantage of this approach
to shape recognition is that the shape is usually first encoded as a one-dimen-
sional string of symbols which is the input to the parser. The You and Fu
work is an exception in that the parser directs the low-level processes that
extract and encode primitives. However, the parsing is still inherently a
one-dimensionaT process due to the nature of context free grammars. While
the attributed shape grammar and associated recognition algorithms seem to
be more powerful than previous shape grammars, they typically handle only

adjacency relationships on the boundary of the shape.



It is not clear to us that all thg 1nformat1qn in a two-dimensional
shape can be preserved in a one-dimensional representation. In particular,
the intrusion and protrusion relations defined in this paper cannot be ex-
pressed naturally by one-dimensional grammar rules since they capture non-
linear information about the shape.

The approaches that are most related to our work are those that attempt
to decompose the whole shape into two-dimensional parts. This includes the
work of Pavlidis [25], Feng and Pavlidis [10], Marﬁyama [22], and Eden [9].

In the Feng and Pavlidis work, a shape is decomposed into convex parts, T-
shaped parts, and spirals and described by a labeled graph indicating connec-
tions between pairs of parts. Maruyama suggests a decomposition of shapes
into angularly simple regions where each such region has at least one interior
point that can "see" its entire boundary. Eden decomposes script characters
into'meaningful primitive strokes. |

In {31] we presented an algorithm for the decomposition of a two-dimen-
sional shape into simple parts. The input to this algorithm is an ordered
sequence of (x,y) coordinates representing the vertices of a polygonal approxi-
mation to the boundary of a shape. From these points the interior line segment
relation LI is computed. LI is a binary relation consisting of all pairs of
vertices such that the straight Tine segment joining them lies wholly within
the shape. A graph-theoretic clustering algorithm on the relation LI yields
a set of.c1usters, each consisting of a subset of the original set of vertices.

These clusters are the interior clusters or simple parts of the shape.

The decomposition algorithm has three important properties:

(1) The algorithm is independent of the starting point on
’ the boundary of the shape.

(2) The relation LI is invariant under linear transformations
and perspective transformations; thus a transformation of a
shape yields the same decomposition as the original shape.



(3) The clusters produced by the graph-theoretic clustering n
algorithm can be controlled by numerical. parameters; they
are not necessarily convex or even disjoint. Thus the defini-
tion of simple part remains flexible.
Figure la shows the decomposition of a hand-printed letter E by this method.
In [31] we defined the exterior line segment relation LE, consisting of §
all pairs of vertices such that the straight line joining them lies exterior

to the shape, and suggested that LE would be useful in obtaining a structural

description of the shape. The clusters of the LE relation, obtained with the
same graph-theoretic clustering algorithm, correspond to intrusions into the

boundary of the shape. Figure 1b shows these exterior clusters for the letter

E of Figure la.

In Section III we will describe a structural model for a shape based on

the simple parts, the intrusions, their properties, and their interrelationships.
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Figure la shows the simple parts or interior clusters of a
hand-printed letter E.
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Figure 1b shows the intrusions or exterior clusters of the
hand-printed letter E.

-Figure 1 illustrates the decomposition of a shape into simple parts
and intrusions.



III. THE MODEL

A structura1‘description of a shape must include a set of shape
primitives, their properties, and their interrelationships. In this E:
section we will define a general, formal, structural mecdel for the
description of two-dimensional shapes. We will then define a specific
structural description that we have been using in our shape matching 57

experiments.

The General Model and Some Examples

We define a shape description D to be a 5-tuple D = {N,T,G,P,R) where
N is the name of the shape being described, T is the type of the shape, G

is an attribute-value table containing the global attributes of the shape,

P is a set of shape primitives obtained from a structural analysis of the

shape, and R is a set {R],...,Rkvﬂ of relations on P. For each k, there is
a positive integer Nk and a possibly singleton label set Lk such that
Rk < PNk X Lk’ k=1,...,K. Thus, each Rk is a labeled Nk -ary relation.
Haralick and Kartus [14] calil Rk an "arrangement”, _
The name N and the type T are identifying information. The name might
identify a region in an image being analyzed or it might be a character string
that the experimenter wants to associate with a particular input file.
The type identifies a class that the shape belongs to. For instance, if zip
codes are being analyzed, the type might be “numeral®. The purpose of the
type is to 1imit the number of stored prototypes that are considered for a
match. (See Section V.) Of course in the worst case, where the origin of the
shape is completely unknown, no type information can be input.
A structural description of a shape includes a table of attribute-value
pai}s pertaining to the shape'as a whole, a set of primitives that the shape
can be broken down into, and a set of relations showing the interrelationships

among the primitives. While the primitives P and the relations R define



the structure of complex shapes, we feel that it is also important to

record any global attributes that are available. If the shape is associated
with a region of an image, then it might be convenient to consider intensity
or texture information as global attributes of the shape. The global attri-
butes may also include statistical descriptors such as circularity, elonga-
tion, convexity, crenation ( notched boundary), and so on ([17]). For
simpler shapes, the global attributes may be more important than the primi-
tives and relations, which may be missing altogether. The primitives and
relations will differ with each particular shape model. We will illustrate
with a few examples borrowed from the Titerature.

Shaw [32] defined a picture description language (PDL) in which pictures
could be defined hierarchically in terms of primitives. Each primitive in
PDL is a two-dimensional entity haVing two éonnection points, a head and a
tail. The operators +, - , x, and * indicate the head-to-tail, head-to-head,
tail-to-tail, and head-to-head with tail-to-tail connection of two primitives.
For example, the expression "A + B" indicates that the head of A is to be
connected to the tail of B. The resultant entity has its tail at the tail of
A and its head at the head of B and can be connecied té other primitives or
higher entities. PDL sentences are expressions consisting of primitives,
operators, and parentheses indicating the order of applying the operators.
For example, "A*(B + C)' indicates that the head of B is connected to the
tail of C to form a new entity. Then the new entity is connected to A,
head-to-head and tail-to-tail.

We will give an example of a simple shape description using Shaw's
operators, but not'using the PDL expression concept. The primitives of our
example shape are rectangies one unit long and one-half unit wide of various
orientations. Figure 2 illustrates a set of such primitives. The primitives

can be connected head-to-tail, head-to-head, and tail-to-tail. (Since they



10

are not curved, the head-to-head with tail-to-tail connection is not
possible). We will assume that for each pair of primitives, the method
for joining them in each of the possible connections has been specified.
We can describe certain simple shapes such as block letters in terms of
these primitives and their pairwise connections.

A description for a block letter would be a 5-tuple D1 = (N,T,G,P,R)
where N is the name of the letter, T is the type "block letter", G contains
global attributes of the letter such as the number of primitives, P is. the
subset of the primitives of Figure 2 that the Tetter is composed of, and R

contains a single labeled binary connection relation C E{Ip1=p2=0)l pl,pzes,

0 e{},-,{}} . Figure 3 illustrates this type of description for the block

Tetter E.
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Figure 2 illustrates a set of rectangular shape primitives.
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D1 = ('E',block letter,G,P,{C})

G

P

il

{ (number-of-primitives,5)}

{1,2,3,4.5}

C= {{2,1,+)(1,3,+)(1,4,x)(2,4,+)(2,5,x)}

1=u
2= u
3=r
4 = r
5=r

Figure 3 itlustrates a shape description for a block letter E.

The primitives are directed, orijented rectangles, and
the relation C consists of triples of the form
{primitive 1, primitive 2, operation) where the opera-
tor determines the way in which the two parameters
connect. The idea of directed primitives and the
operators + (head-to-tail connection) and x (tail-to-
tail) connection are from the work of Shaw [32].

12
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Another approach to shape description is in terms of an ordered sequence
of 1ine segments comprising the boundary of the shape. The relative lengths
of each 1ine segment and the relative angles between successive segments con-
pTete the model. A description for a block letter in this system would be a
5-tuple D2 = (N,T,6,P,R) where N, T, and G are as above, P is a set of line
ségments whose attributes include Tenqgth, and éﬁcontains the labeled binary
relation J = {(ll,ﬂz,a) | 21580 & Py 2, conneﬁts to %, and a is the angle
between 2 and 22}.. Figure 4 illustrates this type of description for the
block Tetter E.

Both description D1 and D2 are size invariant since all lengths specified
are also relative. In descriptfon D1, the primitives are defined according to
their orientation. Thus, the structural descriptions are not rotation invariant.
This sort of description can work very well in applications 1ike character recog-
nition where the text is assumed to be right side up, but descriptions using
orientations cannot handle a general shapé recognition nroblem. 'Descr{ption D2
is rotation invariant since the only orientation information is the set of rela-
tive angles between adjacent pairs of line segments. A description like D2 which
concentrates on the boundary of the shape is useful in shape matching problems

~ where the boundary is of primary importance. Map data is an example of this class

of shapes.

A Structural Mode] Based on Simple Parts and Intrusions

One aspect of shape is its size and orientation invariance. This is the
aspect that we attempt to capture with the structural model presented here.
Let S = {s],...,sn} be the set of simple parts of a shape and let [ = {11,...,im}
be the set of intrusions. S and I are assumed to be obtained from the shape hy
a decomposition procedure such as the one described in [31]. We will treat each

simple part and each intrusion as a two-dimensional region having area and a_
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3

D2 = {'E',block letter, G,P,{J})

G = {{number-of-segments,12}}

P={{(1,2,3,4,...,12)}

J = {{(1,2,-45)},(2,3,-45),(3,4,-45)
(495945)9(596545)9(6:7:“45)
(7,8,-45),(8,9,45),(9,10,45)
(10,11,-45),(11,12,-45),(12,1,-45)}

1=4units 4=1unit 7 =1unit 10 =1 unit

2 =2 units 5 = 1 unit 8 =1 unit 11 = 1 unit

3 =1 unit 6 =1 unit 9 = & unit 12 = 2 units

Figure 4 i1lustrates a second shape descrintion for a block letter E.
The primitives, which are line seaments, have one attribute--
their relative length., The relation J consists of triplies of
the form {seagmentl, segment?, angle) where senment] and segment2
join and anale is the angle between them. For the purpose of
calculating the angles, the line segments are considered to be
directed clockwise.
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closed boundary. Let P =S \_)I. P consists of the simple parts and intru-
sions. Let &:P x P+ [0,») be a distance function which agives a relative
‘measure of the distance between two simple parts, two intrusions, or a simple
nart and an intrusion with the property that if Py and Po touch or overlap,
then a(p],pz) = 0, Let A be a non-negative real number. Define the Boolean

function p:P3 + {true,false} by

| A

r
true if s(p],pz) A,

8(p,,p5) < 4, and

p(p],pq,p3) = ( it is possible to draw a straight line from
“ a boundary point of p, through p, to a

boundary point of Py

false otherwise

.

Thus, D(D],pz,p3) is true if both D1 and Ps touch or almost touch Po and a part

of Ps 1ies between pT‘and P3. A shape is characterized by a 5-tuple M =

il

(N,T,G,P,R) where N is the name of the shape, T is the type of the shape, G

{(number-of-simple-parts,#S), (number-of-intrusions,#I}}, P = S\\,)I, and R
{Rp’Ri}‘ Rp = {(i],s,iz) e I xSx1| p(i],s,iz) = true} and Ry = {(51,1,52) £

SxI xS | p(s1,i,32) = true and 6(51,52) < A}, Thus, R consists of triples

D
of the form (intrusion 1, simple part, intrusion 2) wnere the simple part pro-
trudes between the two intrusions, and Ri consists of triples of the form
(simple part 1, intrusion, simple part 2) where the two simple parts touch or
nearly touch and form part of the boundary of the intrusion. Note that although
the relations Ri and Rp are currently defined using the predicate p which returns
true or false, alternate definitions could be formulated where p would return a

numeric value. So far no provision has been made for describing each simple

part and each intrusion of a shape. The decomposition algorithm was designed to
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produce near-convex primitives, and it does not seem useful to decompose these
primitives any further. However, a 1ist of the properties of each primitive
would add to the completeness of the description of the entire shape. Some of
the properties of a primitive that might be useful are listed below:

circularity

elongation

convexity

crenation

relative length

relative width
relative area

Example
Figure 1 illustrates the decomposition of a block letter E into four

simnle parts and two intrusions. We will name the simple parts 1, 2, 3, and
4 corresponding to clusters 1, 2, 3, and 4 in Figure 1a and the intrusions
11 and 12 corresponding to clusters 1 and 2, respectively, in Figure 1b. Then

the structural description of the letter E for any value of A is

~

('E',Tetter,G,P,{RD,Ri})

G = {(number-of-simple-parts,4) (number-of-intrusions,2)}
P.= {1,2,3,4,11,12}
Rp = {(11,3,12)1 .
R. = {(1,11,2),
(1,11,3),
(1,12,3),
(1,12,4)1

Figure 5 illustrates this symbolically and Figure 6 compares the decompositions
of five block letters E, 6, I, C, and 3 into simple parts and intrusions and
the Rp and Ri relations for each letter. (Note that for brevity, we 1ist only

triples of the form (p1,92,p3), P1< Py and omit their symmetric counterparts.)
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1 3 3 \\11 I
N
3
A7 yi 4
] i ' f‘}_/]é iy _)/
4
Rp = {{11,3,12}} R

Figure 5 illustrates the protrusion relation R
Ri of a block Tetter 'E'.

P

and the intrusion

relation
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E g I ¢ B
1 (1) 12 (3?( __//?” gt
R, 11,302 115,12 11,1,12 empty  empty

R, 1,11,2 1,12,2 1,11,2 1,11,2 . 1,11,1
1,11,3 2,11,3 1,12,2 2,11,3 |
1,12,3 3,11,4 1,11,3 3,11,4

1,12,4 4,11,5 1,12,3 4,11,5

Figure 6 1llustrates decompositions of 5different block Tetters and
the Rp and Ri relations for each letter.
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IV. SHAPE MATCHING

For our purposes, two shapes match if there is a function that maps the
primitives of the first shape to the primitives of the second in such a way
that primitives map to like primitives and the interrelationships among the'
primitives are preserved. Such a structure preserving function is called a

homomorphism. Haralick and Kartus [14] define a relational homomorphism as

follows.

Let A be a finite set of objects, let L be a finite set of labels, let
Re AN x L be a Tabeled N-ary relation, and let h:A ~ B be a mapping from
A to a second set B. The compositicn of the relation R with the function

h is the Tabeled N-ary relation Roh defined by

N

Roh = {(b],...,bN,z) e B' x L | there exists (a],..,,aN,z) e R

with h(ai) =b., i=71,...,N}

.E!

Suppose Rg AN x L and R' = gM x L. A relational homomorphism from R to R’

is a function h:A -~ B such that_Rch =R'.

Thus, the composition of an N-ary relation with a function produces a
second N-ary relation. The relational homomorphism is a structure preserving
function that maps a labeled N-ary relation onto a subset of a second labeled
N-ary relation. If shapes are represented by labeled relations, then two
shapes match if there is a relational homomorphism from one relation to the
other.

The structural description of a shape defined in Section III includes
two ternary relations: Rp, the protrusion relation, and Ri’ the intrusion

relation. In order to simplify our description of the shape matching pro-

cess, we will combine Ri and Rp to form a labeled ternary relation R(RT,R )

P
defined by
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R(Ri=Rp) = {(p],pz,p3,£) e P gither (pT’DZ’pB) e Ry and 2 = 1 or R

and 2

3 3 R
(P] pz P3) £ p

pl. »

Each element of R(Ri’Rp) is a triple of either R, or Rﬁ with a label indi-
cating whether it is from Ri or RE.

The elements of R(Ri’Rp) contain information about the structure of the
shape and indicate which primitives are simple parts and which are intrusions.
One form of shape matching is to compare candidate shapes ta a protofype shape
and determine whether the candidate is similar enough to the prototype to be
considered a match. Let Sy = (N},T],G1,S1L_)I], {Rpl’Ril}) be a prototype
shape and S, = (NZ,TZ,GZ,SZQ_)IE, {RpZ’RiZ}) be a candidate shape. Let

R, =R(R51,Rp]) and R, = R(R The candidate shape Sy matches the proto-

i2? p2)
tyne shape S1 if there is a relational homomorphism h from R1 to RZ'
For example, consider the decomposition of shapes E], EZ’ and E3 in

Figure 7. Suppose E} is a prototype shape for the letter 'E' and E2 and E

3

are candidate shapes. The relations R], RZ’ and Rg corresponding to E

1° Eos .
'and E3 are given below. Very thi; exterior clusters (13, 14, 15, EE, DD,
FF, TT, UU, and VV in Figure 7} which correspond to a?mosf straight parts of the
boundary rather than true intrusions, have been eliminated from the descriptions.
These "false intrusions" will be eliminated by the program that calculates

Ri and Rp. They are currently produced by the algorithm used tg find the LE
relation and have_not been eliminated earlier because we think they may prove

useful in future shape analyses.

R R, Ry
(1,11,2,1) (A,AA,B,1) {Q,00,R,1)
(1,11,3,1) (A,AA,C,1) (2,00,S,1)
(1,12,3, 1) (A,BB,C,1) (Q,RR,S,1)
(1,12,4,1) (A,BB,D, 1) (Q,RR,T,1)
(11,3,12,p) (A.BB,E,i) (T,55,0,1)

(D,BB,E,1) (0Q,S,RR,p)
(D,CC,E,1) (RR,U,SS,p}
(AA,C,BB,p) (RR,T,SS,p)
(AA,C,CC,p)
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E1 E2 E3

Decomposition into intrusions

Figure 7 illustrates the decomposition of three shapes into simple parts and
intrusions. Shape E1 was hand-printed and is considered a prototype
letter 'E'. Shapes E2 and E3 were producad by adding noise to shape
£l.



Now for E, to match Eq there must be a homomorphism hIZ:(STk~a)I1) + (S, k_)Iz) i

from Ry to R,. Four such homomorphisms are given below. —

<> <2> <3> E <f> |

p e (5UTy) | hypp) 1 gy(e) | hyp(p) o hyp(p)

1 A A A A

2 B B D E

3 C ! C C C -
4 D E B B :
11 AA AA BB BB
12 BB BB AA AA |

<i>
For each i, 1 < 1 <4, it is easy to show that R]oh12 < RZ‘ For example,

<i>

Riohy, = {(A.AAB,1), (A,AA,C,1), (A,BB,C,1), (A,BB,D,i), {AA,C,BB,p)} <
Ry Similarly, there are homomorphisms h13:(S}k~)I]) > (33\_)13) from

R1 to R3. Thus, both candidate E, and candidate E3 can be said to match
prototype EI' Notice that some of the Homomorghisms from a model to a
candidate shape really represent the mappings from the model to the mirror
image of the candidate. In the ébove example, ;?; and ;?; are the mirror
image mappings.

A shape matching procedure muét find a homomorphism from a prototype
shape to a candidate shape. Several important considerations pertain to
the design of such a procedure:

(1) Some of the relationships in the prototype shape may be more
important than others. Thus, it is desirable to assign weights to tuples
in the description of the prototype.

(2) 1t is possible for two similar shapes to decompose into different

numbers of primitivés. Thus, the mapping should be able to assign the same

primitives in the candidate to several primitives in the prototype if they
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are physically close enough to each other. (If we choose to Took for a
binary relation instead of a mapping, then several primitives in the candi-
date could be associated with one primitive in the prototype}.

(3) A homomorphism corresponds to a match, but does not necessarily
indicate a good match. We need a measure of the goodness of a match. In
the remainder of this section we will discuss each of these considerations

in more detail.

Mappings on Weighted Relations

Suppose R1 = P]3 x {i,p} is a prototype relation and st Pg x {i,p}

is a candidate relation. Let W be the set [0,1] of real numbers between 0

and 1. A weighting function for R1 is a mapping w:R1 + W that assigns a

weight to each triple of Ry such that :E: w(r) = 1. Let h be a mapping
reR
1

from P1 to P2 and w a weighting function for R1. A triple r of RT is

satisfied by h with respect to R, if h(r) ¢ R,. If h is a homomorphism from

2
Ry to Ry, then rER w(r) = 0since Rych=R,. In order
€ .
[r not!satisfied by hi

to allow imperfect matches, we define an c-homomorphism to be a mapping
h:P; - P, such that :E:_w(r) < g. Thus, in an e-homomorphism
[r gggésilisfied by h]

the sum of the weights of those triples that are not satisfied is not greater
than . A homomorphism, as defined earlier, is a O—homomorphish.

Using these ideas, a human or a computer can assign weights to the triples
of the prototype relation. One method of obtaining the weights would be to
Tet a program induce them from imperfect matches ranked as to goodness of match.

Then the shape matching problem is to find e-~homomorphisms from the prototype

to the candidate.
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Mappings That Can Assign Several Candidate Primitives to One Prototype Primitive

We would Tike to allow mappings that are not one-one, but with the
restriction that only primitives that are near enough to each other can map

to a single primitive. This leads to the mergeability relation M E;(S-I X ST)K_)

(I] X I]), If (pl,pz) ¢ M then py and pz may'map to the same candidate primitive.

One possible definition for M is
M= {(pyspo) | 8(pyspy) < 43

A mapping h:P, -~ P, is consistent with M if h(p) = h{q) implies (p,g) = M.
Thus, we can expand the shape matching problem to find all e-homomorphisms that

are consistent with M.

Measuring the Goodness of a Match

The quantity :E: w(r) measures the relational goodness of a mapping h.
reR
1

[r satisfied by h]

Two other measures are of interest:

(1) A measure of the similarity between each primitive p of the
prototype to the corresponding primitive h(p) of the candidate.

(2) A measure of the size of the matched subset of the candidate
primitives.

The measure (1) would take into account properties of a primitive such
as those mentioned in Section III. The strictness or lenience of the enforce-
ment of this measure in the matching criteria will determine how close to
identical two shapes must be in order to match. The measure (2) might simply
be the ratio of the area of the matched primitives {or just the simpie parts)
of the candidate to the total area of the primitives (or simple parts) of the

candidate.



The Shape Matching Procedure

The problem of finding homomorphisms has been with us for some time.
(See Barrow, Ambler, and Burstall [3], Ullman [33], and Corneil and Gottlieb
{51). Finding homomorphisms can be accompnlished by means of a tree search
incorporating a "Took-ahead" or "relaxation" operator. (See Haralick and
Shapiro [15]). Finding e-homomorphism can be accomplished by a similar
nprocedure, Me now define a simple procedure for finding e-homomorphisms
that are consistent with a mergeability relation. The following high-Tevel
algorithm describes the procedure for finding all e-homomorphisms that are
consistent with merqgeability relation M from a weighted N-ary relation R]
on a set U of primitives of a prototype to an N-ary relation R2 on a set L
of primitives of a candidate. The primitives of U are referred to as units
and the primitives of L as labels.

procedure MAIN ( )

comment  LABELS is a table

" LABELS (u) contains a 1ist of those elements

of L that U may be mapped to by the homomorphism

to be found;
comment error threshold;

read (e}; 2
read (M); comment mergeability relation;
read (U); corment primitives of the prototypes;
read (L); comment primitives of the candidate;
read (R]); comment M-ary relation on U;
read (R2)5 comment M-ary relation on L;
R: = R1 X R2; comment used in relaxation;
for each u ¢ U do
read (LABELS{uY);
call TREESEARCH (R1,R,LABELS);
stop

end MAIN;

25
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RELAXR:
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procedure TREESEARCH(R1,R,LABELS});

comment Recursively perform a tree search to find mappings from the set
U of primitives of the prototype to the set L of primitives of
the candidate. The mappings found will be e-homomorphisms from
R1 to R2 where R = Rl x RZ2;

THISUNIT := an element of U that has the least number of labels;

if (there are no more labels in LABES(THISUNIT)

then return;

THISLABEL := next label in LABELS{THISLABEL}:

R* := RESTRICTION({R,THISUNIT,THISLABEL};

LABELS' := EPSILON PROJECTION(RT,R',LABELS);

f (LABELS' = @) then goto NEXTLABEL

comment the following 4 statements are included if the treesearch is to
use a relaxation procedure on R;

R' := EPSILON RELAX(R1,R',LABELS'):

LABELS’ := EPSILON PROJECTION(R1,R',LABELS'});

if (LABELS' = @) then goto MEXTLABEL;

Jf (EPSILON RELAX removed any N-tuples from R')

then goto RELAXR;

comment If relaxation is not being used, the partial homomorphism defined
by those elements of Y that have only one label left in LABELS'
must be checked to see that it meets the requirements of an e-
homomorphism;

f (-~ EPSILON CONSISTENT{LABELS')) then goto NEXTLABEL;

comment Now if all the elements of U have only a single label left in LABELS',
we have a homomorphism, otherwise continue the tree search;

if (LABELS' is single-valued)

then print ('HOMOMORPHISM',LABELS')

else call TREESEARCH(R1,R',LABELS');

comment Continue looking for more mappings;

-goto NEXTLABEL;

end TREESEARCH

procedure EPSILON PROJECTION(R1,R,LABELS);
comment Produce a new table containing for each unit u those Tabels that an
g-homomorphism may still map u to, given the current state of R;
for each unit UNIT that has only one label in LABELS do
Theqin
T EPSILON PROJECTION(UNIT) := LABELS{UNIT);
PARTIALTUNIT) := LABELS{UNIT)
end;
for each unit UNIT that has more than one label in LABELS do
" for each label LAB in LABELS(UNIT) do
" begin :
PARTIAL(UNIT) := LAB; '
if EPSILON CONSISTENT(PARTIAL,R1,R)
then add LAB to EPSILON PROJECTION(UNIT)
end; B
return;
end EPSILON PROJECTION;
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procedure EPSILON CONSISTENT(LABELS,R1,R)

comment determine if the partial function defined by the singte-valued
entries in LABELS is an e-homomorphism;

ERROR_SUM := 0,

for each N-tupte (uy,....uy) e Rl | such that each of Uys. ...y has just

one label Teft in LABELS do
begin
if_((U1,LABELS(U])),...,(UN,LABELS(UN))) is

not in R
then ERROR SUM := ERRORSUM + weight(u1,..,,uu);
1f ERROR_SUM > = then goto FAIL

end;
EPSILON CONSISTENT = true;
return;
EPSILON CONSISTENT = false;
return

end EPSILON CONSISTENT;

The algorithm described by the above procedures was used for shape match-
ing. The relations Ri and Rp were used in place of the general relation R. Ri
and Rp were stored, restricted, projected, and relaxed on separately because
the program ran faster using the two smaller separate re]ation; and combining
their results than by merging them into orne Targer relation. The program was
tested with and without a relaxation operator. Because the shape relations are
relatively small, the overhead involved in setting up and carrying out the
relaxation was greater than the amount of time reguired to perform the tree-
search with the restriction and projection, but without the relaxation. The

weighted discrete relaxation procedure, which does improve time significantly

on larger relations, will be described in a future paper.
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V. EXPERIMENTAL RESULTS

The shape matching procedure has been tested on character data. The data
consists of a set of hand-printed characters which are considered to be proto-
type shapes and for each prototype shape, a sef of imperfect versions of the
shape. The imperfect versions were obtained by starting with a 1ist of the
boundary points of the
prototype shape and calling on a uniform random number generator to produce
horizontal and vertical displacements which were then added to the coordinates
of the boundary points. By using different seeds for the random number genera-
tor, each prototype shape was used to generate several imperfect shapes with
the same number of points, but with distorted boundaries. The amount of
distortion was controlled by the range of displacements. Figure 8 shows the
prototype shapes and a set of corresponding imperfect versions.

The characters were first decomposed into simple parts and intrusions
using the graph-theoretic clustering procedure described in [31]. Then the
Rp and Ri relations were hand-coded for each.character. In the hand-coding,
we followed the definitions of Rp and Ri given in Section III as closely as
possible using a distance function § defined by 6(p1,p2) = 0 if Py and Py
have a point in common or if a point of P is adjacent (along the boundary
of the shape} to a point of Ps and a(p],pz) = » otherwise., (The scftware
to automatically produce the relations is under current development). Several
extra test shapes were constructed totaT]y by hand in order to have some
shapes which were not just imperfect versions of the prototype shapes, but
were "near-misses" as used in Winston's concept-learning experiments [341];
that is, some important property of these shapes was missing. These shapes
were used to further test the inexact matching.

In each test, the matching program was given the Rp and Ry relations,

a weighting function, and a mergeability reTation for the prototype shape;

the Rp and Ri relations for the candidate shape, and the inexact matching

P

"
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threshold ¢. We will first describe some results where the weighting func-
tion assigned equal weights to each triple in the prototype relations, the
mergeability relation M was empty or fixed, and < was set to O for exact
matching. We will then describe the effects of varying ¢, the mergeability
relation, and the weights. We would like to emphasize at this point that

our goals in running these experiments were not to test a new character recog-
nition algorithm, but instead to learn about the concept of shape. Thus, for
each test run, our interest was not in whether two shapes matched, but how
much they matched and how much work the program had to do to decide how much

they matched.
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Example of Tests with Equal Weights, Fixed Mergeability, and ¢ = 0

We will iTlustrate this kind of test with a few characteristic examples.
In one such test letter E1 of Figure 7 was used as the prototype shape and
letter E2 as the candidate shape. The program found the four legal O-homomor-

phisms from E1 to E2 with a tree search in which 39 nodes were processed.

Figure 9 shows the tree search for this run. It is of interest to note that
when the program used relaxation at each node of the tree search, only sixteen
nodes were processed, but the program performed so many more operations due to
the overhead of the relaxation that it executed four times as long.

As examples of non-matches, letter E1 was matched against Tetter I3, and
lTetter I1, the prototype I, was run against letter £2. The decompositions of
letter IT and Tetter I3 are shown in Figure 10. In both cases the program
reported no homomorphisms found while seérchinq only six nodes of the tree.

The tree searches are illustrated in Figure 11.

Examples of Tests Yhere ¢ Was Varied

A number of tests were performed where ¢ was varied in order to watch the
behavior of the program as it went from exact matching to inexact matching and
to see what kind of inexact matches occurred at higher values of . The E1-E2
experiment which processed 39 nodes for ¢ = 0, processed 31 nodes for ¢ = .25,
finding the four O-homomorphisms plus four .25-homomorphisms. The additional

.25 homomorphisms are given below.

AA BB

¥ J» = 1=
m
]
o
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Figure 10 illustrates the simple parts and intrusions for the proto-
type shape I1 and the imperfect shape I3.
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equal weights

M=0
e =10
6 nodes
11,BB 11,CC
S[B 3!8
X X

equal weights

M= {(2,3),(4,5)}

g =0
6 nodes
11,8B 11,CC
1[6 1,C
X X

Figure 11 illustrates the tree search for two non-matches.
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The E1-I3 experiment which processed 6 nodes for ¢ = 0, processed 45 nodes
for e = .5, again reporting no homomorphisms. The I1-E2 experiment which pro-
cessed 6 nodes and found no matches for ¢ = 0, processed 69 nodes in the time
it was allowed to run and had found 13 .5-homomorphisms befare it reached its
time 1imit. One such .5-homomorphism was {{1,C),{2,A),(3,A),{(4,B),(5,B),
(11,AA),(12,BB)}. In this mapping, the triples (1,11,2) and (1,12,3) of
R; were satisfied and the triples (1,11,4) and (1,12,5) of R, were not
satisfied. Since half the triples of Ri were satisfied, the mapping was a
valid .5-homomorphism on R.. Rp contained only the triple (11,1,12} which
Was satisf?ed. Figure 12 illustrates this inexact match.

Figure 13 shows the relations used in another inexact matching experi-
ment. The prototype shape was letter E1 and the candidate a constructed
relation NOT E2. The program found no homomorphism for e = O processing 10
nodes, no homomorphisms for e = .05 processing 17 nodes, and no homomorphisms
for ¢ = .25 processing 31 nodes. The reason for no homomorphisms in this
example is that no mapping could satisfy the Rp relation, which forces one
of the manpings {{11,AA),(3,C),(12,BB)} or {(11.,BB},(3,C),(12,AA)}, and
simultaneously satisfy the Ri relation.

Figure 14 shows the relations used and the tree searches in a similar
experiment with prototypes El1 and candidate NOT E3. This time two inexact
ﬂmatches were found when £ was set to .25. The program processed'lo nodes

for ¢ = 0, 17 nodes for e = .05, and 31 nodes for & = .25.

Examnles of Tests Where M Was Varied

The mergeability relation M was the empty set for prototype E1 and was
fixed at {(2,3),{4,5}} for prototype I1 in the above examples. In this
section we will describe some experiments using prototype I1 where M was

varied.

T

ey
. !
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Figure 12 illustrates an inexact match of I1
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El NOT E2

Figure 13 illustrates the relations used in an inexact matching experiment
where no homomorphisms were found for e = 0, .05, or .25.
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10 nodes 17 nodes
e = .05

g =0
11;EE’/’//::I;;\\\\\?iicc 1.5 1l TT.ce

/\ ANAN

3,A3C 20C 2,A 3.A 12,88 12CC 12,A8 12.,CC 12,AA 12,BB
O T A
12,BB 3,A 3,0 3,A 3,0 3,A 3,4 3,A
X X | X ' X X X
1,A 14A
X X
= .25 371 nodes

£ = . .
11,AE“""#———‘——-_~ﬁ-_——m_‘—"_##—-;;T;;‘“*-Hh—-h-ﬁqq‘_Hﬁhhﬁ-—~“*_"""TT:cc

12,88 12,CC 12,AA 12,¢C 12,07
3¢ 3!A 3[c /)5Li\\\ 3!A
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///A\\\} X X X ///\\\\\ X X X X X
278 ,D 2.8 2D
X X

1.A 1,A
2.8 | 2
2;8 &——— Two .25-homomorphisms —t z,g
1.4 11.88
2.BR 12,84

Figure 14 illustrates the relations and tree searches for an inexact matching
experiment where two homomorphisms were found for ¢ = .25,
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Prototype 11 was matched against candidate I3 {beth shown in Figure 10) ~
with M= @, M= £(2,3)3, M= {(1,2),(1,3),{1,4),(1,5)}, and M = {(2,3)(4,5), |

(1,2),{1,3),(1,4),(1,5)}. Each value of M was tested with ¢ = 0 and ¢ = .25. E@
0 or with ¢ = .25, T

U

For M = @, the program found no homomorphisms either with ¢

For M = {(2,3)}, the program found two homomorphisms with ¢ = 0 and eight

homomorphisms with ¢ = .25. The O-homomorphisms are Tisted below.

5017112

’11233}4; '

: | E ..........
BllA Aﬁ_C\D AL | BB

B!AMD;C BE | AA

The .25-homomorphisms include the O-homomorphisms and the six listed below.

12 3 451 [12

: . % B C CAD A BB
*BDDCA an BB

81A A ClD AT

* B clc D A BB |AA

*|B oD |Alc BB A

1B{A A |D|C |cC A

Note that the mappings marked with "*" are valid .25-homomorphisms with

respect to Ri and R_ but are intuitively invalid because they map primitives

P
4 and 5 which touch to A and C or A and D which do not. This is caused by
the fact that 4 and 5 join but border no intrusion and therefore were not
included in the Ri relation. This problem can be solved by defining a null
intrusion iO and including (4,10,5) and (2,?0,3) in the R, relation. Of course,
for higher values of e, these extra constraints could be ignored.

For M = {(1,2),(1,3),(1,4),(1,5)}, the program found no O-homomorphisms

and had discovered the three .25-homomorphisms listed below in its alloted

time.



41

12134511 12

BB A D C|BB |AA

|
i
I I

BB [C1D|A BB |AA

B DA (B C|BB iAn

Finally for M = {(2,3),(4,5),(1.,2),(1,3),(1,4),(1,5)} the program found four

O-homomorphisms and in its allotted time had found 22 .25-homomorphisms.

Examples of Tests Where Weights Were Varied

The weighting function was added to the shape matching procedure to
add flexibility to the experiments. In this section we discuss the effects
of varying the weights.

A simple experiment was run using the prototype letter 'C' and imperfect
version shown in Figure 8. The decomposition of the two shapes is illustrated
symboiica11y in Figure 15. The prototype, C1, h;s five simple parts and one
intrusion while the candidate, €2, has oniy four simple parts and one intru-
sion. In the experiment the mergeability relation M was fixed at {(1.2),(2,3),
(3,5),(1,4)} so that any two simple parts that touched or nearly touched could
map to a single simple part. The experimental weighting function assigned high
weights (.45) to the triples (1,11,2) and (2,11,3) which represent the joining
of the three main primitives of the shape and Tow weights (.05) to the triples
(1,11,4) and (3,11,5) which represent the joining of the two optional end
primitives to the remainder of the shape. The experiment was also run with
equal weights as a comparison. The error threshold ¢ was fixed at .2.

As expected, the program reported no .2-homomorphisms when the weights
were equal, since at least one of the four triples was not satisfied. With

unequal weights a number of .2-homomorphisms were found. Figure 15 gives two

of these homomorphisms, h] and h2= the triples that were not satisfied by
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Unequal Equal :
Rﬂ Weights Weights RiZ
1,11,2 .45 .25 ALAA LB
2,11,3 .45 .25 B,AA,C
1,11,4 .05 .25 C,AA,D
3,11,5 .05 .25
R, = =
I "2 = 7
M= 1{(1,2),(2,3),(3,5),(1,4)}
Error Error
X With With
ot Unequal
' 1 2 3 4 5 11 Satisfied weigﬁ%s WE?S%%S
hy fA BIC DA AL (1,17,8) | 1 .5
l (331155)
h, B ciplaip jaa ! (3,11,5) | .05 25

Figure 15 illustrates a matching experiment on letter C's where weights were
varied. The functions h1 and h3 are two of the .2-homomornhisms

found when the unequal weights were used.



each function, and the corresponding error for each function for the unequal
- weights experiment and the equal weights experiment.

A second experiment in which weights were varied was run on two letter
'T' relations which were created expressly for the experiment. The relations
for these shapes is shown in Figure 16. The prototype shape T1 has several
optional extra parts that may or may not be present on a letter 'T'. The
candidate shape T2 is a standard 'T' shape. In this experiment, instead of
allowing two primitives in the prototype to map to a single primitive in the
candidate, the mergeability relation was empty and primitives were allowed
to map to the symbol NL meaning "no label". Thus, the effect was to Took at
partial mappings. Although the approach is impractical (there are too many
partial mappings), the experiment does show the effect of the weights on the
mappings found.

Figure 16 shows the experimental weighting function and the equal weights
function. The experimental weighting function assigns the highest weights to
the relationships that make a shape 'T'-shaped and lower weights to the optional
relationships. The mapping h in Figure 16 is one of the .2-homomorphisms that
was found with the unequal weights, but did not exist when the equal weights
were used. The two experiments show that varying the weights can be used to

set up 2 model with many Tow priority optional parts and relationships.



T2

Unequal Equal
Rﬂ Weights Weights R].2

5,13,2 .05 167 AL,AA,B

6,14,2 .05 .167 A,BB,B

2,11,4 .2 167

2,12,5 .2 167

1,11,2 .25 .167

1,12,2 .25 167

Rp] Rz

11,1,12 7 .25 AA,B BB

11,2,13 R .25

12,2,14 . .25

13,6,14 . .25

M=

_ Error Error
Triples With With
Not Unequal Equal
! 1 2 i4 '5 6 i11 12 113 14 Satisfied Weights Weights
. BIA INL'NLINL AA BB INL [NLI(11,2,13) | 2 5

| || f (12.2.14)

Figure 16 illustrates a matching experiment on two letter T's where weights
were varied. The function h is a .2-homomorphism found when the

unegqual weights were used.

s
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VI. DISCUSSION AND CONCLUSIONS

We have discussed a general model for a structural description of a shape
and defined a specific model based on decomposing the shape into simple parts
and intrusions. In our model two relations, the intrusion relation and the
protrusion relation, characterize the shape. The descriptions can be enhanced
by adding properties of the simple parts and intrusions.

We have defined shape matching as the problem of finding relational homo-
morphisms from a prototype shape to a candidate shape. We have discussed
homomorphisms on weighted relations and homomorphisms that can assign several
candidate primitives to one prototype primitive. We have also discussed some
measures for the goodness of a match. Finally, we have described an experimen-
tal shape matching progedure that uses a tree search to find homomorphisms from
prototype shapes to candidate shapes. At this point, we would like to comment
on the results so far and the work yet to be done.

The main contribution of this work is the relational shape model and §pecia1-
ized shape matching procedure. The intrusion and protrusion relations appear to
be sufficient to characterize a shape. The model is both simple and powerful.

The shape matching procedure incorporating weights, thresho?ds; and a mergeability
relation is a highly flexible matching procedure. Because not all of the parts
have to be distinct and not all of the relationships have to be satisfied, inexact
matches and partial matches are possible. Thus, shapes that are distorted or
obstructed can still match their prototypes. This important characteristic is
needed in scene analysis systems.

The entire shape recognition system at present consists of a set of FORTRAN
programs that perform the decomposition of a shape and a SMNOBOL program that
performs the shape matching procedure. The automation of extracting the Ri and

Rp relations and other information from the results of the decomposition is
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currently being tackled. For a shape represented by N points, the FORTRAN
programs perform D(N3) operations for computing relations and O(NZ) operations
for graph-theoretic clustering. We hope to reduce the complexity of the O(Ns)

program by improving the algorithm used. (The current one is just brute force).

The SMOBOL program, in the worst case, would search the entire tree since find-
ing homomorphisms is an NP-complete problem. However, in our experiments, the ?3
program searched a relatively small portion of the tree. As mentioned previously,
the program executed factor on these simple shapes without the relaxation pro-
cedure. However, when relaxation was used, the program rarely made a mistake
requiring back-up. Thus, for very complex shapes with many primitives to be
matched, a relaxation procedure should be used. In practice, the number of
nodes searched seems to be proportional to the number of primitives of the pro-
totype shape times the number of homomorphisms found. As the error threshold
e increases, the program tends to search more nodes and to find more homomor-
phisms. Occasiona11y,-the program will search fewer nodes with a higher value
of e because the order of the search has changed.

The current SNOBOL shape matching procedure is very slow; approximately
2 1/4 nodes per second are searched. This is mostly due to the fact that the
program uses character strings to represent most data objects (triples, 1ists,
units, and labels) and character string operators such as pattern matching and
concatenation for manipulating the data objects. The program was initially
written in SNOBOL4 because the nowerful data structures and facilities of the
Tanguage made for a short program and an equally short debugging time. More
efficient matching programs are currentlv heina develoned in FORTRAN and PASCAL.

The results reported here are only initial experimental results. We expect
to perform many more experiments using more extensive data and studying further

the effects of different weighting schemes and mergeability relations. We also
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wish to study the effects of adding properties of the primitives to the model
(putting statistical and structural descriptions together), and we will be
adding symmetry to the model. Another goal is to develop a shape matching
procedure that constructs a third shape from which there are homomorphisms to
each of two shapes being tested for similarity. This will take care of the
problem of a primitive of the prototype shape mapping to two different primi-
tives of the candidate shape. In summary, the shape recognition procedure as

a whole seems to be a promising tool in scene analysis.
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