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ABSTRACT

A series of experiments with composite random number generators utilizing
shuffling tables is described. The factors investigated are: (1) the magnitude
of the modulus (equivalently, the word-size of the machine}, (2) the effect of
the modulus value for the indexing generator, and (3) the table size used for

shuffling. Experimental results indicate that:

(1) on large word=-length machines (permitting large modulus values),
shuffling accomplishes little in comparison with selected simple
generators,

(2) on small word-length machines, shuffling can produce sequences
having an increased period and demonstrating acceptable statistical
behavior, and

(3) a table size of 2 produces results comparable to those obtained with
larger tables.

Keywords: random number generation, compesite methods, increased periodicity,

sample size, table size
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INTRODUCTION

The Role of Random Numbers

Random number generation represents a research intersection of four
disciplines: computer science, discrete mathematics, operations research
and statisties. Interestingly, each discipline contains researchers who
contribute to the development of random number generation as well as those who
utilize random numbers in other research areas. Digital computer simulation
is perhaps the most apparent area of overlap between computer science and
operations research, and random number generation cccupies a major role
in computer simulation. However, the use of random numbers by experimentalists
in both disciplines extends quite prominently into other areas:

(1) Monte Carlo techniques in numerical analysis,

(2) generation of test samples for experimentation in mathematical
Programming, and

(3) hash coding. methods in information structures and-data base design.

Regarding the development of random number generation, researchers in
computer science and operations research (and in discrete mathematics and ;
statisties) have deyoted considerable attention to the various subtopics.
The books of Knuth {41, Jansson [3], Newman and 0dell [12] and the chapter
by Page [14] are examples of this atteﬁtion. Yet, despite these works and
those of a large number of the 49] references in Nance and Overstreet [ioj,
much dissatisfaction is expressed regarding the known techniques for random

number generation [5, 8].

Background of Composite Methods

The motivation for cohposite, or combinational, random number generators
stems from a perceived need to improve the statistical properties of sequences

produced by the linear congruential method of Lehmer [6]. This necessary improve-



ment is especially crucial according to those who have investigated the additive
techniques [2,9]. With respect to the methods employing multiplication, i.e.

Xn+1 = aXn + ¢ (mod m) s

the intended improvement would result from the reduction of dependency.
Intuitively, by "shuffling" the sequence, the successor and predecessor residues
would no longer be adjacent, and the sequence would "seem to be" comprised of
independent members. However, as Knuth [4, pp. 4-5] illustrates, intuition can
be quite deceptive with random number generation.

MacLaren and Marsaglia [7] introduced the table procedure for shuffling
members of a sequence in seeking to derive an acceptable generator from two
congruential generators that individually proved unacceptable. The two generators

_ 17 35
Uy = @7+ 3) U (mod 27°) (1)
5

Vk+l = (27 + 1) Vk + 1 (mod 23 ) (2)
were used in conjunction with a table of 128 locations. Generator (1) was

used to produce values, and generator (2) produced location values to establish
the sequence ordering of values from (i). The composite generator realized a
definite improvement in statistical behavior.

Although later research by Van Gelde??EIS] suggested that the poor behavior
of the individual congruential generatoré fwe use the term "simple generators™)
stemmed from pocr ch&ikes of multipliers rather than inherent failings, the
composite generator became quite popular. A recent bibliography [lQ] contains
nine references treating composite generators as the primary subject. Although
composite generators can have extremely long periods, we suspect that the
popularity of the composite method is due to an intuitive belief that the

generated sequence must reflect a greater degree of stochastic independence,

which is not necessarily the case.




Learmouth and Lewis [5] showed that a generator exhibiting poor behavior
- the RANDU generator from the IBM Scientifiec Subroutine Package - can be
improved to an acceptable level, generally speaking, by the table shuffling
method. During the process of their experimentation, they noteéd the lack
of power of the runs test in discriminating poor generators.

An interesting composite method, proposed by Westlake [16], uses a bitwise
addition modulo 2 of the results from two simple generators, with the value
from one generator cyclically permuted by a "random" number of positions. In
this paper we concentrate on composite generators based on the shuffling table
procedure, and we do not comment on generators of the Westlake type.

The distinct disadvantage of the composite generator is the cost in terms
of execution time.1 In a previous paper [11] we present experimental evidence
that the composite generator requires slightly less than twice the execution
time of a simple generator on a SRU 1108 using the FORTRAN language. The crucial
question is: "Does the improvement in statistical behavior warrant the
additional cost in execution time?" We seeck to answer this question in a

subsequent section.

Test Environment

Several factors can affect experiments with random number generators,
some of which are:

(1) machine architecture - the word size, the use of one's- or two's-—
complement arithmetic, the instruetion set;

1Com.posite generators, also require moregsﬁdrage than simple generators; however,
the additional storage is not so costly ‘with contemporary machines as with early
computers. Ty T




(2) language -~ conditions on overflow causing interrupts, implementation of
integer multiplication, presence of logical operators, bit manipulation
capabilities; and

(3) operating system - particularly in its space and time accounting when
'space or time comparisons are attempted,

We mention these factors simply because the experimenter can exert little or no
control over them; he must deal with each one in a way that maintains the validity
of his experiment,
The experiments described in this paper present results using two different
computer systemss:
(1) An SRU 1108 (36-bit word and one's~complement arithmetic) undér. an
EXEC 22° operating system was used for the comparison of simple and
composite generators on large word-length machines, The generators
wWere programmed in FORTRAN V, level 3.4,
(2) aAn IBM S/370 Dual 158 (32-bit word and two's-complement arithmetic)
under OS/ASP-MVT was used for the investigation of composite
generators on small word-length machines. The generators were
Programmed in FORTRAN IV, level H, in which the small word-length
was simulated.
Statistical tests were accomplished using the test package for random number
generators, described in g previous report [13], This package contains programmed

versions of all the tests described by Knuth [4]. Results in some cases were

summarized further to facilitate interpretation and comparison,

DESCRIPTION OF EXPERIMENTS

General Test Procedures

An important consideration in the use of random number generators is the

sample size, i.e. the number of sequeénce values to be required for the experiment,

Our experience iﬂa;éates that the sample size should not exceed one-fourth of

2A UNIVAC supported operating system,



the period. To present persuasive arguments for this "rule of thumb" would occupy
too much space, but Figure 1 is indicative of the behavior that is realized for
the coupon collector's test (see f4, p. 58-591). The results shown in Figure 1
are the X2 values resulting from the comparison of expected and observed sample
sequences for the coupon collector's test. In this case the periodicity of the
generators used

Xpyg = (181 + 163) X_ + 45 (mod 2%1)
Jzo, l, LI 3 9

is 2048, and the ten generated sequences for each sample size represent approximate
proportions of .25, .50, .75 and 1,0 of the sequence (the population so to speak),
An obvious shift in the generation of sequences failing the coupon collector's
test is shown in the four histograms of Figure 1, As the sample includes a
higher proportion of the period, the number of failing sequences increases.

In the remainder of this paper we investigate the following characteristics

of composite generators:

(1) periodicity, Y R )

(2) statistical behavior compared with simple generators: for large
word-length machines (large modulus), S

(3) effect of the modulus value used for the indexing generator
(the generator producing table locations), and

(4) effect of table size.

The last two characteristics are limited to small word-length generators because

of the results of (2) above.

‘The Effect of the Modulus Value on Periodicity

Consider the composite generator

Y

1 3.1 Yn + Cl (]'IlOd 1111)

il

Z

lIH

ntl a, Zn + c, {mod m2)

where we assume that {Z} is the sequence of table locations from which values of

{Y} are selected. According to a well known theorem (for example, see [3, 48-491),
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if (ml, mz) are relatively prime and H(my), H(mz) are the respective periods of
the above generators, then
H(mj.m,y) = lcm [H(ml), H(my) ]
where H(mlamz) is the period of the composite generator.
- To obtain the maximum period for a composite generator, we must select my
and m, relatively prime so that H(ml) and H(mz) are maximum:and lem [H{my), H(mz)] =
H(ml)-H(mz). This of course prohibits both my and m; from being powers of 2,
for if mp = Zd and my = 2%, then the period of the composite generator is the

maximum of the two, i.e,

H(ml.mz) = max fH(ml), H(mz)].

Obviously, since H(Zd) = 24 for d > 3, the selection of any prime >’7:&ffects:an
increased period. Keep in mind that nothing discussed to thig point relates to

the table size, merely the generator used to produce table locations,

Statistical Behavior of Simple and Composite Generators on Large Word-Lensgth Machines

With a large word-length and a lérge modulus, 1ittlemnee&tﬁouidﬁﬁbxmally
exist for: chnstructing: the: compositesgbherator:sb:asita: increaseperiodicity;
Recognizing the added cost of using a composite generator supposedly to improve
the independence of sequence values, we must question if the anticipated
improvement in statistical behavior warrants the additional cost,

In an effort to answer this question, we use a simple generator with three

different multiplier values, each of which -exhibits comparatively good behavior when

subjected to the spectral testl'as reported by Knuth [4, p. 88].

5%51. (the first simple.generator)
a= 2718281821  (the second simple generator)
3141592221 (the,third simple generator)
- 35, o
X£+l'_ aXn (mod 277)




and a composite generator

_ 35
Yoe1 = 500 v (mod 27°)

z 3141592221z, (mod 2%)

ntl

where the six most significant bits of members of {Z} are used to generate
locations in a table of size 128. A sample of 5,000 values is produced for each
of the three simple generators and the composite generator. The samples are
submitted to nine tests included in the random number generation test package,
The specific tests used are the chi-square with two different subsequence
lengths (200 and 1000}, correlation of values with lags from one to twenty,
coupon collector, gap over the intervals [0.4,0.5]7, (0.0,0.5) and (0.5,1.0),
permutation, poker, runs up, serial, and the Kolmogorov-Smirnov (K-8) goodness-
of-fit. Results are presented in Table 1.

In comparing two distinck methods, we prefer the rather cluttered presentation
of Table 1 to a simpler summarized descripéga;iof test-?ésults. Our preference
étems from the belief ;@a? acceptable behavior of a féﬁéém number generator,

like beauty, "lies in the eyes of the beholder", Table 1 permits the reader

- to develop his conclusions regarding the two methods. In subsequent experimentation

We use a more condensed summary of the effects on the composite generator
produced by choice of modulus and table size,

Viewing the test results in Table 1, one has difficulty in substantiafing the
argument that the composite generator should evince statistical behavior superior
to that of the simple generators., Following the suggested procedure of Knuth [4,
PP 39-40] we consider any observed values falling outside the probability
interval [.05, .95] to be "suspect", and from these values, any falling beyond .

the interval [.01, .99] are termed "bad".
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Little difference in the test results appear for the coupon collector,
permutation, poker, runs up, and serial tests. For the gap test on the intervals
[0.4,0.5] and (0.0,0.5) little difference in behavior is apparent. However, for
the second simple generator the gap test on the interval (0.5,1.0) produces a Xz
value of .540 which is in the "suspect" range but not "bad". The KQ test of
uniformity shows both the second and third simple (or one-line) generators to
produce a single "suspect” séquence among the ten sequences of 10 values each,
(Note that by applying this test to sequences of only 10 values, we make this
test rather severe.) The first simple generator produces two "suspect” sequences,
and the composite generator produces two "suspect" and one "bad". With ten
sequences of 100 values, the first simple and the composite generator produce
one "bad" sequence each; while the second produces two "suspect" sequences,
and the third, one "suspect" sequence,

The Kolmogorov~-Smirnov (K-S} test of uniformity shows the second one-line
generator to produce one "bad" sequence and the composite, one "suspect" sequence.
Application of the K-S test to the computed K-S statistics indicates the second
simple generator to produce one "bad" and one "suspect" sequence.

We include the correlation coefficients (for lags 1 to 20) without an
explicit test. We could apply the dié£ributionrtest of the coefficient,
developed by Andersonigl}l and deséribed in Jaﬁsson'[S,ﬂ p. 140-~1437,

Personally, finding néée of the 20 lagged correlation coefficients outside the
interval (-0.05,0.05) seems encouraging, but we might be slightly concerned
that the third ome-line generator produces only four negative values.

. Our conclusion is that the composite generator, when compared with "good"
simple generators, demonstrates no better performance.3 However, this conclusion

must be limited to cases where relatively large word-lengths (large modulus

3Learmonth and Lewis [5] have shown that a poor generator (RANDU) can be improved
by shuffling. We begin with simple generators exhibiting good behavior.
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values) enable relatively large periods. With small word-length machines (the
12— and 16-bit minicomputers), the composite generator offers two potentials:

(1) the combination of unacceptable simple generators to yield a more
acceptable sequence, and

(2) the realization of suffiecient periodicity to enable reasonable
sample sizes,

To evaluate these potential capabilities, we conduct the remaining experiments

assuming a small word-length limitation on the modulus value.

Experiments with Geneérators Having a Limited Modulus Value

In the remaining discussion we use a mixed generator to produce the uniform

values on the interval (0,1), referring to it as the primary generator. A second

generator, the indexing generator, identifies table locations from which previous

values produced by the primary generator are taken and into which new values of
the primary generator are placed. The modulus of the primary generator is

2ll for all cases.

‘{bwwEfféctsofﬁCompositeﬁMéthbdfbnSStatistical Behavior
Let us consider the primary generators

Yot 3 (181 + 161) ¥, + 45 (mod 2 s, 9

From our earlier discussion we note that selection of a modulus of 2b, 3 <b <11,
for the indexing generator, does not extend the period of the composite generator.
However, can we discern improved statistical behavior for the composite generator

over the primary generators:-uséd above? We use :as the iIndexing ‘generator

- ' 11
Zn+l = 125 Z, t 31 (mod 277)

which, in earlier testing of a sample of 500 values, had yielded no "bad" values

and only three "suspect" values (all on the K-S test). The results for the
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composite and the primary generator used alone are displayed in Figure 2. Also
shown in Figure 2 are the test results for a composite generator, using as the

indexing generator

P
2o+1 = 13 2 (mod 151)

A table size of 32 ig employed in both composite generators.

Figure 2 provides a summary of test results based on a probability level

_ (essentially, a4 probability statement). The reader should interpret the probability

level x as teépresenting a value that would be exceeded by a truly random sequence
with probability .x, For example, the level 25 represents a x? value that would
be exceeded by a truly random sequence with probability .25, 7In al1 cases a
sample of 500 values is generated by each of the ten generators. For both the
chi-square and K-S tests, each sample of 500 ig divided into five subsamples
of 100 each, so as to improve the discrimination. Consequently, 50 subsequences
are evaluated for the chi-square and K-§ tests, and ten for each of the
remaining tests,

The coupon collector, gap, permutation, péker, runs and serial tests require
a frequency count among categories followed by a Xz statistic based on the relative
difference in theoretical and actual frequencies. Consequently, the probability
levels admit the same interpretation with these tests, and the summary in Figure
2 is obtained.

Continuing the evaluation pfocedure_suggested by Knuth, we note that both
composite gemerators seem to capéé slight imﬁrovements. While a total of 11
"bad" Séquences are produced by the primary generator alone, six are produced by
the composite generator (mod 151) and only three by the composite generator (mod 211).
We might be tempted to believe that, although not increasing the period, the

composite generator (mod 211) does exhibit improved statistical behavior,



13

(IST pow) Iozeasuey 23rsodmo) pue AAHN pow) z0lBISUSY 9ITSOdWO) PIXTR A0F SITNSIY aser 30 uostauduo)

N T N L

] G G2 0§ GL G6 66

(IS1 QOW) 3LISOdNGD

r

T L

| G G2 06 G G6 66

- | 1]

(12 QOW) 3LISOdWOD

[

[

)

G Gg 0G GL G6 66

LJ

¥OL03TI00

HOLYH3INES Q3IXIN

(NVY3IW 3A08Y
SNNY) dvo NOILVLNNYZEd

-~ (NVIWN MO138
SNNYH) dvO

3YVNOS
— HD

‘NOdNOJ

*7 2INBTH

T3N3
ALiTigv8a0dd



;ﬁmj
JJJUJ

(11 aow) m_.:mon_s_oo *

*Panurjuoy 'C @an8ry

L

_'jlj

I & g2 og G G6 66

=

(h2 aow) ENINGE el

o

I § g2 og G4 G6 66

I

HOLVHANID aaxiny

g

=X AONMINS
= NOHOO0W10)

+X AONYIWS
= ACHO90N 10N

(P) viy3s

SNNY

H3IN0d

13A37
ALIMNEY804g



14

However, we gee that thig generator produces 24 "suspect" Sequences while the
composgite generator (mod 151} produces 18. The Primary generator alone produces

19 "suspect" Sequences, The Proper conclusion Seems to be that pe definitive

o
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=
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by noting that
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the composite generator using a tghle size of 32 ig pProvided by Taple 2., The
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Probability Level
99 95 75 50 ~25 5 1 J
Chi-Square 70 137 20 o i
8 | 151 16 1 ;
™ 5 é !
Coupon Collectors | 5 1 1 1 g 7
: 3 1 3 | 3 Q
!
Gap (Runs Below Mean) 3 2 § 3 : 1! ; ' 1
1 3 1 3 11 1]
i : ! i !
- i i 3 ! i :
Gap. (Runs Above Mean) - 4 2 g 1 2 i ; ; 1
; i 3 2 i 2 | 2 3 ] _
! : ’ ]
Permutation (4) 7 1 : 2 § }
. ; ! 3] 3 2. 1.2
! : ; : ]
Poker 1] Ly ' 45 1
] ; 1 i 4 4 ! i
; i ; f !
g ] ! ! ] % :
Runs 1 1 1 1 4 1 1
; 3 1 37 g 2
H H L g ! i
Serial (4) 10 | i | i i | :
1 2 : 2 3 1 1 :
T _u,m-‘s!e-d{— -»-—-5— = m ,.; 5 ;
! | : : {
Kolmogorov - g+ i 9 i 21 j 9 1
Smirnov K~ 1 2 81 19 {10
| 1] 2 9 1 17 T Y
i i -
Table 2, Effect of Composite Method on Statistiecal Behavior
(Upper value is for Primary generator alone, lower
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K-S tests, only three "bag" Sequences are produced by the composite generator; o
while 36 "bad" sequences result from the pPrimary generator used alone, The
composite generator produces seven "suspect" sequences, and the primary generator
produces nine, |

Our motivation for excluding the ¢hi-square and Kolmogorov-Smirnov tests
from the above discussion ig prompted by the fact that both are tests of uniformity,
Shuffling is likely to have but little effect on uniformity, and this is seen
in Table 2 where only slight changes are observed for the composite generator,
However, shuffling brings about decided improvement in:the results for the
coupon collector, gap (both runs below and above the mean), permutation, and
Serial tests, Slight improvement oy no worse behavior ig indicated by the

peker and runs tests,

Effect of Table Size on Statistical Behavior

The pronounced benefit of shuffling with an increased period prompts anothar
consideration: the ability teo reduce the overhead associated with the shuffling
table without impairing the statistical behavior, The amount of overhead is
directly Proportional to the gize of the shuffling table; consequently, we
experiment with table sizeSWGf‘2,54,58,'16grand?32.f‘Oplyﬁthefreéultswfor 25 8 and
32 are presented since the other values provide no additional information,

Figure 3 contains a series of four hiégééiémsa“for each of seven tests,

From left to right, the histograms presentaéﬁg resulis for (a) the primary
generator alone and the composite generatorzwith tabie size of (b) 2, (c) 8, and
() 32. We do not present ré;ults for the chi-square and K-g tests simply
because, as we have noted, bﬁth are tasts of uniformity,

The most surprising result of the experiment is that a tabhle size of 2,

in general, Precipitates results equal to those for a table size of 32, This
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is important simply because of the considerable savings in séace and time,
On-reflection, the relatively good performance for a table gize'of 2 -
is not so unexpected. A simple counting argument reveals that, for this case,
the possible number of subsequence orderings consisting of r members is 2r
By the inherent properties of the generator, each ordering is equally likely,
Consequently, a two element table effects a quite adequate shuffle,

To substantiate our findings, we replicated the table size experiment
with the composite generators

Y

n+l
Zn+l = 13Zn (mod 151)

1

(77 + 24J) Y + 371 (TﬂOd 2 ) J = Osl: reey 9

Note that the indexing BENETALOr remains the same. A serieg of 10 sample
Sequences (actually subsequences), each of length 2000, were tested, and the
results are shown in Figure 4, Again, the results indicate that shuffling
effects considerable improvement, Without shuffling, 24 "pag" sequences are
Produced; while the composite generator produce no more than four, Comparing
on the basis of "suspect" sequences, thé’ﬁiimary generator alone produces

20, and the maximum produced by the comp051te generators is nine (for a

table size of 2), B

In total, lsing a table Size of 2 seems to realize results comparable

to 8 and 32. o0n the basisg of these results we see no indication tﬁat the

higher overhead for a larger table is warranted,

CONCLUDING OBSERVATIONS
Limited to the information derived from the experiments described, we

offer the follow1ng observations:
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(1) Shuffling accomplishes little on large word-length machines, where

Simple generators, such as those above, provide comparable
Statistical behavior with less overhead,

(2) Shufflingcan be used effectively to increase the period attain-
able on small word-length machines, where the modulus value
tepresents a limitation on the period.

(3) To effect an increased period with g compesite generator, the
period of one generator should not be g divisor of the period of
the other. '

(4) A table size of 2 leads to results comparable with larger tahles
and incurs less overhead,

In the way of constructive comments on the third conclusion, let us suppose
 that a sample of ngo more-than n random variates is needed, .Ag a 'guide to
constructing an.acceptéble.composite generator, we Propose the following:
(1) Let the Primary generator be of the form
| Y41 = a¥, + ¢ (mod Zb)
which has maximum period 2b { a mixed generator),

(2) Choose the smallest prime modulus for an indexing generator of

= N
zn+l za Zn (mod p)
having full period P-1 (a multiplicative generator),4 such that

(@) (=172, 2P) =.1; ang
(b) the product of the prime factors of (p=1)/2 and 2P exceeds 4n,

This guideline assures that the sample includes no more than one-fourth the

period of the composite generator,

4Recall that to obtain full period, a,ﬁﬁst be 2 primitive element mod D.
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