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This dissertation presents analytical solutions to address several unresolved issues on
the modeling of CO, flow in permeable media. Analytical solutions are important as
numerical simulations do not yield explicit expressions in terms of the model parameters.
In addition, simulations that provide the most comprehensive solutions to multiphase
flow problems are computationally intensive. Accordingly, we address the following
topics in this dissertation.

The method of characteristics (MOC) solution of the overall mass conservation
equation of CO; in two-phase flow through permeable media is derived in the presence of
compressibility. The formally developed MOC solutions rely on the incompressible fluid
and rock assumptions that are rarely met in practice; hence, the incompressible
assumption is relaxed and the first semi-analytic MOC solution for compressible flow is

derived. The analytical solution is verified by simulation results.
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Fractional flow theory is applied to evaluate the CO, storage capacity of one-
dimensional (1D) saline aquifers. Lack of an accurate estimation of the CO, storage
capacity stands in the way of the fully implementation of CO, storage in aquifers. The
notion of optimal solvent-water-slug size is incorporated into the graphical solution of
combined geochemical front propagation and fractional flow theory to determine the CO,
storage capacity of aquifers. The analytical solution is verified by simulation results.

The limits of the Walsh and Lake (WL) method to predict the performance of CO,
injection is examined when miscibility is not achieved. The idea of an analogous first-
contact miscible flood is implemented into the WL method to study miscibly-degraded
simultaneous water and gas (SWAG) displacements. The simulation verifies the WL
solutions. For the two-dimensional (2D) displacements, the predicted optimal SWAG
ratio is accurate when the permeable medium is fairly homogeneous with a small cross-
flow or heterogeneous with a large lateral correlation length (the same size or greater than
the interwell spacing). We conclude that the WL solution is accurate when the mixing
zone grows linearly with time.

We examine decoupling of large and small-scale heterogeneity in multilayered
reservoirs. In addition, using an analytical solution derived in this research, the fraction of
layers in which the channeling occurs is determined as a function of the Koval factor and
input dispersivity.

We successfully present a simulation configuration to verify the off-diagonal elements
of the numerical dispersion tensor. Numerical dispersion is inevitably introduced into the

finite difference approximations of the 2D convection-dispersion equation. We show that
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the off-diagonal elements of the numerical dispersion tensor double when the flow
velocity changes with distance. In addition, the simulation results reveal that the flow
becomes more dispersive with distance travelled if there is convective cross-flow. In
addition, local mixing increases with the convective cross-flow between layers.

A numerical indicator is presented to describe the nature of CO, miscible
displacements in heterogeneous permeable media. Hence, the quantitative distinction
between flow patterns becomes possible despite the traditionally qualitative approach.
The correlation coefficient function is adopted to assign numerical values to flow
patterns. The simulation results confirm the accuracy of the descriptive flow pattern
values.

The order-of-one scaling analysis procedure is implemented to provide a unique
set of dimensionless scaling groups of 2D SWAG displacements. The order-of-one
scaling analysis is a strong mathematical approach to determine approximations that are
allowed for a particular transport phenomenon. For the first time, we implement the
scaling analysis of miscible displacements while considering effects of water salinity,
dissolution of CO, in the aqueous phase, and complex configurations of injection and

production wells.
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Chapter 1: Introduction

This dissertation is divided into two parts. The method of characteristics (MOC) solutions
of the mass conservation equation under incompressible/compressible flow and their
applications in reservoir engineering are discussed in Part I.

Chapter 2 gives the development of the MOC solution in the presence of
compressibility. The following hypothesis is tested: if the compressibility can be properly
represented by constant values, then the MOC solution of the mass conservation equation
can properly predict the performance of compressible flows.

Chapter 3 determines the CO, storage capacity of aquifers using fractional flow
theory. The following hypothesis is verified: if the capillary snap-off phenomenon can be
properly captured through hysteresis between the relative permeability curves of
imbibition and drainage displacements, then the CO, storage capacity of one-dimensional
aquifers can be determined using fractional flow theory.

In Chapter 4, the Walsh and Lake method is applied to predict the performance of
degraded miscible displacements through implementing the idea of analogues first-
contact-miscible flood. The following hypothesis is verified: if the corresponding
degraded miscible residual oil saturation is known, the Walsh-Lake method applies to
solvent floods in which miscibility does not completely develop (because of the
dispersion and/or insufficient local pressure).

Part 11 of this dissertation describes the impact of dispersion on the performance

of miscible displacement in the presence of large-scale heterogeneity.
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Chapter 5 examines decoupling of the local heterogeneity and permeability
variation in multi-layered reservoirs in the absence of cross-flow between layers. The
following hypothesis is verified: if the large- and local-scale heterogeneities can be
decoupled properly, their representing parameters will be scale-independent.

Chapter 6 presents a specific simulation configuration is examined successfully to
verify the off-diagonal coefficients. Furthermore, the numerical dispersion coefficients
are derived when flow velocity varies with distance and verified with simulation. In
addition, simulation results in Chapter 6 suggest that the flow becomes more dispersive
with distance travelled if there is convective cross-flow. In addition, local mixing
increases with the convective cross-flow between layers (Chapter 6).

Chapter 7 introduces a flow regime indicator that eliminates the need for different
terminology to describe the nature of a miscible displacement such as dispersive, gravity
override, and channeling. The following hypothesis is verified: if the development pattern
of the mixing zone is known, then interplay between effects is summarized into a single
numerical value called the flow pattern value.

Chapter 8 presents the contributions and the recommendations for future research.
In addition, a unique set of dimensionless scaling groups are obtained for degraded CO,

miscible displacements using order-of-one scaling analysis in Appendix C.



Chapter 2: Applying the Method of Characteristics to Model the Flow
of Compressible CO, in Aquifers

Deep aquifers are attractive geological formations for the injection and long-term
storage of CO,. This chapter presents the first semi- analytic solution of two-phase
compressible flow in permeable media using method of characteristics (MOC). For the
first time, the method of characteristics is used to solve the overall composition balance
equation of CO, with no restriction on the compressibility. The following assumptions
are considered: one-dimensional (1D), two-phase flow (aqueous and gaseous), a small
compressibility of fluids and rock, and mutual solubility of CO, and water in the aqueous
and gaseous phases.

A simulation approach is used to verify the derived analytical solutions. The
simulation models consist of a vertical injection well and a producer located at the ends
of a 1D grid. The pace at which specific gas saturations propagate along the permeable
medium are compared with the gas saturation profiles obtained when no compressibility
is involved.

The results suggest that the velocity of a wave, which is associated with the
transport of a certain mass of CO, along the permeable medium, is a function of the gas
saturation, compressibility of the rock and fluids, and the pressure gradient. The results
suggest that the wave velocity will only be a function of the gas saturation and pressure
gradient if the compressibility of the rock is negligible compared to that of CO,, Hence,
the waves’ velocity will only depend on saturation, as is for an incompressible flow

system, when changes in pressure gradient are minimal.
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Thus, this section explains how fast a compressible CO, plume will travel along
the aquifers length. In practice, the fate of the injected CO;, plume is essential to
determine the storage capacity of aquifers and to evaluate the risk associated with the

CO,, sequestration projects.

2.1 INTRODUCTION
Despite extensive research on the analytical modeling of CO, sequestration in

deep saline aquifers, CO, has been always considered as an incompressible fluid.
Analytical solutions are interesting, as numerical simulations do not yield explicit
expressions in terms of the model parameters. Furthermore, simulations that provide the
most comprehensive solutions to multiphase flow problems are computationally
intensive.

We derive the method of characteristics (MOC) solution of the overall
composition balance equation of CO, to model 1D two-phase flow in the horizontal
direction in the presence of compressibility. In the following study, the incompressible
assumption is relaxed as there is no incompressible fluid in practice. With zero
compressibility, it is impossible to inject more than the discharge rate in an aquifer. Thus,
the total flow velocity (gaseous + aqueous) stays constant with distance when
compressibility is absent; on the contrary, it can vary in the presence of compressibility.
The continuity equation necessitates this argument as described in the remainder of this
chapter.

However, the gas density may still be considered “constant” along a vertical

cross-section owing to the interplay between compressibility and thermal expansion
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(Juanes, 2010). This is because the temperature affects CO, density and, thus, CO,
storage capacity. All other conditions being equal, the storage capacity is less for deeper
formations with a high temperature owing to the geothermal gradient. On the contrary,
the capacity is increased for larger CO; density as is in deep aquifers because of the
pressure gradient. Thus, for shallower depths, the storage capacity is smaller as a result of
lower pressure and lower CO, density. Bachu (2003) showed that the effects of
compressibility and thermal expansion counteract each other and yield a constant CO,
density across the depth of the aquifer.

The process considered here is based on the following premises: (1) the aquifer is
assumed as a 1D uniform and homogeneous medium; (2) the aquifer is initially filled
with water; (3) the outlet boundary of the aquifer is modeled through a production well
with a constant pressure constraint; (4) two-component two-phase flow takes place; (5)
neither sorption nor reaction occurs; (6) the fluids and rock compressibilities are
represented by constant values; (7) the phases are, thermodynamically, in equilibrium
everywhere; (8) dispersive transport and the capillary effects are negligible; (9) injection
takes place using either a constant bottomhole pressure or a constant rate constraint; and
(10) mutual solubility of CO, and water occurs in the aqueous and gaseous phases,
respectively. We also assume that the Riemann problem boundary conditions apply:
uniform initial saturation and the step-wise changes of the injection condition at the
origin of the distance-time plot.

The pressure disturbance created at the injection inlet travels through the

permeable medium. We treat the pressure propagations as two distinct categories:
5



pressure waves accompanied by the changes in saturation and those traveling fast without
coupling with the saturation change. As will be described later, the injection and the
production rates will become equal when the fast pressure disturbance, which is not
associated with the saturation change, reaches the distant boundary of the permeable
medium. This fast pressure disturbance is followed by the coupled saturation and
pressure front traveling from the injection well into the aquifer. The fast disturbance is
mainly dominated by the pressure disturbance while the slower one is caused by sharp
changes in both pressure and saturation. In addition, a third pressure wave starts traveling
from the producer toward the injector when the injected CO, breaks through.

We derive an expression for the velocity of the coupled propagation of the
saturation and pressure front that can be solved semi-analytically. The pressure field
obtained from finite-difference/streamline simulations is incorporated into the analytical
expression from which saturation is determined. See Vasco (2011) for more information
on the coupled propagation of saturation and pressure front.

Even though flow is never limited to 1D in CO; injection applications, the insight
obtained from the MOC solution derived in this study can be effectively incorporated
with streamline simulations. In other words, the pressure field can be calculated through
streamline representations of the flow in heterogeneous reservoirs and from that,
saturation is determined analytically using the analytical solution derived in this study.
For more details on the coupling of streamline simulations and 1D theoretical solutions,

see Batycky (1997), Thiele (1994), and Jessen et al. (2002).



2.2 THE METHOD OF CHARACTERISTICS
The method of characteristics (Courant and Hilbert, 1962) is a robust technique to

solve first-order, strictly hyperbolic, partial differential equations (PDE) such as the mass
conservation equation. The goal of method of characteristics (MOC) is to convert the
original PDE into a set of ordinary differential equations (ODE) along certain curves
called characteristics. For a detailed description on MOC applications to chromatography
problems associated with binary displacements see Rhee et al. (1986).

In general, the conservation equations are nonlinear. The nonlinearity in the mass
conservation equation lies in the relationship between the overall flux and the overall
concentration of each component. If the coherent condition applies, these wave velocities
become constant; hence, the flow problem will be solved through finding those overall
concentrations and the associated waves’ velocities. The MOC solution is a unique set of
overall concentration waves traveling through distance and time (independent variables).
To restore the solution uniqueness, some additional reasoning called velocity constraints

and entropy conditions often are applied; see Helfferich (1970) and Lake (1989).

2.3 CONCEPT OF COHERENCE
The notion of coherence was originally developed in 1963 by Helfferich to

provide insight into multicomponent fixed-bed chromatography. The concept of
coherence describes a state in which the velocity of waves that are associated with
dependent variables becomes the same at any point within the problem domain. In other
words, a complete set of compositions (dependent variables in this study) travel together
in the same direction and the same velocity if the wave is coherent (Hankins et al., 2004).
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Incorporating the concept of coherence into problems, which involve wave propagation,
yields a robust solution. Using the method of characteristics, Helfferich (1981) showed
that implementing uniform initial and boundary conditions (called Riemann problem
conditions) leads to solutions that can be described using coherent waves. Major
extensions were performed to apply the coherence into enhanced oil recovery (EOR)

applications (Helfferich, 1981; Lake, 1989).

2.4 THE MOC SOLUTION WHEN NO COMPRESSIBILITY IS INVOLVED
To evaluate the MOC solution when compressibility is present, it is worthwhile to

compare it with the solution in which no compressibility is considered. Hence, we first
assume that fluid properties and pore space are independent of the pressure changes and
consider the following premises for Part I: (1) the aquifer is assumed as a 1D uniform and
homogeneous medium; (2) the aquifer is initially filled with water; (3) the outlet
boundary of the aquifer is modeled through a production well with a constant constraint;
(4) two-component two-phase flow takes place; (5) neither sorption nor reaction occurs;
(6) the phases are thermodynamically, in equilibrium everywhere; (7) dispersive transport
and the capillary effects are negligible; (8) a constant mutual solubility of CO, and water
occurs in the aqueous and gaseous phases, respectively (displacement along a tie-line);
(9) the phase compositions, viscosities, and densities are fixed and the relative
permeabilities depend only on the saturations.

The overall mass conservation equations for (1) water and (2) CO, components

under no sorption or chemical reaction can be written as (Dumore, 1984; Lake, 1989):



Gy H

a((i)s1p1®11 + 01— Sl)p2m12) + a(plmuul + pza)lzuz)

=0, 2.1
ot OoX ( )
G, H,
a((1)8191(‘)21 +o(1- Sl)pzo‘)ZZ) + a(pl(DZlul + pzwzzuz) -0 (2 2)
ot ox ’ '

where o represent the mass fraction of component i in phase j. The sum of mass
fractions of component i over all phases is equal to one. We sum Egs. (2.1) and (2.2)
under the assumption of incompressible fluids and constant pore space to obtain the

equation of continuity (the conservation of total mass):

Uy
—

d
— = 2-3
dx(ul+u2) 0, ( )

where u; is the total local flow velocity ( gas + water). Equation (2.3) implies that total
flow velocity is constant with distance when no compressibility is involved.
Rewriting Egs. (2.1) and Eg. (2.2) in terms of G;and H;, gives

oG, _oH,

=0. 2.4
ot OX 0 ( )
G, M g 2.5)
ot OX

where G; and H; show the accumulation and flux terms in the overall mass conservation
of component i. Lake (1989) showed that the overall compositional equations expressed

in terms of fractional flow terms can be obtained from Egs. (2.4) and (2.5):

L F (2.6)
ot, OXp
LS 2.7)
ot, OXp



where C; is the overall volume fraction of component i given by

c.-Scs, i=1, 2 and j=1, 2 (2.8)

and C;; is the volume fraction of component in in phase j; F; is the overall volumetric flow

of component i given by

F=cf =12 (2.9)

Xo :E : (2.10)
utott

o =" (2.11)

Considering the fact that F; is only a function of C; (because the phase compositions,
viscosities, and densities are fixed and the relative permeabilities depend only on the

saturations), Egs. (2.6) and (2.7) can be written as

G dF oG _ (2.12)
o, dC, ox,

ot, dC, ox,

(2.13)

However, we keep only one of the Equations (2.12) and (2.13) and discard the other one,
because there are only two components and the summation of C; and C, becomes unity.
As C, is only a function of xp and tp, we can write the following expression for the total
derivative of C, over smooth changes (considering that C, is at least piecewise

continuous over Xp and tp domains):

o, dt, +&de =0. (2.14)

dC, = i 5
D Xp
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Therefore, the ordinary derivative of C, becomes

dC, _ G, dty oG, dxp _ (2.15)
dn oty dn 0Ox, dn

where nis parametric parameter. A term by term comparison of Eq. (2.12) with Eqg.

(2.15) indicates that

T2, (2.16)
dn

%% 10, (2.17)
dn

&, _ R, (2.18)
dn dC,

Equations(2.16), (2.17), and (2.18) are known as the characteristic equations. The
elimination of n, from the characteristics equations yields a relationship between xp and

tp; hence, the graphical representation of the solution in the distance-time plot occurs on

the characteristic curve along which C, is constant (note that 0:%=0). Note that the
n

solution of Eg. (2.16) shows that the C; is fixed along the characteristics as its derivative
is zero; furthermore, the solution of Eq. (2.17) implies that tp is equal to # and, thus, they
can be used interchangeably.

From this representation, it follows the wave velocity associated with a constant
concentration, C,, in distance-time space is

dx, dF,

- . 2.1
= ac (2.19)

Differentiation of Eq. (2.9) with respect to C, shows that
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dF,
dc,

df,
= (sz - CZl)E ' (220)

Applying the chain rule and differentiation of Eq. (2.8) with respect to S, give,

% _c,-c,| 05 )_df (2.21)
dc, ds, dC, ) ds,

Thus, the velocity at which a specific overall volume fraction of component 2 propagates
in a semi-miscible displacement is equal to the corresponding saturation wave velocity as
if the displacement is completely immiscible.

It is important to distinguish the difference between the flow velocity and the
wave velocity; the former is the total volumetric flow rate of all phases per unit area,
whereas the latter is the velocity at which a given composition travels along the

permeable medium.

2.5 THE MOC SOLUTION WHEN COMPRESSIBILITY IS CONSIDERED
In this section, the overall mass conservation equation of CO; is solved by the

method of characteristics when there is no restriction involved for compressibility.
Despite Part 1, we lift the restrictions on compressibility and the dependency of the
fluids’ properties on pressure. In other words, fluid’s volume and the pore space may
change as local pressure varies. All other assumptions apply accordingly.

As will be discussed, two various pressure disturbances are formed and
propagated through the permeable medium before the injected fluid breaks through: fast
and slow; however, only one of those pressure disturbances (slow) is associated with the

saturation change.
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2.5.1 The General Form of the Solution
We apply the method of characteristics to solve the overall mass conservation

equation of CO, Eq. (2.5). Thus, the definitions of G, and H, become

G, =¢(1-S,)p,®, + 0p,S,005, (2.22)
H, = piooyU; +p,o,U, - (2.23)
Incorporating the Darcy’s law into the definition of H, while discarding the capillary

pressure term gives

G, = ¢(1_Sz )910)21 +0p,S,0,, (2-24)
- Kk, op Kk, P 2.25
H, p1®21( I 6XJ+p2m22( ", axj' ( . )

Note that we incorporate the negative sign in Darcy’s law into the definition of the
pressure gradient and the absolute (positive) value of pressure gradient is used through
derivations in the remainder of this section.

Furthermore, we introduce the exponential form of gas-water relative permeability into
the expression of H, (Lake, 1989):

k( Sl_slr j k[ Sz_szr j
1-S,-S 1-S,-S
1r 2r a_P +p20)22 1r 2r a_P

. 2.26
My OxX M, Ox ( )

H, = p,0,

The substitution of S;, and considering that the fluid saturations sum to unity, yields

k(l_sz_slr\J k[ SZ_SZr j
1-S, -S 1-S, -S
\Tow 79 ) OP + Py A\ o) 0P (2.27)

H, =p,»
2 = P10y i, ox ", ox
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We assume that H, and G, are functions of time and distance through their dependencies

on saturation and pressure:

H, =1(S,.P) (2.28)
G, =1(S,.P) (2.29)
The derivative of H, with respect to G, can be written as

oH, _(oH,) o5, (aHZJ oP

oG, [882 JP oG, op 5, 6G, (2:30)

Furthermore, we assume that under specific conditions that will be discussed later in the

verification part (section 2.6), H will be only function of G; thus, Eq. (2.5) can be written

as:

oG, dH, oG,
+ =0
& T dG, ox (2.31)

The substitution of Eq. (2.30) into Eq. (2.31) gives

3, (M, 38, oH, 36, (2.32)
ot | 8s, oG, &P oG, ) ox

Furthermore, the ordinary derivative of G, becomes

0G, dt 0G, dx dG,
-t —= : (2.33)
o4 dn ox dn dn

where n is a variable. A term by term comparison of Eq. (2.32) with Eq. (2.33) yields the

characteristics equations as

96, (2.34)

dn

=0
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& 10 (2.35)
dn

dx _dH, (2.36)
dn dG,

Note that the solution of Eq. (2.34) shows that the G is fixed along the characteristics as
its derivative is zero; furthermore, the solution of Eq. (2.35) implies that t is equal to #
(assuming the integral constant to be zero) and, thus, they can be used interchangeably. In
addition, Eq. (2.36) indicates that the wave velocity associated with specific mass of CO,,
G,, in distance-time space is equal to the derivative of H, with respect to G,. However,
there is no explicit expression of H, as a function of G,; therefore, we use the chain rule
to take this derivative as shown in Eqg. (2.30).

Thus, the differentiation of Eq. (2.27) with respect to s, gives

oH, —np,w,, “{ k aP] Na,, nl( k apj
- 1-S,-8, ) | =S |4p,——22_(s,-8, )" | —Z 2.37)
as, (1—slr—szr)”( 2 uy X)) (1-S, -S,) (5:=%%) B, OX (

Furthermore, the differentiation of Eq. (2.27) with respect to pressure yields

6(8Pj
oH 1-S,-S, "k “lox d k 1-S,-S, " op
2 :010)21( 2 1 j " Py 0)21[[ 2 1 ] J

oP 1-S,-S, ) |u, P | dp u,1-S,-S, ) ox
+pld(’)21 1—52—51, L@_P +d&m22 SZ_SZr La_P
dP \1-S,-S,, ) \p,ox ) dP 1-S,-S, ) L, ox
ol P
doy, [ S,-S, k oP S,-S, k | ox
P2 T o o || T A0 [TP202 —
dP (1-S,-S,, ) | u, ox 1-S,-S,, ) | pn, P (2.38)
1-5,-S, ) P opP S,-S, | P\ P
- pl(’OZlk 2 . A 2 pz“)zzk 2 - A 2
1-5,-5, ) ox 1y 1-8,-5;, ) ox 1
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Similarly, the differentiation of Eq. (2.24) with respect to saturation and distance gives

oG
2 = —0p,m,; + 0,0, , (2.39)
oS,
oG do d
2= (18, )p 2+ (1S, )0 -
oP dP dP
(2.40)
+¢%Szmzz +6p,S, o +d_¢(1_sz)plm21 +d—¢p282c022
dpP dP dP dP .
The substitution of Egs. (2.37), (2.38), (2.39), and (2.40) into Eq. (2.36) yields
—Np,0,; | K 6Pj nw,, nl( k GPJ
2 —(1-§,-S, ———|+p, (S, =S, _—
d_x: (1—31r —SZr) ( 2 ) (Hl OX ? (1—S1r —SZr) ( 2 ) n, oX
dt —0p, 0, +Op,0,,
ol P
1-S,-S, k OX dp, k 1-S,-S, | oP do, [ 1-S,-S, k oP
POy | — < || T o0 T o | Ao | TP e o || T A
1-S,-S,, u, oP dP u,1-S,-S,, ) ox dP (1-S, -S,, p, OX
- do dp, . d do,, do do
o@-S,)p, del +¢(1_Sz)w21d7%+¢$820322 +0p,S, dljz +E(1_Sz)p1(’)21 +ﬁpzsz(’)22
%)
e ey
T 9y B, OX dP (1-5, -S, M, OX 1-S, -5, n, OoP
" do dp, . d do,, do do
o@-S,)p, d|§1 +¢(1_Sz)w21d7%+¢$sz(’)zz +0p,S, d;z +d?(1_52)91@21+ﬁp2320)22
1-S,-S oP\ oP S,-S oP\ oP
_ k 2 1r s _ k 2 ir e
i Pia1 (1_Slr _SZr] ox Hf 202 [1_Slr _SZrJ oX Hg

do d d d d
oL-S,)p, d|321 +¢(1_Sz)(’321d7‘|)31+¢ dpl); S,m,, +0p,S, dP +d%(1_sz)plw21 +d7$pzszwzz
(2.41)

Equation (2.41) shows the velocity of CO, waves traveling through the aquifer. In the

following sections, we restrict our solution to special cases with additional assumptions
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to the derivative of pressure gradient and also the derivative of equilibrium concentration

(w21) With respect to pressure.

2.5.2 Constant Mutual Solubility (Displacement Along a Single Tie Line)
Typical phase diagram for a binary mixture (water-CO;) consists of several tie

lines, each connecting the equilibrium concentrations (solubility values in this study). If
the displacement occurs across a tie line, solubilities stay constant. Thus, we apply the
same treatment as used in the previous section except that the derivative of mass fraction
terms (w21 and wy,) with respect to pressure becomes zero .

Taking derivative of Eq. (2.27) with respect to saturation gives

oH,  -npo, n_l[ k aP] N, ( k apj
Too P (1.5, -5 V7 =2 4 p,——2(S,-S 2.42
asz (1—8“ _Szr )n ( 2 1|') “1 ax p2 (1—Slr —SZr )n ( 2 2I’) HZ ax ( )

Taking derivative of Eq. (2.42) with respect to pressure yields

of P
oH, 1-S,-S, )| k \ox)| dp, k 1-S,-S, ) P
=Pyl < || T T 5% T e | &
P 1-S, - s2r w, oP | dp u,1-S, -S, | ox

i
sz [ S, =Sy ][k 6P] 0,0 22[ _Sz_fzr ] ko ox (2.43)

T 2\ 15s, <, ) |, ox w, oP

Oy Oy
o k{l—sz—s1 J ®lep) k( S,-S, J oP\ P
1%721 27722

1- Slr - SZr ox ulz 1- S1r - SZr oX MZ

Taking derivative of Eq. (2.24) with respect to saturation gives
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oG
2 — . 2.44
as, OP1® + PPy, ( )

Taking derivative of Eq. (2.24) with respect to pressure gives

(2.45)

oG d d d d
2 = ¢(1_Sz)(’) P + ¢&Szc‘)zz + ¢ A-S,)p,0y +d_ipzszmzz

N “dp T dp dp
Therefore, the velocity of waves (associated with certain mass of CO,) traveling along a

tie-line has the form of
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—Np,0,, af K ap] na,, n_l[ k apj
_ PO (q_g _g tp, 2 (S-S LR

dx (1—Slr—32r)"( :=5r) (ul ox ) P (1—31,—32,)”( = Su) i, OX

dt

—0p,®,; +Op,0,,

1-5,-S, V'| k “\ox )| d k 1-S,-S, ) oP
lezl[ 2 ] — +pl(’321{( 2 ] ]

1-S,-S, ) |u, oP dP u,1-S,-S, ) ox

+

dP

{5)
de(Dzz( S, =Sy j (kap}i-pzwzz( S, =Sy ) k OxX
2r 2r

P *(1-S,-S, ) \u, ox 1-S,-S, ) |n, oP

d d d d
¢(1_ S, ) My —Pu + (I)%Szmzz + di (1-S,)p,0,, + di)pzszmzz

Zgp T dp T2

. [0
oo k(l—sz—slrj P\ oP
17721

1_Slr _SZr & “f

d d d d
¢(1_Sz)m Py +¢&S 0)22+£(1_Sz)91®21+dipzszwzz

1_Slr _SZr & “;

o[2)
+p2mzzk[ S,-S, Jap oP

d d d d
¢(1_Sz )0321 Til + ¢$Sz(’322 + dl(l) (1-S,)p,m, + dipzszmzz

(2.46)
2.5.3 No Mutual Solubility

Next, we investigate the solution for cases in which the solubility of components

is negligible. Thus, the definitions of G, and H, become

G, =0pS; (2.47)
H, =pou, (2.48)
Substitution of p, into Eq. (2.47) gives

G, = 4p,S, (2.49)

Substitution of p, and u; into Eq. (2.48) gives
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kk
H, =pz[ - gj (2.50)

Introducing the exponential form of the gas-water relative permeability into Eq. (2.50),

Kk Sz _SZr
1_ Slr - SZr a_P

H. =p, " x| (2.51)

Thus, derivitives of H, with respect to pressure and saturation become

oH n na k OP
2 _ S, -S — 2.52
S, P2 (1-S, -S,, )” (S: =Sz0) [uz axj ( )

- - ( j ( 2)
oH, dp S,-S,, "(k oP S, -S,, "k OX S,-S, "op\ op
2 ZE 2 2 ] ( j :2( 2 2 J :Zk[ 2 1 j

2r 2r 2r

oP  dP1-S,-S 1, ox 1-S, -S w, oP 1-S,-S, ) ox 2

(2.53)
Similarly, for G,
oG
2 = pp, - 2.54
zs, ~ ¥ (2.54)
G, _y 9Pz g 00 2
P =0 dP Sz+dP pzsz. ( 55)

Therefore, the wave velocity becomes

20



d& Sz _SZr
dP \1-S, -S,,

o P
k GPJ { S,-S, J k ~ox
SZr

n 1 k OP x) l1-s, - P
p,—————— S,-S,, 7 2] 1 2P
d_X_ 2(1_Slr_52r) ( ’ 2) (“2 6XJ
dP dP
%)
D S, =S, 5P oP
1-S, -S,, 6X uz
! ¢dpzs d¢
a2 PP
(2.56)
Rearranging,
d_X = —n - (SZ _SZr)ml [LE +
dt  ¢(1-S,-S,) M, OX
5 apj
dpz Sz S, L@ n S, =S, oX n (BMZJ
dP r S 2r My ox P2 1_Slr _SZr p k SZ _Slr @ oP
’ l Slr S2r 8X Hg
dP dP dP dP
(2.57)

The above equation suggests that the velocity of CO, waves are a function of saturation,

pressure gradient, compressibilities, and the derivative of pressure gradient. In addition, it

is often difficult to analytically determine the derivative of pressure gradient with respect

to pressure during displacement. Therefore, we limit our analysis to cases in which the

change in pressure gradient is minimal and, thus, its derivative vanishes.
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2.5.4 Locally Constant Pressure Gradient and No Mutual Solubility

- : . : : dp .
We limit our analysis to circumstances in which the . pressure gradient

varies insignificantly at upstream of the gas front; consequently, Eq. (2.57) can be

expressed as

\ [0
dp,( S,-S, k oP S,-S, ) oPl P
P2l D27 % P,k <
2r _

dx n waf k P)  dP(1-S,-S, ) \u, ox 1-S,-S, ) ox 2
Ezq)(l_s -s,)" (S:=Sx) w, X i dp, do dp, d¢o
o T 2 ¢Esz + @pzsz ¢$Sz + @pzsz
. (2.58)

Furthermore, if we neglect the variation of viscosity with pressure, Eq. (2.58)becomes

dp[ S-S, j (kapj
- dP (1-S, -S
d_X = i n (Sz _SZr) I[L@] + o 2 Ho X

dt (I)(l_slr _SZr) Ha ox ¢%SZ +j—2p252

(2.59)
In addition, the compressibility of fluids at a constant temperature is defined by the

relative change in volume per unit pressure variation:

cj:—i(ﬁj . (2.60)
VP Jremp

In terms of density, the fluid compressibility at constant temperature, T, can be expressed

as

c,-:l(@j . (2.61)
P\OP Jemp

However, it is customary to report z, the gas compressibility factor, in the tables; hence, a

relation between ¢ and z is needed for the gas phase. Following from the real gas law:
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PV =zRT.

(2.62)

Differential form of the above equation for an isothermal process is expressed as

VdP + PdV = RTadz.

Rearranging,

vipdY _rrd2.
dP dP

Dividing Eq. (2.64) by V gives

dvV _RTdz

1+P =——.
VdP  V dP

Rearranging,

p(_ld_vj_l_ﬂﬁ
V dP V dP

(2.63)

(2.64)

(2.65)

(2.66)

Incorporating Eg. (2.60) into Eq. (2.66) gives

(2.67)

(2.68)

(2.69)

Eq. (2.69) shows the relation between z and c. We also consider the compressibility of

pore space at constant temperature, T, as

()
Cr=—| — .
¢ oP Temp

(2.70)

Incorporating the definitions of rock and fluid compressibility into Eq.(2.59), yields
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s,-S, )(kopP
d o) “l1os s )l
dx _ n n(SZ_SZr)n_l(__Pj+ T 9y "9 ) \ M OX . (2.71)
dt  ¢(1-S, =S, ) B, OX p,S, (C; +¢;)

Rearranging Eq. (2.71) yields the final form of the wave velocity as

] [ S,-S,, j [k ap)
S| 2T | B
d_X . n(Sz_SZr)nl{£@j+ T S Ha X : (2-72)
dt  ¢(1-S,-S,) 1, OX S, (c, +¢,)

The above equation suggests the velocity of the CO, waves is a function of saturation,
rock and CO, compressibility, and the pressure gradient; however, the velocity of the
CO; wave is only a function of saturation in the absence of compressibility.

If the rock compressibility is negligible compared to that of CO,, the gas
compressibility is canceled from the second term in Eq.(2.72); Therefore, the wave
velocity will be only a function of the gas saturation and the pressure gradient. Hence, for
a constant pressure gradient when the rock compressibility is negligible, the wave

velocity only depends on gas saturation as is for incompressible fluids.

2.6 VERIFICATION
We first verify the assumption under which H is only function of G. We consider

(1):constant compressibility values of 1.69 E-4 and 5E-5 (1/psi) for the gaseous phase
and the rock; (2) uniform initial pressure and temperature values of 2000 psi and 150°F
are assumed; (3) the exponent of relative permeability model (n) and the residual
saturations are 2 and 0.2, respectively; (4) uniform porosity and the permeability values

of 0.3 and 100 md; and (5) no mutual solubility in the following examples.
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Using equations (2.22) and (2.23), H and G are calculated for the range of
pressure between 2000 <P< 3000 psi and saturations between 0.2 <S§¢<0.8 (Figure 2.1). It
is clear from the figure that for every G there is one and only one value of H assigned
along each curve that represents constant pressure gradient; In other words, H is only
function of G along those curves even though pressure and saturation are varying. Hence,
H will be only function of G if the pressure gradient is constant.

To verify Eq.(2.72), we use a simulation approach. The simulations are performed
using STARS, CMG’s three-phase multicomponent simulator. We choose STARS as
assigning and changing the fluid properties (density, viscosity, and compressibility) are
simple in it. The simulation model consists of two vertical wells located at the ends of a
1D grid with 1000 grid blocks. The top and bottom of the model are no flow boundary
conditions. The injection well is assigned either a constant bottomhole pressure of 3000
psi (pressure constraint) or constant rate of 140 reservoir barrels per day (rate constraint).
However, we consider a constant pressure constraint for the production well located at
the end of model.

According to Eq. (2.72), the wave velocity will be only a function of the gas
saturation if the change in the pressure gradient is negligible. However, displacing CO,
has larger mobility (an order of magnitude) than the resident brine. This yields two
regions with considerably different pressure drops along the aquifer length: (1) across the
mixture of CO, and brine flowing upstream of the gas front and (2) across the resident
brine downstream of the front. The latter yields the flow of resident brine toward the

outlet boundary (Figure 2.8). Therefore, we investigate the wave propagation for three
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different cases with the end-point mobility ratios (M°) of 0.1, 1, and 10. The end-point
mobility ratio is defined as the ratio of the mobility of the injected phase to the the
resident fluid when the end-point relative permeability values are used. We do not realize
the end-point mobility ratios of 0.1 and 1 in practice for the CO, storage in an aquifer;
however, the examples are for verification of the analytical solutions derived in this study

that may be used for other applications.

2.6.1 The End-Point Mobility (M°) Ratio of 10
The first case we study is an isothermal CO; injection into an aquifer initially

filled with water while M°=10. Figure 2.2 shows the pressure profile at the early stage of
the displacement. The pressure perturbation travels very fast owing to small
compressibility of the resident water and the rock (see early jumps in the pressure curve
in Figures 2.5 and 2.6). Figure 2.2 can be translated into the propagation of the
compressible zone along the aquifer. Similar to Bourdarot (1998), we define the
compressible zone as part of the aquifer affected by the pressure perturbations as it
travels along the permeable medium. When the compressible zone reaches the outlet
boundary, the pressure perturbation vanish. The pressure perturbation travels very fast
such that when it hits the outlet boundary, the injected gas has not gone far from the
injector. Figure 2.3 illustrates the local flow velocity of the resident fluid as a function of
distance at early times. The resident fluid moves toward the producer because of the local
pressure gradient induced by the pressure wave. The velocity of the resident water
changes significantly with distance at early stages of displacement because of the

compressibility of water and the rock.
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Figure 2.4 indicates the local fluid velocity at the inlet and outlet of the aquifer;
i.e. grid blocks 1 and 1000. When the fast pressure pulse diminishes at around 92 days,
the flow rates become equal at the two ends. Similar behavior is observed for other grid
blocks.

The saturation and the local pressure at the mid-point of the aquifer (grid block
500) obtained from the simulation are shown in Figure 2.5. Note that a rapid increase in
the local pressure occurs soon after the start of injection as the pressure wave passes
through that grid block. This change in pressure (starts after day 10) is followed by the
coupled saturation and pressure changes at around 13000 days. Note that there is another
change in the pressure curve that occurs after the gas breakthrough at around 26000 days.

Figure 2.6 indicates the pressure and saturation changes at the aquifer’s mid-point
(grid block 500) when the injection well is assigned the pressure constraint. A similar
behavior is observed for the pressure and saturation changes as Figure 2.5. An early
pressure jump at 40 days followed by the coupled saturation and pressure changes at
7400 days is realized at the aquifer’s mid-point. In addition, a late pressure change occurs
at 12400 days that is created because of the gas breakthrough.

Figure 2.7 shows the pressure and saturation profiles depicted at 5450 days. The
coupled front propagates along the permeable medium and displaces the resident water.
The injector is assigned the rate constraint in this example. Furthermore, two saturation
shocks are observed in the saturation profile: a leading shock accompanied by the
pressure change and a trailing shock with zero velocity connecting the gas saturation of

0.8 to 0.75. The saturation of the leading front occurs at 0.44.
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Figure 2.8 also suggests that there is constant pressure drops upstream and
downstream of the gas front. Figure 2.8 shows the pressure gradient obtained from the
simulation as a function of the aquifer’s length depicted at 10000 days. For this example,
the injector is assigned the constant rate constraint. Except for the gas front location, the
pressure gradient curve is continuous over the length of the aquifer. However, upstream
of the gas front, the pressure gradient varies linearly with distance at the slope of 5E-6
(psi/ft?). This very small slope favors our assumption of the constant pressure gradient;
As a result, the term consists the derivative of pressure gradient in Eq. (2.57) will be two
orders of magnitude smaller than the other terms using the slope obtained from Figure
2.8. For more details about the pressure change along aquifer see Oruganti (2010).
Oruganti (2010) semi-analytically studied the evolution of over pressure for CO;
injection for different boundary conditions: constant pressure, no-flow and infinite acting
boundary.

Figure 2.9 illustrates the solution route (wave velocities and associated saturations
and the pressure gradients) obtained semi-analytically from Eq. (2.72). The pressure
gradient at each location is obtained from the simulation and is incorporated into Eq.
(2.72). Inserting compressibility values for the gas and the rock, we solve Eq. (2.72) for
saturation. Note that we choose just the saturation values that are bounded between zero
and one as the values beyond this range is non-physical. Starting from initial condition
(1), the solution route consists of a shock between I and point A followed by spreading

waves connecting A to B and eventually a trailing shock from B toward injection
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condition (J). This solution route is consistent with saturation profile in Figure 2.9
obtained from the simulation.

Furthermore, Figure 2.10 implies that the wave velocity along the solution route
decreases monotonically from | to J. This observation is consistent with the entropy
condition as described in Lake (1989). The solution route intersects the curves along
which the absolute pressure gradient is constant. Larger pressure gradients occur
downstream of the gas front filled with water; because the resident brine has less mobility
compared to the upstream fluids.

At early stage of displacement, fast pressure waves occur along which only
pressure disturbance is traveling; they are not accompanied by the change in saturation
and, consequently, all are located along y-axis; i.e. no saturation change is associated.

However, another set of pressure waves travel at later times that are associated
with change in saturation. The change in saturation, though, is not continuous; in this
example, we have two separate saturation jumps (shocks) consistent with figures 2.7 and

2.9.

2.6.2 The End-Point Mobility (M°) Ratio of 1
Next, we study an isothermal injection of a hypothetical gas into a permeable

medium initially filled with a resident fluid such that M°=1. The saturation and the
pressure changes at the mid-point of the aquifer (grid block 500) obtained from the
simulation are shown in Figure 2.11. Note that pressure changes at that grid block occur

soon after the start of injection. The early change in pressure (with a peak at 24 days) is
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followed by the coupled saturation and pressure changes at around 17500 days. There is
another change in the pressure that occurs after the gas breakthrough at 35500 days.

Figure 2.12 indicates the pressure and saturation changes when the injection well
is assigned the constant pressure constraint of 3000 psi. A similar characteristic is
observed for the pressure and saturation change as in Figure 2.11. An early pressure
increase occurs at 16 days and the coupled saturation and pressure changes reach the
aquifer’s mid-point at 2850 days. Furthermore, a late pressure change occurs at 5850
days created because of the gas breakthrough.

Figure 2.13 shows the pressure and saturation profiles depicted at 8200 days. The
coupled front propagates along the permeable medium and displaces the resident water.
Note that the injector is assigned the constant rate constraint. Furthermore, only one
saturation shock is observed that is accompanied by the pressure change. The front
saturation occurs at 0.66.

Figure 2.14 illustrates solution route obtained semi-analytically from Eq. (2.72).
The pressure gradient at each location is obtained from the simulation and is incorporated
into Eq.(2.72). The solution route consists of a shock between | and point A followed by
spreading waves connecting A to J. The wave velocity along the solution route decreases
monotonically from I toward J. The solution route intersects the curves along which the

absolute pressure gradient is constant. Therefore, pressure gradients are small in general.

2.6.3 The End-Point Mobility (M°) Ratio of 0.1
Finally, we study an isothermal injection of a hypothetical gas into a permeable

medium initially filled with a resident fluid such that M°=0.1. The saturation and the
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pressure changes at the mid-point of the aquifer (grid block 500) obtained from the
simulation are shown in Figure 2.15. Note that pressure changes at that grid block occur
soon after the start of injection. The early change in pressure (with a peak at around 32
days) is followed by the coupled saturation and pressure changes at around 19500 days.

Figure 2.16 indicates the pressure and saturation changes when the injection well
IS assigned the constant pressure constraint. A similar characteristic is observed for the
pressure and saturation change as Figure 2.14. An early pressure increase occurs at 8 days
and the coupled saturation and pressure changes reach the aquifer’s mid-point at 5450
days.

Figure 2.17 shows the pressure and saturation profiles depicted at 9500 days. The
coupled front propagates along the permeable medium and displaces the resident water.
Note that the injector is assigned the constant rate constraint. Also note that only one
saturation shock is observed that is accompanied by the pressure change. The front
saturation occurs at 0.78.

Figure 2.18 illustrates solution route obtained semi-analytically from Eq. (2.72).
The pressure gradient at each location is obtained from the simulation and is incorporated
into Eq.(2.72). The solution route consists of a shock between | and point A followed by
spreading waves connecting A to J. The wave velocity along the solution route decreases
monotonically from | toward the injection condition, J. The solution route intersects the

curves along which the absolute pressure gradient is constant.
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2.6.4 Impact of Rock Compressibility
Next, we evaluate the impact of rock compressibility on the wave velocity using

Eq.(2.89). As it was mentioned in the previous section, the wave velocity is expected to
be indifferent with respect to fluid compressibility if the rock compressibility is
negligible compared to that of fluid. To test this hypothesis, we consider four cases with
different fluid compressibility values and no rock compressibility. The objective is to
show that all cases produce the same saturation profile at a given time. We assign the
constant injection rate constraint and the end point mobility ratio of 10. We keep the
other properties as the previous examples.

Figure 2.19 shows the cumulative produced fluid as a function of time. Note that
the amount of water discharged from the aquifer is not the same for all cases. This is
because of the compressibility of the gas. Hence, we cannot use dimensionless time as
defined by Lake (1989), because the injection and production rates are no longer equal
owing to the gas compressibility. Hence, we use actual time in days in our analysis rather
than the dimensionless form of it.

We set 1,000,000 reservoir barrels as the reference volume and determine the time
required for each case to produce this amount. Figure 2.20 compares the saturation
profiles depicted as a function of distance. As shown, all curves coincide demonstrating
that the fluid compressibility becomes unimportant in the absence of rock
compressibility; this is in agreement with the theory as described in the previous sections.

Furthermore, Figure 2.21 compares the saturation profiles depicted at different

times representing the production of the same amount of fluid for three cases. In two
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cases, the rock compressibility is in the same order as the gas (only to verify the
prediction of the analytical solution); therefore, different values of the gas compressibility
yield different wave velocities as the compressibility terms are not dropped from
Eq.(2.72). However, in the third case no compressibility is involved and the saturation

profile is behind the two others.

2.6.5 IMPACT OF INITIAL GAS SATURATION
In this section, the impact of a non-zero initial gas saturation is investigated on the

saturation profile while all other parameters are the same as the simulation model used in
the part 2.6.1 of this dissertation.

Figure 2.22 shows the changes in saturation and pressure as a function of distance
(normalized by the aquifer length) depicted at 5000 days obtained from the simulation.
Two saturation shocks are observed: a leading shock accompanied by the pressure change
and a trailing shock with zero velocity connecting the gas saturation of 0.8 to 0.75. The
saturation of the leading front occurs at 0.34 (located at xp=0.36) accompanied by the
pressure shock.

Figure 2.23 shows pressure gradient as a function of saturation obtained from
simulation when initial gas saturation is 0.2 (Sy =0.2). Similar behavior Figure (2.10) is
observed : at early stage of displacement, fast pressure waves occur along which only
pressure disturbance is traveling. These fast pressure waves are followed by slow

pressure waves that are associated with the change in saturation.
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2.6.6 IMPACT OF LARGE COMPRESSIBILITY
In this section, the impact of a larger gas saturation (100 times greater than CO; is

investigated on the saturation profile while all other parameters are the same as the
simulation model used in the part 2.6.5 of this dissertation. \

Figure 2.24 shows pressure gradient as a function of saturation obtained from
simulation when initial gas saturation is 0.2 (Sg =0.2) and the compressibility of gas is
100 times greater than CO,. Despite Figure (2.23), fast pressure waves reduce the initial
gas saturation (as a result of large gas compressibility and more sensitivity to pressure
drop) as it travels along the length of the aquifer. These fast pressure waves are followed
by slow pressure waves that are similar to those in Figure (2.23). However, the gas
saturation vanishes downstream of the slow pressure waves because of the large gas
compressibility in this case.

Figure 2.25 illustrates the changes in saturation and pressure as a function of
distance (normalized by the aquifer length) depicted at 2500 days obtained from the
simulation. Three distinct regions are identified (1): initial condition, where pressure and
saturation occur at their original values; (2) region under influence of the fast pressure
waves, where the gas saturation decreases because of the applied pressure disturbance;
and (3) Buckley and Leverett solution. The saturation of the leading front occurs at 0.39
(located at xp=0.23) accompanied by the slow pressure wave.

Figure 2.26 shows the changes in saturation and pressure as a function of distance
(normalized by the aquifer length) depicted at 8000 days obtained from the simulation.

Fast pressure waves have reached upon the aquifer’s outlet boundary and, hence, no
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initial condition is realized. Because of the large gas compressibility, the initial gas have
been pushed toward the producer by the fast pressure wave. The saturation of the leading

front occurs at 0.39 (located at xp=0.63) accompanied by the slow pressure wave.

2.7 D1SCUSSION AND CONCLUSIONS
The main outcome of the analytical developments presented here is the MOC

solution for two-phase, two-component flow with constant compressibility values. Semi-
analytical solutions, Equations (2.41), (2.46), and (2.72) are introduced to determine the
wave velocity for different cases. Furthermore, semi-analytical solutions, Egs (2.89) and
(2.90), are introduced to evaluate the velocity of the saturation waves. The simulation
results confirm the accuracy of Eq.(2.72).
1. The velocity of the saturation waves increases when the pressure gradient
increases despite when the compressibility is absent.
2. The wave velocities increase from J to I, consistent with the entropy condition as
defined to evaluate the MOC solutions in incompressible displacements.
3. If the pressure gradient for each location is known from the simulation, the
saturations can be determined accurately using the solutions derived in this work.
4. The wave velocity becomes independent of the fluid compressibility in the
absence of the rock compressibility.
5. The simplicity of the solution yields an efficient and quick method to investigate
how fast CO, propagates along the aquifer length.
6. For very large gas compressibility values (100 times greater than CO,), fast

pressure wave reduces the initial gas saturation (because of the compression) as it
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travels through the aquifer. The fast pressure wave pushes the bulk of compressed
gas toward the outlet of the aquifer. As a result, the initial existing gas is

compressed nearby the producer.

NOMENCLATURE
P= pressure, psi

Fi= overall flux of component i

Hi=mass flux of component i

Gi=mass of component i in the bulk volume
fi= fractional flow of phase j

Ci= overall concentration of component i

c,= isothermal rock compressibility
ci=volume fraction of component i in phase j
wi=mass fraction of component i in phase j
c,—= isothermal compressibility of the resident water
S;= saturation of phase j

Xp== dimensionless distance

tp== dimensionless time

p;= density of phase j, Ib/ft*

pj=viscosity of phase j, cp

k= permeability, md

L=aquifer length, ft

Me°= End point mobility ratio

V= volume, ft*
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Figure 2.1: H as a function of G for various pressure gradients.
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Figure 2.2: Pressure profiles (pressure as a function of distance normalized by the length

of the aquifer) at early times of the displacement obtained from simulation.
Note that when the pressure disturbance reaches the outlet boundary after 92
days, steady-state condition is established temporarily with respect to time
(orange curve); however, this state is disrupted later by propagation of the
coupled saturation and pressure front as two different pressure gradients are
realized (see Figure 2.8). The pressure constraint is applied for the injector
in this example.
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Figure 2.3: Local flow velocity as a function of distance (normalized by the length of the
aquifer) for early stages of the displacement obtained from the simulation.
When the compressible zone reaches the outlet boundary, steady-state
condition is established temporarily with respect to time (orange curve);
however, this state is disrupted by propagation of the coupled saturation and
pressure front as two different pressure gradients are realized. Each curve in
this plot corresponds to the similar curve in Figure 2.2.
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Figure 2.4: Local flow velocity at the two ends of the aquifer. When the fast pressure
perturbation hits the outlet boundary (after 92 days), the flow velocity
becomes equal at the injector and the producer. The injector is assigned the
pressure constraint in this example.
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Figure 2.5: The saturation and pressure changes that occur at the aquifer’s mid-point
obtained from the simulation. For this example, the injector is assigned the
constant rate constraint and M°=10. There are three points at which the
slope of pressure curve changes but only one of them (at 13000 days) is
coupled with the saturation shock. The early pressure jump occurs only after
10 days injection. The late pressure change that occurs at around 26000 days
is related to the gas breakthrough.
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Figure 2.6: The saturation and pressure changes occur at the aquifer’s mid-point (grid
block 500) obtained from the simulation. For this example, M°=10 and the
injector is assigned the constant pressure constraint of 3000 psi. There are
three points at which the slope of pressure curve changes but only one of
them is coupled with the saturation shock (at 7400 days). The late pressure
change that occurs at around 12500 days is related to the gas breakthrough.
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Figure 2.7: The changes in saturation and pressure as a function of distance (normalized

by the aquifer length) depicted at 5450 days obtained from the simulation.
For this example, the constant rate constraint is assigned to the injector and
M°=10. Two saturation shocks are observed: a leading shock accompanied
by the pressure change and a trailing shock with zero velocity connecting
the gas saturation of 0.8 to 0.75. The saturation of the leading front occurs at
0.44 (located at xp=0.21) accompanied by the pressure shock.
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Figure 2.8: Pressure gradient (obtained from the simulation) as a function of the aquifer’s

length depicted at t=10000 days. For this example, the constant rate
constraint is assigned to the injector and M°=10. Except for the gas front
location, the pressure gradient curve is continuous over the length of the
aquifer. However, the upstream of the gas front, the pressure gradient varies
linearly with distance at the slope is SE-6 psi/ft’.
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Figure 2.9: Solution route obtained semi-analytically from Eq.(2.72) when the injector is
assigned a constant rate. The pressure gradient at each location is obtained
from the simulation and is incorporated into Eqg. (2.72). The solution
consists of a shock between | and point A followed by spreading waves
connecting A to B and eventually a trailing shock from B toward injection
condition (J). Note that saturation residuals are 0.2. The wave velocity along
the solution route decreases monotonically from | to J. For this example, the
constant rate constraint is assigned to the injector and M°=10. Therefore,
larger pressure gradient occurs downstream of the gas front located at point
A.
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Figure 2.10: Pressure gradient as a function of saturation obtained from simulation. At
early stage of displacement, fast pressure waves occur along which only
pressure disturbance is traveling. These fast pressure waves are followed by
slow pressure waves that are associated with the change in saturation. For
this example, the constant rate constraint is assigned to the injector and
M°=10.
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Figure 2.11: The saturation and pressure changes that occur at the aquifer’s mid-point
(grid block 500) obtained from the simulation. For this example, the
constant rate constraint is assigned to the injector and M°=1.0. There are
three points at which the slope of pressure curve changes but only one of
them is coupled with the saturation shock (at 17500 days).
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Figure 2.12: The saturation and pressure changes occur at the aquifer’s mid-point (grid

block 500) obtained from the simulation. For this example, M°=1 and the
constant pressure constraint is assigned to the injector. There are three
points at which the slope of pressure curve changes but only one of them is
coupled with the saturation shock (at 2850 days).
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Figure 2.13: The changes in saturation and pressure as a function of distance (normalized

by the length of the aquifer) depicted at 8200 days (obtained from the
simulation). In this example, the constant rate constraint is assigned to the
injector and M° =1. Note that only one saturation shock. The saturation of
the gas front occurs at 0.66 (which is located at xp=0.24).
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Figure 2.14: Solution route obtained semi-analytically from Eq. (2.72) when the injector
is assigned a constant rate. The pressure gradient at each location is obtained
from the simulation and is incorporated into Eq. (2.72). The solution
consists of a shock between | and point A followed by spreading waves
connecting A to J along the orange curve. Note that saturation residuals are
0.2. The wave velocity along the solution route decreases monotonically
from | to J. For this example, the constant rate constraint is assigned to the
injector and M°=1. Therefore, pressure gradients are small in general.
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Figure 2.15: The saturation and pressure changes that occur at the aquifer’s mid-point
(grid block 500) obtained from the simulation. For this example, the
constant rate constraint is assigned to the injector and M°=0.1. There are
two points at which the slope of pressure curve changes but only one of
them is coupled with the saturation shock (at 19500 days).
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Figure 2.16: The saturation and pressure changes occur at the aquifer’s mid-point
obtained from the simulation. For this example, M°=0.1 and the constant
rate constraint is assigned to the injector. There are two points at which the
slope of pressure curve changes but only one of them (at 5450 days) is
coupled with the saturation shock.
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Figure 2.17: The changes in saturation and pressure as a function of distance (normalized
by the length of the aquifer) depicted at 9500 days (obtained from the
simulation). For this example, the constant rate constraint is assigned to the
injector and M° = 0.1. Note that only one saturation shock occurs. The
saturation of the gas front occurs at 0.78 (which is located at xp=0.25).
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Figure 2.18: Solution route obtained semi-analytically from Eq. (2.72) when the injector
is assigned a constant rate. The pressure gradient at each location is obtained
from the simulation and is incorporated into Eqg. (2.72). The solution
consists of a shock between | and point A followed by spreading waves
connecting A to J along the orange curve. Note that saturation residuals are
0.2. The wave velocity along the solution route decreases monotonically
from | to J. For this example, the constant rate constraint is assigned to the
injector and M°=0.1. Therefore, pressure gradients are small in general.
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Figure 2.19: Cumulative volume of the produced water as a function of time for cases
with different fluid compressibility values of 0.0001, 0.001, 0.01 and zero
(incompressible). Curves representing the fluid compressibility of 0.0001
and incompressible fluid coincide.
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Figure 2.20: Saturation profiles depicted at the corresponding time to production of 1E+6
barrels of water. All curves coincide showing that fluid compressibility is no
longer a factor to determine the wave velocity in the absence of rock
compressibility.
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Figure 2.21: Saturation profiles depicted at the corresponding time to production of 2E+6
barrels of water. Note that despite Figure 2.20, saturation profiles do not
coincide as (in this example) the rock compressibility is in the same order of
the gas compressibility; hence, different values of the gas compressibility
yield different wave velocities as the compressibility terms are not dropped
from Eq. (2.72). The rock compressibility is 0.00001 (1/psi). However, the
green curve shows the case in which no compressibility involved.
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Figure 2.22: The changes in saturation and pressure as a function of distance (normalized

by the aquifer length) depicted at 5000 days obtained from the simulation.
For this example, the constant rate constraint is assigned to the injector,
initial gas saturation is 0.2, and M°=10. Two saturation shocks are observed:
a leading shock accompanied by the pressure change and a trailing shock
with zero velocity connecting the gas saturation of 0.8 to 0.75. The
saturation of the leading front occurs at 0.34 (located at Xxp=0.36)
accompanied by the pressure shock.
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Figure 2.23: Pressure gradient as a function of saturation obtained from simulation when

initial gas saturation is 0.2 (Sy =0.2). Similar behavior Figure (2.10) is
observed : at early stage of displacement, fast pressure waves occur along
which only pressure disturbance is traveling. These fast pressure waves are
followed by slow pressure waves that are associated with the change in
saturation. For this example, the constant rate constraint is assigned to the
injector and M°=10.
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Figure 2.24: Pressure gradient as a function of saturation obtained from simulation when

initial gas saturation is 0.2 (S¢ =0.2) and the compressibility of gas is 100
times greater than CO,. Despite Figure (2.23), fast pressure waves reduce
the initial gas saturation (as a result of large gas compressibility and more
sensitivity to pressure drop) as it travels along the length of the aquifer.
These fast pressure waves are followed by slow pressure waves that are
similar to those in Figure (2.23). However, the gas saturation vanishes
downstream of the slow pressure waves because of the large gas
compressibility in this example. For this example, the constant rate
constraint is assigned to the injector and M°=10.

60



0.9

0.4

Gas Saturation

0.3

0.2

0.1

—4—Gas sat. B Pressure, psi .
Initial
condition, 1 | 3000

Pressure, psi

I
|
|
|
Region under influence of the fast I
1
1
1
1

pressure wave
€ mm e m - > 1000
===
Region under ¢
influence of I 500
the saturation 1
wave :
i 0
I

0.2 0.4 0.6 0l8 1

Dimensionless Distance, xp

Figure 2.25: The changes in saturation and pressure as a function of distance (normalized

by the aquifer length) depicted at 2500 days obtained from the simulation.
For this example, the constant rate constraint is assigned to the injector,
initial gas saturation is 0.2, the gas compressibility is two orders of
magnitude greater than CO,, and M°=10. Three distinct regions are
identified (1): initial condition, where pressure and saturation occur at their
original values; (2) region under influence of the fast pressure waves, where
the gas saturation decreases because of the applied pressure disturbance; and
(3) Buckley and Leverett solution. The saturation of the leading front occurs
at 0.39 (located at xp=0.23) accompanied by the slow pressure wave.
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Figure 2.26: The changes in saturation and pressure as a function of distance (normalized
by the aquifer length) depicted at 8000 days obtained from the simulation.
For this example, the constant rate constraint is assigned to the injector,
initial gas saturation is 0.2, the gas compressibility is two orders of
magnitude greater than CO,, and M°=10. Fast pressure waves have reached
upon the aquifer’s outlet boundary and, hence, no initial condition is
realized. Because of the large gas compressibility, the initial gas have been
pushed toward the producer by the fast pressure wave. The saturation of the
leading front occurs at 0.39 (located at xp=0.63) accompanied by the slow
pressure wave.
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Chapter 3: Applying Fractional Flow Theory to Determine the CO,
Storage Capacity of an Aquifer

In this chapter, fractional flow theory is used to determine the CO, storage
capacity of an aquifer. Capillary snap-off and dissolution into the aqueous phase are two
major trapping mechanisms of the CO; sequestration in intermediate time-scales (Juanes
et. al 2010).

In practice, numerical simulations are used to assess the storage capacity of a
geological formation and to evaluate various trapping mechanisms; however, the
simulations are complex and time-consuming as the mechanisms act simultaneously with
various rates on different time-scales. Furthermore, these simulations require detailed
inputs and, hence, are limited to site-specific studies.

We adopt the notion of the optimal solvent-water-slug size (see Chapter 4) and
use the graphical solution of multiple geochemical front propagation and fractional flow
theory developed by Noh et. al (2007) to determine the CO, storage capacity. In this
work, the storage capacity is limited to capillary snap-off and dissolution trapping
mechanisms. The optimal slug size should represent the CO, storage capacity of the
aquifer as injecting larger slugs causes the CO, to breakthrough at the distant boundary
and injecting smaller slugs leaves the aquifer unfilled. These cases represent overcapacity
and under-capacity storage, respectively. We use numerical simulation to verify the
accuracy of the predicted optimal slug size and simulation results confirm the accuracy of

the predicted values.
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In practice, the proposed method provides an efficient screening method to assess
the CO, storage capacity of aquifers. Moreover, it significantly reduces the simulation

costs while providing useful insight.

3.1 INTRODUCTION
CO; capture and geological storage (CCGS) is a promising method for long-term

storage of CO, to mitigate its accumulation in the atmosphere and, thus, detrimental
impacts on the climate. However, a general lack of knowledge about storage capacity of
deep saline aquifers stands in the way of an immediate full-scale implementation of
CCGS (IPCC, 2005; Bradshaw et al., 2007). In this study, we focus on the storage
capacity of saline aquifers as they are widely distributed (Bachu et al., 1994).

The evaluation of the CO, storage capacity in deep saline aquifers is very
complex as there are multiple trapping mechanisms acting simultaneously at different
rates. In the context of CO; storage in aquifers, the involved trapping mechanisms are:

1. Structural (hydrodynamic) trapping, where the upward migrating buoyant CO; is

suppressed by an impermeable cap rock (Bachu et al., 1994)

2. Capillary snap-off trapping, where injected CO, breaks up into immobile ganglia

(Kumar et al., 2005; Juanes et al., 2006)

3. Solubility trapping, where CO, dissolution occurs in the resident aqueous phase

(Ennis-King and Paterson, 2005; Riaz et al., 2006)

4. Mineral trapping, where dissolved CO, reacts with rock minerals and vyields

carbonate mineral precipitation (Gunter et al., 1997)
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5. Local capillary trapping, where upward migrating CO, is accumulated beneath a
region with a higher capillary entry pressure than average (Saadatpoor et al.,

2010)

This study focuses on two trapping mechanisms that are likely to be effective on
an intermediate time-scale: capillary snap-off and dissolution trapping (Sifuentes et al.,
2009; Juanes et al., 2010). Injected CO, in an aquifer displaces the resident water under a
drainage mechanism (assuming the gas phase is non-wetting), while resident or post-
injection water displaces CO, through an imbibition process. The hysteresis in gas
relative permeability that manifests the snap-off trapping mechanism occurs at the pore-
scale. In addition, CO, dissolves into brine at any contact between the aqueous and gas
phases.

Numerical simulations calculate the CO, capacity with reasonable accuracy;
however, large scale simulations are time-consuming as they require detailed geological
information about the aquifer. Szulczewski et al. (2009) introduced an analytical model
to predict the basin-scale CO, storage capacity of an aquifer while considering gravity
override and capillary trapping; however, their model does not account for the solubility
of CO; in the brine nor mineral trapping.

We adopt the notion of the optimal solvent-water slug size and use the graphical
solution of combined geochemical front propagation and fractional flow theories (Noh et
al., 2007) to define the CO, storage capacity of aquifers. According to Walsh and Lake

(1989), the optimal solvent slug size expressed in total pore volume (P.V.), occurs when
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the fastest waves of the chase water (the imbibition front in our study) and injected CO,
(drainage front) coincide at the outlet boundary (distant boundary of the aquifer).

The objective of this study is to determine the largest (optimal) slug of CO; such
that no CO, breakthrough occurs while the aquifer is filled to its capacity. Hence, all
other slug sizes are unfavorable except the optimal as they either yield over- or under-
capacity conditions. Hence, the optimal slug size represents the CO, storage capacity of
the aquifer because of capillary and dissolution mechanisms. To verify the analytical

solution, we compare the analytical and the simulation results.

3.2 DESCRIPTION
We study a pair of consecutive displacements: injection of CO; into an aquifer to

displace resident water (drainage process) followed by injection of post-flood aqueous
phase to displace CO, (imbibition process). These processes are studied under the
following assumptions, of which most are common in the fractional flow theory:
1. The flow is one-dimensional (1D) governed by Darcy’s law for multiphase flow.
2. Large-scale capillary effects associated to the flow (appeared in the mass
conservation equation) and dispersion are negligible, i.e., conservation of an
individual component leads to a first-order strictly hyperbolic partial differential
equation. However, local-scale capillary effect because of the snap-off process is
modeled using relative permeability hysteresis.
3. The fractional flow of each phase does not depend on a position other than

through a saturation change.
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4. There are two flowing phases (the aqueous and non-aqueous phase).

5. Mixing in the fluid phases is ideal, i.e., we assume constant partial molar volume
and no change in total volume upon mixing and transfer of components from one
phase to another.

6. Fluid viscosities, aquifer pore space, and densities are independent of pressure.
Relative permeabilities are monotonic and differentiable with respect to
saturation.

7. Local-equilibrium applies.

8. Neither sorption nor any chemical reaction occurs.

9. Injected CO; is saturated with the brine, i.e., no water vaporization occurs.

Figure 3.1 shows a schematic of a typical gas saturation profile for a brine displacing
CO; as followed by an imbibition displacement. If unsaturated CO, is injected, the
residual water around the injection well is vaporized into the gaseous phase. Eventually,

if the injection lasts long enough, region J (dry region) develops (Zuluaga, 2008).

3.3 MATHEMATICAL MODEL
The governing equations are the material balances for each component i:

oC.
8tD aXD

where C; and F; represent the cumulative storage and flux capacities, respectively.
Furthermore, tp, dimensionless time, is the amount of injected fluid expressed in pore

volumes and xp is the dimensionless distance normalized by the length of the aquifer.
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For our specific case, the overall composition and fractional flux of CO, are

CCO =S CCO, +S .CCO,
2 g9 2.9 aq 2.9 (32)

Feo, =f4Cco,q +fa0.Cco,.

Using the method of characteristics, Noh et al. (2007) derived an analytical
solution for 1D, two-phase, semi-miscible displacement. In their solution, CO, displacing
water and vice versa are considered as semi-miscible displacements, because of the
substantial solubility of CO, and water in the aqueous and gaseous phases, respectively.
The solution occurs in the form of spreading or sharpening waves; for step-change
boundary conditions the sharpening waves is also known as shock (Figure 3.1). The
drainage part of the gas saturation profile (between regions | and J) consists of two
shocks: at the leading edge between | and Il and at the trailing edge between J and Il; a
series of spreading waves connect the two shocks. During drainage, the gaseous phase
displaces the resident brine while CO, dissolves into the brine (semi-miscible). The
specific velocity of the leading shock (fastest wave of the injected CO,) is obtained as

(Noh et al., 2007):

D
1l
£ COy,aq
g C|| _CII
XD _, .—_ L COpa 7COQ (3.3)
tD = VCS — r C“ I
S _ COy,aq
9 C|| _CII
| “COz,aq CO2.9 |

The fractional flux of the gaseous phase is defined as
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1+ N4k
fq =k—9, (3.4)
14 raq. Mg

krg Hag.
where Ng is the buoyancy number.The buoyancy number is the ratio of gravity to viscous

forces defined as:

_ Krag.(Pw —Pg)gsina

Ng =

(3.5)
HaqUin;.

In this study, we use the end-point buoyancy number; i.e. the end-point relative
permeability value is used in Eq. (3.5). For horizontal displacements where Ng is zero, the

graphical interpretation of Eq. (3.5) is a tangent line emanating from the retardation point
(D11, Dy_1) to the drainage fractional flow curve (Figure 3.2).

The imbibition displacement is extended between two shocks: a leading and a
trailing shock. Note that we distinguish between drainage and imbibition displacements
through hysteresis between the relative permeability curves. As ground water flow or
post-flood injected water displaces the plume of CO,, a leading shock separates region J
from 111 and a trailing shock occurs between 11l and K (Figure 3.1). However, we discard
region J as the injected gas is saturated with repect to water (assumption 9). Furthermore,
we replace region Il with a sharpening wave associated with the average saturation of gas
behind the CO, front (S"g|Ave.). In other words, we assume an analogous constant-state
region (Lake 1989) with saturation equal to the S”@”Ave downstream of the imbibition
displacement. Therefore, the shock between region Ill and the surrogate constant-state

region represents the fastest sharpening wave of the imbibition. The specific velocity of
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the imbibition front (vcy) is the slope of the tangent line emanating from S'gae located on
the imbibition fractional flow curve (Figure 3.2).

Figure 3.3 shows the typical form of the method of characteristics (MOC)
solution when CO, displacing water is followed by an aqueous phase. The slope of each
line on the distance-time diagram is the specific velocity of the concentration attributed to
that wave.

Based on the location where the fastest wave of chase water intersects the fastest
wave of the injected CO,, three possibilities exist. Figure 3.4 indicates an over-capacity
condition in which the imbibition front with specific velocity of v¢, intersects the
drainage front with the velocity of v beyond the aquifer length. In other words, the
imbibition front does not catch-up to the fastest drainage wave within the aquifer length;
there is more CO; injected than the aquifer CO; capacity.

Figure 3.5 shows the optimal condition that takes place when the two shocks
coincide at the outlet, i.e., they breakthrough simultaneously. The dimensionless optimal
CO; slug size is then calculated as

t 1 1 (3.6)
DS Ves  Vew

The suggested CO, slug size is expressed as the fraction of the aquifer P.V.; it can also be
interpreted as the storage efficiency defined by Bachu et al. (2007). When fractional flow
solution of a displacement only consists of a single shock (so called piston-like
displacement), the dimensionless optimal slug size will be approximately equal to the

uniform gas saturation behind the front; v¢y is ususally much larger than v¢s implying that
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imbibition shock travels fatser than the drainage front; hence, the second term in Eq. (3.6)
becomes negligible compared to the first term. Furtheremore, v¢s can be expressed as:

£ upstream _ ¢ downstream 1-0

Ves = gupstream _ gdownstream - gupstream _ (3.7)

Substitution of Eq. (3.7) into Eq.(3.6) yields that the dimensionless optimal slug size will

Supstream) for a

be approximately equal to the uniform gas saturation behind the front (
piston-like displacement.

Figure 3.6 illustrates an under-capacity condition for which the imbibition front
catches up with the fastest drainage shock within the aquifer length; hence, part of the
aquifer remains unfilled.

In addition, the injected CO, has a lower density compared to the resident brine
and tends to migrate upward; hence, displacement of the resident brine often occurs along
a path deviated from the horizontal direction and, consequently, a non-zero buoyancy
number is often required in Eq.(3.4). The graphical procedure to determine the specific
velocity of the drainage front in non-horizontal displacements differs from the horizontal
displacement as sufficiently large buoyancy numbers (slowly upward migration of CO5)
are characterized by gas fractional flows greater than unity (Figure 3.7). Therefore, the
graphical solution may involve no tangent lines as they would lead to non-physical
results. The physical explanation of gas fractional flows greater than unity is
countercurrent flow that would occur under certain initial and injection conditions. For

more details on modeling the gravity-dominated flow in a permeable medium, see Walsh

(1991).
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For sufficiently large buoyancy numbers, the gas fractional flow curve intersects
the line representing fy = 1 at two points with different saturations; hence, a uniform CO,
saturation occurs behind the drainage front that represents the lower saturation. Following
from Walsh (1991), the uniform saturation behind the front is determined from Eq.(3.4)

for f4=1.0:

k
14-r2ato g, NgkK (3.8)

krg Haq.

Substitution of Eq. (3.5) into Eq. (3.8) gives

UjnjH
Krg= nrg (3.9)
K(pw —pg)gsina
_ Uinj
gupstream _  ~1 inj.tg . 3.10
g | k(pw —pg)gsina 10

From Egs. (3.9) and (3.10), the gas relative permeability value and the corresponding
uniform gas saturation behind the front is obtained for cases with extremely large
buoyancy numbers. The specific velocity of the drainage front is equal to the slope of a

line connecting the retardation point and Sgps”eam :

3.4 SIMULATION APPROACH
To verify the analytical solution, we perform a set of 1D displacement simulations and

present the comparison between the results. There are 256 equal grid blocks in the x-
direction.
Figure 3.8 shows the relative permeability functions used in the simulations. As it

was mentioned earlier, local capillary effect is represented by dissimilar relative
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permeability curves for drainage and imbibition displacements. Furthermore, the porosity
and the permeability of all models are 0.15 and 500 md, respectively. All simulation
models are initially fully saturated with brine; the outlet of the models is maintained at
constant bottomhole pressure of 2300 psi representing the pressure support. However, the
injection well (for both CO, and the post-flood displacements) is assigned a constant rate
constraint.

The temperature and the salinity of the base case model are 130°F and 5000 ppm,
respectively. The PVT properties of gas and brine (density, viscosity, solubility, and the
gas compressibility factor z) are calculated internally in the numerical simulator by the
Peng-Robinson equation-of-state. The viscosity of brine and CO, is 0.517 and 0.052 cp,
respectively.

For the base case model and a retardation factor of -1.03, a specific velocity of
0.196 is obtained through emanating a tangent line to the gas fractional flow curve. The
tangent line intersects the gas fractional flow curve at Sy=0.42; however, the specific
velocity of the imbibition front is obtained through extending a line from (0.52, 0.92) to
(0.29, 0.06); the specific velocity of the imbibition front becomes 3.55 in this example
(Figure 3.2).

The CO, storage capacity of the aquifer is 0.226 of the aquifer P.V. from
Eq.(3.6). Under such circumstances, the drainage and the imbibition shocks collide at the
outlet. In the simulations, this situation is translated into the maximal injected CO; slug

expressed in terms of the aquifer P.V. that yields no CO, produced at the outlet.
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Figure 3.9 illustrates the gas saturation profiles obtained by the simulations for
three cases: (1) under capacity, (2) over capacity, and (3) optimum at the specified time.
The injected CO; is spanned over the entire aquifer owing to the capillary snap-off and
the dissolution trapping mechanisms while neither is produced at the optimal condition.
For the under-capacity case, a relatively small amount of CO; is spanned over the entire
length of the aquifer and is entirely trapped. Figure 3.10 confirms that the CO, slug size
of 0.225 is the largest that yields no free gas at the outlet consistent with the value
obtained from Eq.(3.6).

Tables 3.1 through 3.3 list the results of the sensitivity analysis conducted to
study the effects of different water salinities, aquifer pressure, and temperatures on the
CO, storage capacity. The storage capacity varies by changing the CO, solubility as
observed in previous studies (Kumar et al., 2005). The solubility increases by decreasing
the salinity of the aqueous phase and by increasing the aquifer pressure and temperature.
However, the solubility trapping is slow and time-dependent as it is a function of the
amount of mixing that occurs between the free-gas and the CO,-unsaturated aqueous
phase; therefore, it contributes less in the early stage of the CO, sequestration (less than
10% in this study).

Next, we investigate the effect of buoyancy on the storage capacity of vertically
gravity-dominated displacements. We use the base case model tilted 90 degree such that
the injection well is located at the bottom and the outlet at the top. Smaller injection rates
than that of the base case model is used to study gravity-dominated displacements. Figure

3.11 indicates the CO, storage capacity as a function of the buoyancy number. The
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capacity decreases as the buoyancy number increases consistent with the simulation
results obtained by Ide et al. (2007). The results imply that greater gas saturation during
the drainage process (smaller buoyancy number) vyields larger trapped gas after
imbibition displacement (Figure 3.12). The simulation results confirm the storage

capacities obtained from the graphical procedure.

3.5 CONCLUSIONS
The main outcome of the analytical developments presented here is a procedure that

predicts the CO, storage capacity of aquifers owing to capillary snap-off and dissolution:

« The predicted CO, storage capacity of a saline formation obtained from the
fractional flow theory is consistent with the simulation results.

« The simplicity of the analytical solution yields an efficient and quick method to
investigate the impact of uncertainty in the parameters (such as the gas solubility
and various levels of hysteresis) on the CO, storage capacity.

« Using the proposed graphical solution provides a dimensionless CO, storage
capacity with respect to the size of the closed aquifers; this overcomes the scale-

dependency of the previous solution as addressed by Juanes (2010).
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3.6 NOMENCLATURE
Ng= buoyancy number

ppm= parts per million
D,_, = retardation factor

Fi= overall flux of component i

fi= fractional flow of phase j

Ci= overall concentration of component i

S;= saturation of the phase j

tp= dimensionless time; injected volume expressed in the aquifer P.V.
Uinj=injection volumetric rate (ft3/d)

tps= CO; slug size expressed in the aquifer P.V.

vew= the specific velocity of the imbibition front

ves= the specific velocity of the drainage front
Sg =the gas saturation behind the gas front

;= the viscosity of phase i (cp)

pi= the mass density of phase j (Ib/ft3)
g=standard gravity constant (32.174 ft/s?)
a=aquifer dip angle

k= permeability (md)

kij=the relative permeability of phase j

Xp= dimensionless distance
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SUBSCRIPTS
aq= the aqueous phase

g= the gaseous phase
SUPERSCRIPTS

-= upstream

+= downstream

Table 3.1- Sensitivity analysis on the salinity of the brine

Brine Retardation CO, storage CO, mole
salinity, f . fraction in
actor capacity
ppm agueous phase
1000 -1.032 0.225 0.021
5000 -1.033 0.225 0.021
10000 -1.035 0.225 0.020
20000 -1.039 0.223 0.020
30000 -1.042 0.223 0.019
40000 -1.044 0.223 0.018
50000 -1.045 0.223 0.018

Table 3.2- Sensitivity analysis on the aquifer pressure; T=130 °F

Aquifer Retardation CO, storage CO; mole fraction Lco2,
pressure, psi factor capacity in the aqueous cp
' phase
1600 -1.028 0.21 0.019 0.040
2000 -1.032 0.223 0.021 0.046
2600 -1.033 0.225 0.021 0.051
3000 -1.042 0.23 0.022 0.063
3500 -1.048 0.235 0.023 0.069
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Table 3.3- Sensitivity analysis on the aquifer temperature

Aquifer Retardation | Co, storage fracégé r:niﬁltehe Kcoz,
temperature, °F point capacity aqueous phase cp
100 -1.041 0.235 0.024 0.067
110 -1.041 0.23 0.023 0.062
120 -1.040 0.227 0.022 0.056
130 -1.033 0.225 0.021 0.051
140 -1.031 0.225 0.021 0.049
150 -1.029 0.223 0.020 0.044
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Figure 3.1: Schematic of the gas saturation profile in a set of semi-miscible displacements

where injected CO; is followed by an aqueous phase. Five distinct regions
occur at the early stage of the displacement: (1) region | is the initial
condition with 100% water saturation; (2) part Il is a drainage semi-miscible
displacement, where a gaseous phase displaces an aqueous phase with the
mutual solubility of CO, and water; (3) section J is the CO, injection
condition; (4) part Ill is similar to region II, but is an imbibition
displacement of a gaseous phase displaced by an aqueous phase; (5) K
illustrates the post-CO, water injection that represents an imbibition
displacement. The imbibition displacement occurs because of either water
injection or regional ground flow that pushes the CO, slug further into the
aquifer. S"g|ave represents the average gas saturation of region II.
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Graphical procedure to predict the CO, storage capacity of the aquifer. The
slope of a tangent-line emanating from the retardation point (f,, Sw)=(-1.03,-
1.03) to the drainage fractional flow curve of the gaseous phase is V¢ and
the slope of the tangent line is from S'jav to the imbibition curve
determines V,; note that the retardation point is located on the extension of
the tangent line and has not been illustrated in this plot. Using Eq. (3.6),
only 0.226 of the aquifer P.V. will be occupied by the trapped CO,; trapped
CO; occurs in the form of the capillary residual (snap-off) and dissolution

trapping.
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Figure 3.3: Typical form of the method of characteristics (MOC) solution when CO,
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Figure 3.4: Over-capacity condition: the imbibition front with specific velocity of vew
intersects the drainage front with the velocity of v¢s beyond the aquifer
length. In other words, the imbibition front does not catch-up to the fastest
drainage wave; there is more CO, injected than the aquifer capacity.
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Figure 3.5: The optimal condition: the imbibition front catches-up to the fastest drainage
shock at the aquifer outlet boundary and leaves behind all injected CO,
trapped.
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Figure 3.6: Under-capacity condition: the imbibition front catches-up to the fastest
drainage shock within the aquifer length. Part of the aquifer is unfilled.
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Figure 3.7: Gas fractional flow curves for different values of buoyancy number
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Figure 3.9: Gas saturation profile for three possible conditions at tp=0.5. The red curve
illustrates the optimal condition for which injected CO, is trapped evenly
along the aquifer. The over capacity condition (green line) leads to gas
production at the outlet; however, the drainage front never reaches the
outlet, if a smaller CO; slug size than the optimal is injected,; i.e., the aquifer
will not be filled to its capacity. Therefore, simulation results suggest that
the CO, storage capacity of the aquifer is 0.225 of the aquifer pore volume.
There is a slow dissolution shock at the rear of the CO, plume

corresponding to dissolution of the previously capillary-trapped CO, into the
fresh injected water.
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Figure 3.10: The cumulative CO, production for the optimal and above optimal cases.
Simulation results show that the largest slug of CO, that yields no free gas at
the outlet is equal to 0.225 of the aquifer P.V. Injecting larger slugs than the
optimal (red curve) leads to the production of CO,; in other words, the
presence of CO; in the form of free gas at the outlet indicates that the
aquifer capacity is smaller than the injected volume.
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dominated.

89



0.7

0.6

0.5

0.4

0.3

Gas Saturation

0.2

0.1

\ ——Ng°=1.94

\ll Ng°=9.4
Ng°=19.4
i —Ng°=97

| —Ng°=138

I I ——Ng°=969

0

0.2 0.4 0.6 0.8 1
Dimensionless Distance, X,

Figure 3.12: Gas saturation profiles during the drainage displacement (CO, displacing the

brine) for different buoyancy numbers. A larger buoyancy number yields
smaller gas saturation and eventually smaller residuals, because of the
capillary trapping mechanism. Saturation profiles are depicted at different
times.
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Chapter 4: Applying Fractional Flow Theory Under the Loss of
Miscibility

This chapter examines the limits of the Walsh and Lake (WL) method to predict
the performance of solvent-flood when miscibility is not achieved. Despite extensive
research on the applications of fractional flow theory, the prediction of flow performance
under the loss of miscibility has not been investigated generically.

We introduce the idea of an analogous first-contact miscible (FCM) flood to study
miscibly-degraded simultaneous water and gas (SWAG) displacements using the WL
method. Furthermore, numerical simulation is used to test the WL solution on a one oil-
solvent pair. In the simulations, the loss of miscibility (degradation) is attributed to either
flow-associated dispersion or insufficient pressure to develop the miscibility.

One-dimensional (1D) SWAG injection simulations suggest that results of the
WL method and the simulations are consistent when miscibility degradation is small. For
the two-dimensional (2D) displacements, the predicted optimal SWAG ratio is accurate
when the permeable medium is fairly homogeneous with a small cross-flow or
heterogeneous with a large lateral correlation length (the same size or greater than the
interwell spacing).

The results suggest that the accuracy of the WL solution improves as cross-flow is
reduced. In addition, linear growth of the mixing zone with time is observed in cases for
which the predicted optimal SWAG ratio is consistent with the simulation results. Hence,
we conclude that the WL prediction is accurate when the mixing zone grows linearly with

time.
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4.1 INTRODUCTION
Despite large microscopic displacement efficiency, miscible gas injection has

small volumetric sweep efficiency (Stalkup, 1983; Gardner et al., 1981). On the other
hand, injecting water in alternating slugs or simultaneously with gas forms a more stable
displacement front. In principle, the co-injection of water and gas is expected to integrate
the benefits of both miscible gas injection and water flooding. One of the important
SWAG injection parameters is the optimal SWAG ratio (SWAG ratio is defined as the
ratio of the injection rate of water to that of the solvent).

In practice, SWAG parameters are determined through numerical simulations.
However, depending on the size and the complexity of the reservoir models, simulations
are often time-consuming, yet there is no alternative. Therefore, the motivation of this
study is to examine the accuracy of a theoretical method to reduce simulation costs.

Buckley and Leverett (1942) proposed the fractional flow theory, later used by
Welge et al. (1961) to study miscible gas injections. SWAG injection is essentially the
multicomponent and multiphase displacement of resident oil and water by a mixture of
injected solvent and water. Extensive literature is available on the applications of the
fractional flow theory to predict the displacement performance of multicomponent
multiphase flow through a permeable medium (LaForce et al., 2010). Helfferich (1981)
introduced the general theory of multicomponent and multiphase flow in permeable
media through incorporating the theories of multicomponent chromatography (1970) and

fractional flow. Pande et al. (1987) showed that the 1D fractional flow solution of
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immiscible displacements can be used to reproduce qualitatively the displacement
performance of 2D flow with non-communicating layers.

Applying the fractional flow theory, Koval (1963), Todd and Longstaff (1972),
Fayers et al. (1994), and Cheng et al. (2002) introduced empirical models to estimate the
displacement performance of multidimensional miscible injections. However, fractional
flow solutions of miscible floods are typically obtained using simplifying assumptions.
One of the most restrictive assumptions is that the partitioning coefficients between the
phases, K-values, are constant and independent of the compositions within phases. This
assumption is reasonable for low pressures (i.e., pressures far below minimum miscibility
pressure (MMP) and pressures at which no critical locus appears in the mixture-phase-
behavior diagram. However, the assumption is inaccurate for the degraded miscible
displacements, considered in this study, in which the K-values are inevitably changing.

If the corresponding degraded miscible residual oil saturation, Som, is known, it is
proposed that the WL method will be applicable to solvent floods, in which miscibility
does not completely develop due to dispersion and/or insufficient local pressure. The
objective of this work is to verify the hypothesis for 1D and 2D displacements.
Furthermore, we investigate the nature of degraded 2D miscible displacements for which

the predicted optimal SWAG ratio is consistent with the simulation results.
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4.2 THE WALSH AND LAKE METHOD

4.2.1 The Method of Characteristics

The method of characteristics (MOC) is a mathematical technique to solve first-
order strictly hyperbolic partial differential equations (PDE) such as the mass
conservation equations. The goal of MOC is to convert the original PDE to a set of
ordinary differential equations (ODE) along certain curves called characteristics. The
mass conservation equation of component i in the form of fractional flow terms in 1D
flow with no chemical reaction involved can be written as

Ci kK _o i=1,2,..,Ng (4.1)

where C; and F; are the overall concentration and overall flux of component i,
respectively. Lake (1989) discussed how Eq. (4.1) is derived from the general mass
conservative equation and from the definitions of dimensionless time and position. In
general, the conservation equations are nonlinear. The nonlinearity in the mass
conservative equation lies in the relationship between the overall flux and the overall
concentration of each component. Applying the WL assumptions (listed in Section 4.2.2),
Eqg. (4.1) converts to the following equation:

R IR j=1,2,..N (4.2)
dp  oxp 1S NP, -

where s; and fj are the saturation and fractional flow of phase j, respectively.
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4.2.2 The WL Method

Applying the fractional flow theory, Walsh and Lake (1989) introduced a method
to analyze the displacement of oil by a FCM solvent in the presence of an immiscible
aqueous phase (Figure 4.1). The WL solution provides an elegant insight into the
behavior of complex solvent floods. Some of the practical results of their work are: (1)
the extension of the concept of optimum water-solvent ratio to arbitrary initial and
injection conditions such that the optimal water-solvent ratio yields the maximum
displacement efficiency while using the minimum amount of solvent. The SWAG ratio,
upon which the solvent and water saturation waves move together, is the optimum for
secondary displacements (Caudle and Dyes, 1959); no mobile water initially exists in the
secondary displacements. (2) The development of the notion of optimum water-solvent
slug size such that the optimal slug size occurs when the chase water and the solvent
coincide at the producer (simultaneous breakthrough). They showed that the optimal
solvent-water slug size can be expressed in reservoir pore volumes and can be
approximated by the dimensionless solvent breakthrough (BT) time. Qil recovery is
adversely affected by smaller slugs than by the optimum, because of the trapping of the
oil by the chase water (Walsh, 1989).

Similar to all theoretical methods, the WL method rests on a set of simplifying
assumptions. In this section, we itemize these assumptions. Most of these assumptions
are commonly used in the fractional flow theory:

e The flow is 1D and governed by Darcy’s law for multiphase flow.
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Capillary and dispersion effects (dissipation) are negligible, i.e., the conservation of
an individual component leads to a first-order, strictly hyperbolic PDE.

The permeable medium is homogeneous. Fractional flow does not depend on position
other than through a saturation change.

The oil and solvent are first-contact miscible.

There are two flowing phases (the aqueous and non-aqueous phase) and three
components (water, solvent, and hydrocarbon). The aqueous and non-aqueous phases
are immiscible.

Mixing in the non-aqueous phases is ideal, i.e., constant partial molar volume and no
change in total volume upon mixing.

Viscosities depend only on compositions. Relative permeabilities are monotonic and
represented by differentiable curves.

All fluids are incompressible as is the pore volume.

The local thermodynamic equilibrium applies; i.e., mass fractions of solvent are
related through thermodynamic equilibrium relations.

Step changes at the origin boundary condition (x = 0) apply; i.e., initial saturations are
uniform and the injection conditions change step-wise at the origin.

We compare the WL solution with simulation results of the same displacement

while relaxing the above assumptions.
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4.3 MiscIBILITY DEGRADATION

Miscibility degradation is the consequence of dispersion and insufficient local
pressure to attain miscibility between the oil and gas.

The minimum pressure required to achieve multi-contact miscibility between the
oil and gas at a given reservoir temperature is known as the minimum miscibility pressure
(MMP). To achieve high displacement efficiency, the pressure in the reservoir should be
maintained at or above MMP. In many practical situations, the gas injection is carried out
at pressure slightly above MMP. However, the pressure decreases with distance traveled.
Thus, at some point far from the injection well, the pressure may decline below the
reservoir MMP, reducing the displacement efficiency.

On the other hand, several authors have shown that the oil recovery on the field-
scale depends on the level of dispersion (Arya et al., 1988; Johns et al., 1993; Walsh and
Orr, 1990; Haajizadeh et al., 1999; Solano et al., 2001). Reservoir mixing drives the
composition route further away from the critical locus into the two-phase region(s) and
reduces the local displacement efficiency. In addition, Lantz (1971) showed that even
when the conservation equation is dispersion-free, an additional source of “superficial”
dispersion (numerical dispersion) arises owing to the finite difference (FD)
approximation. The numerical dispersion, which is the manifestation of inaccuracies
involved in the FD approximations of spatial and temporal derivatives, can be suppressed
(though not eliminated). This can be carried out using very accurate approximations of

the derivatives and taking more grid blocks.
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4.4 SIMULATION MODEL DESCRIPTIONS

We use the oil produced from the Welch field (Taylor et al., 1998) with the API
gravity of 32 and pure CO; as the solvent in this study. Lower mole fractions of methane
(5%) and heavy components, Cs,", compared to that of intermediate components, C4-Cs,
make the oil a good candidate for CO; flooding. Winprop, CMG’s PVT analysis software
package, is used to calculate fluid properties according to the Peng-Robinson equation-
of-state (EOS). Furthermore, we use the PVT laboratory test data to determine the EOS
parameters (Tables 4.1 through 4.3). Figure 4.2 and Table 4.3 show the relative
permeability data and the fluids properties used to construct the fractional flow curves.

For heterogeneous models, the permeability heterogeneity is characterized by the
Dykstra-Parsons coefficient of variation (Vpp) and the dimensionless correlation length in
the longitudinal direction (ixp). The dimensionless correlation length in the transverse
direction (4;p) is set to 0.2. The permeability fields, which are log-normally distributed,
are generated using the FFTsim code (Jennings et al., 2002). For all cases, porosity is
uniformly distributed.

The simulations are performed using GEM, CMG’s general EOS compositional
reservoir simulator. The simulation models consist of two vertical wells located at the
ends of a 2D cross-sectional grid with constant grid block sizes in the x- and z-directions.
The tops and bottoms of the models are no flow boundaries. The injection well is
assigned a constant total injection rate and the production well operates at constant
pressure. However, CO, and water injection rates are specified to design various SWAG

ratios.
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The miscibility degradation at a constant level of dispersion is defined as the
lowest pressure observed in the reservoir normalized by MMP; in this study, the
miscibility degradation is expressed as producer’s bottomhole pressure divided by MMP
that consequently increases toward the producer. In the simulations, dispersion is mainly
assigned through input (physical) dispersivity as the numerical dispersion is minimized
by taking small grid blocks and also by adjusting the maximum time step. Equation (4.3)

indicates how the Peclet number (Np), attributed to the numerical dispersion, is

df.
correlated with the number of grid blocks in the flow direction as {ﬁ] , Which is equal
i

At . . . . .
to 1, and ( L ) which remains less than 0.01 in the simulations (Stalkup, 1983):

AX,,
Ax,. df At df
N _ D L j 4.3
bo I, 2 ds, ( Ax, dS, ) (43)

D

4.5 ONE-DIMENSIONAL SIMULATION RESULTS

To verify the hypothesis in 1D degraded miscible displacement, we define an
analogous FCM flood such that its associated residual oil saturation is the same as the
remaining oil saturation in the original degraded miscible flood. We use a fine simulation
grid (512x1x1) to reduce the numerical dispersion as described in the previous section.
The remaining oil saturation is taken as the saturation behind the solvent front (Som).

However, Som in a degraded miscible displacement varies with time; thus, our simulation
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results reveal that Sory does not change significantly after 2 pore volume injections for the
degradation levels considered in this study (Figure 4.3).

Figure 4.4 illustrates how the degraded miscible residual oil saturation varies as a
function of the miscibility degradation for different dispersion levels. The resulting Sorm
(the oil saturation left behind after 2 pore volume injection) is normalized by the
waterflood residual oil saturation, Seny. Figure 4.4 also shows that as the miscibility
degradation increases (equivalently, the producer’s bottomhole pressure is reduced), the
corresponding Sorm increases. The latter is observed for all dispersion levels considered in
this study. In addition, the results are in agreement with the experimental results by
Lange (1998).

Figure 4.5 shows how Sor, changes as a function of the miscibility degradation for
secondary displacements where initially there was no mobile water. Figure 4.5 illustrates
the same trend as Figure 4.4, indicating that much oil remains as miscibility degradation
increases. The blue shaded zone in Figure 4.4 shows the range of miscibility degradation,
where the WL method is applicable as the corresponding Sorm , Which is less than Sgpy.

Therefore, we conclude that the residual oil saturation after a degraded miscible
flood is correlated with the level of miscibility degradation. Larger miscibility
degradation leads to greater residual oil saturation behind the solvent front. No excess oil
will be recovered for a very large miscibility degradation level when compared to an
immiscible displacement.

Next, we construct the WL solution for each example using the corresponding

Sorm- The corresponding Som to the given miscibility degradation level is read from
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Figures 4.5 and 4.6 and incorporated into the WL graphical method. The initial and
injection conditions of each example is also incorporated into the WL plots. Figure 4.6
demonstrates the WL procedure for a degraded miscible SWAG displacement using an
analogous FCM flood with an equivalent residual oil saturation of Sy,

The WL solution is compared with the numerical results through saturation
profiles (water, oil, and gas), the optimal SWAG ratio, and the optimal solvent-water slug
size. Figure 4.7 and Figure 4.8 compare the oil/water/gas saturation profiles for different
miscibility degradation levels. The results show that predicted profiles are consistent with
the simulation results only when the peclet number (Npe) exceeds 1025.

Figure 4.9 shows the recovery curves at the specified miscibility degradation for
different SWAG ratios. The results indicate that the maximum oil recovery of 88% is
achieved through the SWAG ratio of 0.5. Therefore, the WL optimal SWAG ratio of 0.51
IS in agreement with the numerical results.

Furthermore, Figure 4.10 clearly shows that less solvent usage (larger SWAG
ratios) recovers less oil. This observation points out that the success of degraded miscible
displacements (even multi-contact miscibility development) depends also on the
fractional flows of the injected fluids. This observation is consistent with the results of
LaForce et al. (2009) as they pointed out that miscibility development is a function of

fractional flow of water .
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4.6 TwWO-DIMENSIONAL SIMULATION RESULTS

In this section, we examine how the WL solution of a degraded miscible flood
compares to the simulation results of a 2D displacement with the same level of
miscibility degradation. The level of degradation is determined through N and the ratio
of producing pressure to MMP.

A 128 ft x32 ft vertical cross-section model is used with128 x 32 grid blocks in
the x- and z-directions, respectively. We consider the following dimensionless scaling
groups that affect the displacement performance in 2D flow: the effective aspect ratio
(RL), the Dykstra-Parsons coefficient of variation (Vpp), the dimensionless correlation
length in the x-direction (4xp), the buoyancy number (Ng), and Npe. The effective aspect
ratio is particularly used to indicate the degree of cross-flow. For more details on the
definition of permeability heterogeneity see Appendix B. A block of 46 simulation
models is obtained based on the three-factorial Box-Behnken experimental design (Box
and Behnken, 1960; Wood et al., 2008). Table 4.5 lists the range of values (levels) used
for each dimensionless group. As uncertainty inherently increases with heterogeneity,
each simulation case was repeated three times with different realizations of the
permeability field to reduce the associated uncertainty. Also, the conclusions made here
are based on averaging the results of different realizations.

The initial water saturation map for tertiary SWAG displacements is obtained
from the secondary displacement of the same simulation model. In other words, the water

injection is continued until a certain producing water cut is observed at the producer
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(95% in our study). Next, the most recent saturation map is used as an input saturation for
the tertiary flood of the same simulation model (Figure 4.10).

Figures 4.11 through 4.13 illustrate comparisons between the vertically averaged
saturation profiles predicted by the WL method and those obtained from the simulations.
In fairly homogeneous cases (Vpp = 0.4) with a small cross-flow (small aspect ratios and
buoyancy numbers), the vertically averaged saturation profile corresponds to the WL
solution. However, this is not valid for heterogeneous permeable media, as the injected
fluids do not move at the same velocity in all layers. Therefore, the predicted saturations
profiles and the vertically averaged saturation profile obtained from simulations agree
only for homogeneous cases.

In addition, the optimal solvent-water slug size in the WL method is
approximated as the solvent dimensionless breakthrough time (BT). Dimensionless time
is defined as the ratio of cumulative injected volume to total pore volume. The point is
that total pore volume is swept by the injected fluid in 1D flow. This is not true for 2D
displacements as a result of incomplete sweep efficiencies. Hence, the WL approximation
of the optimal slug size cannot be applied for 2D flow.

Figure 4.14 illustrates a comparison between the predicted optimal slug size
(0.61) and the recovery curves obtained from the simulation of a moderately homogenous
model. The oil recoveries are expressed as a fraction of the original oil in-place. Slug
sizes larger than 0.61 P.V. do not yield an improvement in the oil recovery; however,
injecting smaller volumes degrades the recovery. We use two passive tracers to examine

the WL notion of the optimal-solvent slug size in a fairly homogeneous medium with
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weak cross-flow. Figures 4.15 through 4.17 demonstrate that the tracers simultaneously
break through, but only when the injected slug size is 0.61 P.V. (optimal) and consistent
with the WL prediction.

To determine the optimal SWAG ratio for each case study, we conduct a
numerical simulation with at least five SWAG ratios. However, the WL definition of the
optimal SWAG is not appropriate for 2D displacements, because there is no specific
achievable maximum oil recovery; in fact, SWAG ratios smaller than the 1D optimum do
not always yield the largest oil recovery in 2D flow as sweep efficiency becomes an
issue. Therefore, we adapt the concept of optimal SWAG ratio as a SWAG ratio that
yields the largest oil recovery while using the minimum solvent before the CO, BT
occurs. In our study, gas BT is considered as the reference time to compare the oil
recoveries of 2D displacements; because similarly for 1D flow, the optimal SWAG ratio
is defined based on the oil recoveries achieved at gas BT in the absence of any 2D flow
effect. Two-dimensional flow effects are known as viscous fingering, channeling, and
gravity override that often yield small sweep efficiency. Hence, the difference between
the predicted optimal SWAG ratio and a SWAG ratio with the largest oil recovery at gas
BT represents the contribution of the 2D effects (Figure 4.18). A similar argument was
used by Li et al. (1995) for immiscible floods.

However, various SWAG ratios yield different gas BTs and a unique BT does not exist
for all SWAG ratios. Therefore, we consider the latest gas BT time as a reference to
compare the oil recoveries of cases with different SWAG ratios. Hence, the optimal

SWAG ratio in 2D displacements is expressed as the SWAG ratio that yields the largest
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oil recovery. We use percent errors to compare the predicted optimal SWAG ratios with
the simulation results. The percent error is defined as:

(predicted value) — (the optimal obtained from the simulation)
Percent error = - - - - = 100
(the optimal obtained from the simulation)

. (4.9)

Figures 4.19 through 4.20 show the percent errors of the optimal SWAG ratios
obtained from the WL method and the simulations as a function of /p for different levels
of dispersion. Each simulation case is conducted with three different dispersion levels
according to Table 4.5. The percent error of the optimal SWAG ratio decreases as Jxp
increases when R_ = 0.1. However, larger dispersion degrades the accuracy of the WL
solution. In this regard, Figure 4.20 is comparable to Figure 4.19 when R_ = 1.0;
nevertheless, the overall percent errors in Figure 4.20 are larger than Figure 4.19. Strictly
speaking, a larger cross-flow decreases the accuracy of the WL solution.

In addition, the difference between the predicted and the optimal SWAG ratio
obtained from the simulations is erratic with respect to Vpp except for the relatively
homogeneous cases (Vpp = 0.4). Figure 4.21 illustrates the percent error of the optimal
SWAG ratios as a function of Ny for different levels of R.. Strong gravity cross-flow
degrades the accuracy of the WL solution for all levels of R,.

The results suggest that the percent error of the optimal SWAG ratio is less than
10% for the following:

a. fairly homogeneous (Vpp < 0.4) models with small cross-flow
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b. a heterogeneous reservoir for which the longitudinal correlation length is
of the same size or larger than the interwell spacing (equivalently

expressed as strictly layered reservoirs).

4.7 DEVELOPMENT OF THE MIXING ZONE WITH TIME

We investigate the nature of miscible displacements for which the accuracy of the
WL solution is examined through the optimal SWAG ratio. The WL method treats the
SWAG injections as a combination of the miscible waves (gas-oil) and immiscible waves
(water-oil/solvent) propagating according to the given initial and injection conditions. On
the other hand, previous studies by Pande et al. (1987), Sorbie et al. (1994), and Li et al.
(1995) showed that a linear growth of the mixing zone with time will be observed if the
simulation results are consistent with the fractional flow solutions. Therefore, a similar
behavior is expected for SWAG displacements when the WL solution is accurate.

We rerun four of the simulations with an added passive tracer to determine the
mixing zone (see Chapter 7 for more details on the mixing zone). The predicted optimal
SWAG ratios for Cases 1 and 2 are in agreement with the simulations despite Cases 3-4.
The length of the mixing zone within each layer is calculated at five different time steps
(at various stages of the SWAG displacement). The mixing zone is defined as the
dimensionless distance between the locations where the dimensionless tracer
concentration of 0.1 and 0.9 occur (Lake, 1989).

Figure 4.22 indicates that the lengths of the mixing zone for two layers in Cases 1

and 2 are strongly correlated with time. However, the problem that arises with this
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procedure is that each layer should be evaluated individually, which is time-consuming.
Furthermore, it never provides any general comment into the whole displacement.

To overcome this deficit, lengths of the mixing zone for all layers of a simulation
model at time t; is stored as array xi, at time t; as array Xo, and so on. Next, we adopt the
notion of the correlation coefficient function as the covariance of x; and x, normalized by
dividing by the variability of x; and x, (Jensen et al., 2002); see Figure 4.23 for the
schematic illustration. The correlation coefficient function of arrays x; and x, represents
the tendency of the mixing zone to grow linearly with time (see Chapter 7 for more
details).

Figure 4.24 illustrates the correlation coefficient functions as a function of elapsed
time for all four cases. The correlation coefficient functions for Cases 1 and 2 stay close
to unity illustrating a strong linear correlation between the lengths of mixing zones and
time. This observation suggests that the previous findings regarding the accuracy of 1D
fractional flow solutions for 2D flows when the mixing zone grows linearly with elapsed
time, is also valid for the degraded miscible SWAG displacements. On the other hand,
the correlation coefficient functions for Cases 3 and 4 are much smaller than Cases 1 and
2; overall, the mixing zones in Cases 3 and 4 do not grow linearly with time, although

linear growth of the mixing zone may be observed for a few layers.

4.8 CONCLUSIONS
We successfully apply the WL method to predict the performance of degraded

miscible SWAG displacements using the concept of an analogous FCM flood. In

addition, the notion of the optimal SWAG ratio is modified to account for the 2D flow
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effects such as viscous fingering and channeling. The WL predicted optimal SWAG
ratios are accurate for either fairly homogenous permeable media or strictly layered
reservoirs. Furthermore, the correlation coefficient function of lengths of the mixing zone
calculated at successive time intervals is introduced as the measure to study the
development of the mixing zone in 2D displacements. The main conclusions of the study
are noted below:
1.  The WL solution agrees most with flow in a 2D cross-section when they
are strictly layered reservoirs. Therefore, previous findings that 1D
miscible/immiscible fractional flow solutions are accurate for 2D displacements
when the interwell correlation length of the permeability is very large, is
extended to SWAG displacements.
2. The percent error of the optimal SWAG ratio decreases substantially as
the permeability correlation length increases; thus, the predicted optimal
SWAG ratio in a strictly layered reservoir is very close to that of a
heterogeneous reservoir comprised of isolated layers.
3. The WL solution is accurate when the mixing zone grows linearly with
time (i.e., when the mixing zone correlation coefficient is close to unity).

Therefore, less reservoir mixing improves the accuracy of the WL solution.

4.9 NOMENCLATURE
Ng = buoyancy number

Npe = Peclet number

Mmp = minimum miscibility pressure
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P = injection pressure
Ppm = parts per million
R_ = effective aspect ratio
So = oil saturation
F; = overall flux of component of component i
f; = fractional flow of phase j
C; = overall concentration of component i
K. = dispersivity coefficient in the longitudinal direction
L = length of the reservoir
H = height of the reservoir
ky = permeability in the horizontal direction
kv = permeability in the vertical direction
S; = saturation of phase j
Sw = water saturation
Sy = gas saturation
Sorw = residual oil saturation after waterflood
orm = residual oil saturation after degraded miscible displacement
tp = dimensionless time
ti=time step i
Vpp = the Dykstra- Parson coefficient of variation
ur = total flow velocity

Xp = dimensionless distance
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X; =array i consists of lengths of the mixing zone for each layer of the reservoir at time t;
Jxp = dimensionless correlation length in the x-direction
Ao =dimensionless correlation length in the z-direction

pn = the correlation coefficient function

Table 4.1: Oil compositions

Component Mole Fraction,
%
C, 4.55
C> 8.1
Cs 7.98
IC4 1.69
nC, 5.49
ICs 2.71
nCs 2.69
Cs 7.29
c/’ 59.54
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Table 4.3: Binary interaction coefficients

Component | CO, | C; | C; | C3 [IC, | NCy | IC5 | nCs | G1 | G2 | G3 | G4
C02 0.000 | 0.089 | 0.130 | 0.125 | 0.116 | 0.116 | 0.115 | 0.115 | 0.115 | 0.161 | 0.055 | 0.087
Cl 0.089 | 0.000 | 0.002 | 0.014 | 0.015 | 0.015 | 0.016 | 0.016 | 0.017 | 0.062 | 0.027 | 0.041
C2 0.130 | 0.002 | 0.000 | 0.000 | 0.000 | 0.000 | 0.062 | 0.062 | 0.050 [ 0.050 | 0.050 | 0.050
C3 0.125 | 0.014 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 [ 0.000 | 0.000 | 0.000

| C4 0.116 | 0.015 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
nC4 0.116 | 0.015 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 [ 0.000 | 0.000 | 0.000
| C5 0.115 | 0.016 | 0.062 | 0.000 | 0.000 [ 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
nC5 0.115 | 0.016 | 0.062 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
G1l* 0.115 | 0.017 | 0.050 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
G2* 0.161 | 0.062 | 0.050 | 0.000 | 0.000 [ 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
G3* 0.055 | 0.027 | 0.050 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
G4* 0.087 | 0.041 | 0.050 | 0.000 | 0.000 [ 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000

Table 4.2: Equation-of-state parameters

. Spec.
P. | T. | Accentric V. He )

Component (atm)|(°K)| factor My (lit/mob)| (cp) Omega(A) | Omega(B) gri\ilty
C02 72.8 |304.2 0.225 44.01 0.094 0.094 1.045 1.177 0.81
Cl 45.4 1190.6 0.008 16.043 0.099 0.099 0.957 0.957 0.30
Cz 48.2 [305.4 0.098 30.07 0.148 0.148 0.503 0.503 0.35
C3 419 [369.8 0.152 44.09 0.203 0.203 0.653 0.653 0.50
|C4 36 408.1 0.176 58.12 0.263 0.263 0.997 0.997 0.56
NC4 375 |425.2 0.193 58.12 0.255 0.255 0.997 0.997 0.58
| C5 334 |460.4 0.227 72.15 0.306 0.306 1.055 1.055 0.62
NC5 33.3 |469.6 0.251 72.15 0.304 0.304 1.055 1.055 0.63
Groupl 32.46 |507.5 0.275 86 0.344 0.344 1.055 1.055 0.69
Group2 10.6 |959.0 1.165 550 1.860 | 1.860 1.055 1.055 0.95
Group3 26.1 [618.6 0.360 12759| 0571 | 0571 1.055 0.959 0.78
Group4 16.3 |791.9 0.683 262.67 1.087 1.087 1.045 1.019 0.88

*Pseudo-component

**Specific gravity is defined as the liquid density of the component at 60 °F and 1 atm
divided by the density of water at 60 °F and 1 atm.
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Table 4.4: Phase properties

Phase | Density, Ib/ft® | Viscosity, cp
Water 62.98 0.51
Oil 51.45 1.12
Gas 41.34 0.055

Table 4.5: Range of the dimensionless groups

Small | Intermediate | Large
Vpp 0.4 0.65 0.85
AxD 0.1 1 10
RS | 01 1 10
Noe | 85 140 270
N, | 0.004 0.02 0.1
*The effective aspect ratio: R, :% t_
**Peclet number: N, =T
PLK
kA
***Byoyancy number: N, |0”_gas:p—fj’gg
“’o T

(For more information on the dimensionless scaling groups see Appendix C)
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Figure 4.1: The WL plots: (1) the upper left plot illustrates the solvent-water and water-
oil fractional flow curves. The points representing the initial and injection
conditions are shown in this plot by I and J; (2) the bottom left is a profile
plot: the overall concentration of component i versus dimensionless distance
at a fixed time; (3) the upper right shows a history plot: the overall fractional
flow of component i at the effluent end of the permeable medium versus
dimensionless time; (4) The lower right plot demonstrates a time-distance
diagram. The slope of each line on the latter plot, which is called a
characteristic, represents the specific velocity. The overall concentration is
constant along each characteristic line. The viscosities in the WL method are
evaluated at the average reservoir pressure. Dimensionless time is defined as
the cumulative volume of the injected fluids (solvent and water) in reservoir
volumes divided by the total cross-sectional pore volume.
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Figure 4.2: Relative permeability curves used to construct the WL plots. In the
simulations, Stone 1l is used to compute the three-phase relative
permeabilities.
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Figure 4.3: Variation of the oil saturation with distance (normalized by the interwell
spacing) at various stages of the displacement.
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Figure 4.4: Som/Sorw as a function of the miscibility degradation for tertiary
displacements. For miscibility degradation below 0.5, no advantage is
obtained from the solvent injection as no reduction in the residual oil
saturation is observed. The horizontal axis represents the ratio of the
producer’s bottomhole pressure to MMP.
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Figure 4.5: Som as a function of the miscibility degradation for secondary displacements.
The blue zone illustrates the degraded miscible displacements, for which
Sorm are smaller than Sn. The horizontal axis represents the ratio of
producer’s bottomhole pressure to MMP.
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Figure 4.6: The WL procedure to determine the optimal SWAG ratio for a degraded
miscible flood. For this tertiary displacement, the predicted optimal ratio is equal to 0.51
(Walsh and Lake, 1989).
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Figure 4.7: Saturation profiles (distance is normalized by the interwell spacing) for a
SWAG displacement with the SWAG ratio of 0.5 at tp = 0.25. P/MMP and
NPe are set to 0.95 and 1025, respectively. The blue curve represents water
saturation, the green curve is oil saturation, and the red curve is gas
saturation. The dashed orange curves show the WL solution.
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Figure 4.8: Saturation profiles (distance normalized by the interwell spacing) for a
SWAG displacement with the SWAG ratio of 0.5 depicted at tp = 0.25.
P/MMP and Np. are set to 0.95 and 240, respectively. The blue curve
represents water saturation, the green curve is oil saturation, and the red
curve indicates gas saturation. The dashed orange curves are the WL

solution.
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Figure 4.9: Oil recovery curves for 1D degraded miscible displacements with five
different SWAG ratios. Because of the miscibility degradation (Npe = 512
and P/MMP = 0.95), the maximum oil recovery never reaches 100%. The
SWAG ratio of 0.5 gives the largest recovery. The WL optimal SWAG ratio
for the same displacement is 0.51 consistent with the simulation.
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Figure 4.10 a: Water
saturation distribution for
VDP=0.85 and Axp=0.5
during water flooding. The
other dimensionless groups
are set to their intermediate
level according to Table 4.5.

T
TN

Figure 4.10b: Water
saturation distribution for
VDP=O.85 and xXD:O-05
during water flooding. The
other dimensionless groups
are set to their intermediate
level according to Table 4.5.

Figure 4.10c: Water saturation
distribution for Vpp=0.85 and
Axp=10 during water flooding.
The other dimensionless groups
are set to their intermediate level
according to Table 4.5.
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Figure 4.11: A comparison of the WL-predicted (orange curve) and the simulated water

saturation profiles (distance is normalized by the interwell spacing) for
different levels of heterogeneity depicted at tp = 0.25. PPMMP and Npe are
set to 0.95 and 1025, respectively. Vpp, Ng, Axp, and Ry are at their lowest
level according to Table 4.5.
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Figure 4.12: A comparison of the WL-predicted (orange curve) and the simulated oil
saturation profiles (distance is normalized by the interwell spacing) for
different levels of heterogeneity depicted at tp = 0.25. PPMMP and Np are
set to 0.95 and 1025, respectively. Vpp, Ng, Axp, and Ry are at their lowest
level according to Table 4.5.

124



0.6

V=04

_ Vpp=0.65
/ \ __ Vppe=0.85
A

=]
W

Gas Saturation, S,

ML —
hL\J \_}%‘:\_\_\ e —

Dimensionless Distance, x,,

Figure 4.13: A comparison of the WL-predicted (orange curve) and the simulated gas
saturation profiles (distance is normalized by the interwell spacing) for
different levels of heterogeneity at tp = 0.25. PAMMP and Np. are set to 0.95
and 1025, respectively. Vpp, Ng, Axp, and Ry are at their lowest level
according to Table 4.5.
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Figure 4.14: Qil recovery curves for four different slug sizes; slug sizes larger than 0.61
P.V. do not affect the oil recovery. For all four cases, PPMMP and Np, are

set to 0.95 and 1025, respectively; Vpp, Axp, Ng and R, are at their lowest
level according to Table 4.5.
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Figure 4.15: Concentration history plots for the tracer component in the chase water and
solvent. The plot shows that injecting a smaller solvent-water slug size (0.4)
than the optimal (the WL prediction is 0.61) yields an ear;ier chase water
breakthrough than the solvent. PFMMP and Npe are set to 0.95 and 1025,
respectively; Vpp, Ng, Axp, and R are at their lowest level according to
Table 4.5.
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Figure 4.16: Concentration history plots for the tracer component in chase water and
solvent. The plot shows that the optimal water-solvent slug size (0.61) yields
simultaneous breakthroughs of the solvent and chase water. PPMMP and Npe
are set to 0.95 and 1025, respectively; Vpp, Ng, Axp, and Ry are at their
lowest level according to Table 4.5.
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Figure 4.17: Concentration history plots for the tracer component in chase water and
solvent. The plot shows that injecting a larger solvent-water slug size (0.8)
than the optimal size (0.61) yields a delayed breakthrough for the chase
water tracer. PPMMP and Np, are set to 0.95 and 1025, respectively; Vpp,
Ng, Axp, and Ry are at their lowest level according to Table 4.5.
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Figure 4.18: Qil recovery curves for a 2D displacement with five different SWAG ratios.
The plot illustrates that the SWAG ratio=0.5 (the WL optimal SWAG
ratio=0.51) yields the largest recovery. Before the earliest gas BT, the
recovery curves are almost identical. P/MMP and Np, are set to 0.95 and
1025, respectively; Vpp, Ng, Axp, and Ry are at their intermediate level

according to Table 4.5.
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Figure 4.19: Percent errors of the optimal SWAG ratios for all 2D cases as a function of

the dimensionless correlation length of the permeability at three different
levels of dispersion when R =0.1.
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Figure 4.20: Percent errors of the optimal SWAG ratios for all 2D cases as a function of
the dimensionless correlation length of the permeability at three different
levels of dispersion when R =1.0.
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Figure 4.21: Percent error of the optimal SWAG ratios as a function of the end-point
buoyancy number( the end-point relative permeability values are used) for
fairly homogenous cases (Vpp =0.4) at different levels of Ri.. As Ng°
increases, the percent error increases. The Peclet number is 270.
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Figure 4.22: Lengths of the mixing zone as a function of the dimensionless time. The plot
illustrates the linear growth of the mixing zone for two layers of the case
study 1, for which the predicted optimal SWAG ratio agrees with the
numerical results. The lengths of the mixing zone are linearly correlated
with elapsed time.
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Figure 4. 23: The schematic demonstrates the arrays of the lengths of the mixing zone for
a reservoir with 32 layers and the correlation coefficient function, pp,
between the arrays.

135



Figure 4.24:

=

g —
t \
=

-

=

2 05

S 0.

- —

lg

T

s

=]

o

= 0 gzps=memsmseesssessesesenaas
o) — Case 1-RL=0.1

- _—

= Case 2-RL=1.0

—

E Case 3-RL=5.0

5 05 L_———CasedRL=10

U "

Dimensionless Time, t;,

Correlation coefficient function of the length of the mixing zone as a
function of time. The overall trend shows the linear growth of the mixing
zone with time for Cases 1 and 2 as the corresponding correlation
coefficient functions stay close to unity; in addition, a non-linear correlation
between the lengths of the mixing zone and time is observed for Cases 3 and
4,
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Chapter 5: Decoupling of Large- and Small-Scale Heterogeneities in
Multi-Layered Reservoirs with No Cross-Flow

This section examines the decoupling of the local heterogeneity and permeability
variation in multi-layered reservoirs in the absence of cross-flow between layers.
Dispersion caused by local velocity gradients, locally heterogeneous streamline lengths,
mechanical dispersion, and diffusion in permeable media, degrades displacement
efficiency (as detailed in Chapter 4). Dispersivity, as the measure of dispersion,
represents how far tracer particles stray from the path of the fluid carrying them. In other
words, tracer particles are gradually spread in all directions around the mean path of flow.

Dispersivity is often obtained from matching the concentration history of tracer
tests with a linear one-dimensional (1D) solution of the convection-diffusion (CD)
equation. However, convective spreading caused by permeability variations seems to
dominate when the 1D solution of the CD equation is used to interpret the tracer test
results in heterogeneous permeable media (John, 2008). The impact of convective
spreading, which is caused by widely varying breakthrough times of tracer in different
layers, is similar to dispersive mixing (dilution) as they both cause dissipation. However,
convective spreading is a reversible phenomenon whereas diffusive transport is not (John,
2008).

In this study, the growth of vertically averaged concentrations is formulated
through incorporating dispersivity and the permeability variation. This approach uses the
Koval heterogeneity factor to replace the need for scale-dependent transmission
dispersivities; hence, the vertically averaged concentration in layered media is obtained
using dispersivities no larger than input values in this Chapter.

We use a simulation approach to verify the analytical solution derived in this

study. The simulation models consist of a vertical injection well and a producer located at
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the ends of 2D heterogeneous reservoirs. The injection and production wells are assigned
a constant rate and a constant bottomhole pressure constraint, respectively. Numerical
dispersion is minimized through simulations and a constant physical (input) dispersivity
is used for all grid blocks. The tracer concentrations at grid blocks located at specific
distances from the injection well are used from the simulation results to calculate the
corresponding vertically averaged concentration. The vertically averaged concentration
from simulation is compared with the average concentration obtained from an analytical
solution. Moreover, the simulation results match the analytical solution.

We conclude that scale-dependent dispersivity at the field-scale represents the
lack of knowledge about the heterogeneity involved in the system we are simulating.
Details that are averaged when using a macroscopic approach manifest themselves as an
apparent scale-dependent dispersivity caused by velocity variations at the local-scale. In
fact, scale-dependent dispersivity in heterogeneous permeable media represents a naive
treatment of multi-dimensional displacements with the 1D solution of the CD equation.
In this study, dispersivity becomes scale-independent when all involved heterogeneities
are modeled explicitly.

The results suggest that the analytical solution accurately predicts the vertically
averaged tracer concentration in heterogeneous reservoirs in the absence of cross-flow.
Furthermore, the impact of heterogeneity and dispersivity on the length of the mixing
zone within each layer of reservoir is evaluated. From that, we determine the fraction of
layers in which the mixing zone grows faster than that of the dispersive flow regime as a
function of the Koval factor and input dispersivity. The transition between channeling
and dispersive flow regimes is clearly shown in the examples. For more details about

definition of flow regimes, see Chapter 7.
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5.1 INTRODUCTION

The impact of mixing on miscible displacements has been studied in reservoir
engineering for decades. However, dispersive transport in heterogeneous permeable
media has not yet been understood thoroughly; this issue is severe for layered reservoirs
as the flow becomes pre-asymptotic regime (non-Fickian/non-Gaussian; see Chapter 6 for
the definition of Fickian regime). As long as the asymptotic behavior is not reached in a
heterogeneous permeable medium, the convection-diffusion (CD) equation does not hold.
The Fickian model for dispersion assumes a dispersive flux proportional to the
concentration gradient with a constant proportionality (dispersivity) independent of time
and space.

Despite the vast amount of literature on dispersion, the current practice of using a
1D solution of the CD equation to determine dispersivity is not appropriate for
heterogeneous reservoirs especially when considerable autocorrelation is present for
permeability. In other words, changes in the dispersivity with distance indicate an
inevitable consequence of using a 1D solution of the CD equation to treat multi-
dimensional flow. For instance, convective spreading caused by local-scale variations of
velocity plays an important role when the 1D solution of the CD equation is used to
interpret the tracer test in heterogeneous permeable media.

The convective spreading is incorporated into dispersive mixing to yield very
large values of dispersivity obtained in the field-scale. We can distinguish between the
convective spreading and dispersive mixing mechanisms as the convective spreading is a
reversible phenomenon whereas diffusive transport is not. For more detail about
spreading and mixing and how mixing in the small-scale can lead to significant dilution

at the large-scale, see John (2008).
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Gelhar and Axness (1981) used spectral methods to generate permeability fields
and studied the interplay between dispersion and the permeability variability in stratified
permeable media. They found that dispersive transport exhibits non-Fickian behavior for
a stratified medium in early time and asymptomatically approaches Fickian dispersive
transport at late time if there is cross-flow between layers. Matheron and DeMarsily
(1980) show that cross-flow between layers would restore Fickian transport,
asymptomatically, at late time. Furthermore, Lake and Hirasaki (1981) studied dispersion
in stratified formations and concluded that transverse dispersion between layers yields an
average longitudinal dispersion coefficient asymptotically.

Several review papers present measured dispersivities over a wide range of length
scales (Schulze-Makuch, 2005; Vandeborght and Vereecken, 2007; Zhou et al., 2007). In
all of these datasets, the longitudinal dispersivity increases with distance traveled.
Furthermore, Su et al. (2005) used a dispersivity coefficient that varies with time to
match concentration history plots; however, this lacks a clear physical explanation.
Greenkorn et al. (1983) discussed the scaling of mixing during miscible displacement in
heterogeneous permeable media.

In addition, Coats et al. (2009) used a constant physical scale-independent
dispersivity to account for pore-scale heterogeneity and additional scale-dependent
dispersivity reflecting permeability heterogeneity. The latter is used as a fitting parameter
to match concentration history plots.

In this section, an analytical solution for the averaged tracer concentration in
layered permeable media is presented. We restrict our analysis to tracer flow with a
mobility ratio of one and no cross-flow between layers. We assume horizontal
permeability to be a random variable with a log-normal distribution. Furthermore, we

evaluate the impact of heterogeneity and dispersivity on the growth of the mixing zone
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within each. Also, the fraction of layers in which the mixing zone grows faster than that
of the dispersive flow regime, is determined as a function of the Koval factor and input

dispersivity.

5.2 PROBLEM STATEMENT
Figure 4.1 indicates a stratified permeable medium that consists of an ensemble of

n layers with different properties: permeability, thickness, and porosity separated by thin
barriers that yield no vertical permeability. The cumulative flow capacity F and

cumulative storage capacity C at a given vertical cross-section is defined as (Lake, 1989)

\ I(I hl

F-3

= HtE

I =1,2,...n (number of layers) (5.1)

where k and H; are the arithmetic average permeability and total thickness of the given

cross-section. Therefore,

c=y&h

Sl (5.2)

where ¢ is the arithmetic average porosity for that cross-section. From Darcy’s law, the

interstitial velocity of a passive tracer through each layer is represented by the ratio of

- . k : .
permeability to porosity of the same Iayer(n :—']. If we rearrange the interstitial
|

velocity of flow in all layers in decreasing order of r;, F represents the fraction of flow at
a velocity greater or equal to r,. Similarly, C, indicates the associated pore volume with
the fraction of flow that travels at the velocity of r; or faster. From the definition, the

derivative of a continuous F with respect to C at any given C, is the interstitial velocity
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within the corresponding layer divided by the arithmetic average of interstitial velocity of
the whole ensemble.

The approximate solution of the CD equation in 1D flow that describes the
conservation of the injected component (tracer) through an isothermal miscible

displacement has the form of (Lake, 1989)

1 Xp —1p
Co :Ell—erf [2 = j], (5.3)

where op is the dimensionless dispersivity normalized by the length of the permeable
medium; equivalently, we can use the inverse of the Peclet number (Np ) instead of ap.
The above solution is derived considering the following premises: incompressible fluid
and pore space, ideal mixing, single phase flow, the same dispersivity (a) for all layers,
and semi-infinite medium assumptions.

The arithmetic average of the tracer concentration over a vertical cross-section at

the distance of xp from the injector and at the given time tp is determined as

n
ZCD,IhI
)

i (5.4)

Cp

where Cp |, the dimensionless concentration at each layer, is defined as
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CDn :l 1-—erf LMJ
’ 2

2 aptp

where py is the fraction of injected volume that enters into layer |. Furthermore, op is the
inverse Peclet number of layer I. However, we assume that the Peclet number is the same
for all layers in the remainder of this chapter. There is no viscous cross-flow between
layers and, thus, the fluid injected in any layer stays within the same layer. Traditionally,

the above system of equations should be solved numerically to obtain the cp for a given

tp and xp. However, we incorporate the notion of cumulative flow and storage capacities

into Eq. (5.4) to find an analytical solution forcp, .

Considering the tracer flow assumptions (mobility ratio of unity and matched
density), in addition to no vertical communication, f can be interpreted as the fraction of
injected volume entering the layer | at the inlet face. The volume injected in each layer
remains in the same layer throughout flow as there is no convective cross-flow between

layers. Therefore, F can be translated as the cumulative distribution function of  when F
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is a continuous function of C. Hence, the derivative of F with respect to C calculated at C,
will be equal to g (Jensen et al., 2002).
We propose the following analytical solution for the tracer concentration at a

layer with cumulative storage capacity of C:

O
_° dc°® (5.5)

dF

Equation (5.5) is obtained from substitution of (B)tp ) by (E

lc tDj in the 1D solution

of the CD equation.

The dimensionless mixing zone within each layer is defined as the distance
between locations where the dimensionless concentrations of 0.1 and 0.9 occur.
Following Lake (1989),

MXp o= (%o le )CD o1~ (%o e )CD 09 (5.6)

where xg | is distance in the layer with the cumulative storage capacity of C. Also,
Axp | represents length of the mixing zone normalized by the length of permeable

medium.

To calculate the mixing zone, we invert Eq. (5.3) for (X |c ) o 10 vield

Cp=

e [ oF oF 57
(%o |C)CD:0'1_2erfc ((0.2) aDEk to +E|C to. (5.7)

Similarly, we determine (x and substitute into Eq.(5.6); hence,
DIC 0.9

Cp=
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AXp |c=3.625 /aD Z—DC tp . (5.8)

5.3 DERIVATION
In this section, we determine the vertically averaged dimensionless concentration

of traced as a function of xp, tp, Hk, and ap. The integration of c | over an interval [Cy,

C,] vyields the vertically averaged concentration (according to the integral mean value

theorem):
G,
j ¢, | dC
C
Cp = O (5.9

Thus, the first step to solve Eq. (5.9) is to determine the derivative of F with respect to
C,:—(F:. Using the Koval (1963) heterogeneity factor, the following relationship between

F and C holds true:

1-F 1-C “ (5.10)

Hence, F can be expressed as

C
FeiCacn, ¢ .11)

Differentiation of F with respect to C yields an expression for S_CF: as
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dF Hy

& e, 0T (612

All terms on the right side of Eq. (5.12) are positive; hence, the square root of (dj—(F: can be

expressed as

F_ M

¢ [rHe-ne] (5.13)

The next step is to insert Eq. (5.13) into Eq. (5.5) to determine the integration of
the numerator of Eq.(5.9). However, there is no analytical solution for Eq. (5.9) in the
standard integral tables. Therefore, we use the method of variable transformation (the
substitution rule) and consider the argument of the error function as interim variable z:

/dF
7tD
Xp dC

Z= —
. (5.14)
2. o d—Ft 2\

DdCD

Rearranging Eq. (5.14) gives

@5, o, [¢F
tD( EJ +2 aDtDZ E—XD=O . (515)
However, there are two roots (described below) and the non-negative solution of the

quadratic equation (because /S—E is always positive) that represent a proper relation

between the newly defined variable z andj—z. The general form of the solution of Eqg.

(5.15) is defined as
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dC 2a (5.16)

Further investigation shows that the root with a positive square root of the discriminant

always leads to the non-negative solution. Therefore,

2
o _ —Joots z+\/(JaDtD z) +t % (5.17)
dc t

Next, we insert Eq. (5.17) into Eq. (5.13) to determine the relation between cumulative

storage capacity C and z:

\/T ~ _~¢O‘Dto z+\/(mz )2 +1, %, (5.18)

[1+(H,-1C] ty

Rearranging Eq. (5.18) yields an expression for the cumulative storage capacity as a

function of xp and tp:

1 toHy

C= -1 . (5.19)

(He -1 L_MZJF\/(JQD% z )2 +tDXDj
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Also, we recast the integral in the numerator of Eq. (5.9) using the variable
transformation. To determine the derivative with respect to the newly defined variable,
we use the chain rule as

¢ % dc

({CD |c dC ;[CD |z Edz

- = . 5.20
© Cz _Cl -7 ( )

To evaluate the above equation, we must determine the derivative of C with respect to

Z, ((?j—cj which can be expressed as
z

Zopty
aplp — >
d_C ~ toﬁ \/(#GDID Z) +15%p (5.21)
dz  (H,-1) 2 2 '
(— oot Z+\/(1fothD ) +thD]
Still, there is no general equation for the integral in the numerator of Eq.(5.20):
Zapty
aDtD - 2
z 22 [ ﬁfaDtD Z ) +tX%p
ICD l, (:j—(z:dz = 0.5.[ (1-Erf(2)) t([|)_| M \/( ) dz. (5.22)

| (et e ot o ot |

Using integration by parts, which is based upon the product rule for

differentiation, we rearrange the right side of Eq. (5.22) as
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zopt,

aptp — >
et tDH\/n-TKl \/(Q/aDtD z) +tXg 2
(Fie 1) (—\/aDtDz+\/(\/aDtD z )2 +thD]

A
Zapty

Erfc(z) j \/( tolo Z) oo 7
(—«/%to z+\/(JaDtD z )2 +tDXDj

aDtD -

A

Zapty

et ) rtoxe
(—JaDtDz + \/(\/othD z )2 +tpXp j

aDtD -

j d(Erfc(2)) j dz |dz .

(5.23)
Furthermore, the solution for the integral A on the right side of Eq. (5.23) can be

expressed as

\/(mz ) +toxo )

TD,{D B Zopty
ke JootsZ? +toXp +Joptsz .
tpX
(—ﬁ/aDtD z+\/(1/onDtD z )2 +tDXDj ere

J

(5.24)
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Also, the derivative of the complementary error function is determined as

d(Erfc(z)) :—ie‘zz

dz oo (5.25)
Therefore, Eq. (5.23) is written as

zapt,

aDtD -

N Yot e o
[mu\/ Jooty +tx)

IErfc(z) dz

(Hy

Erfc(z)(af%tt,z2 +pXp + 0oty z)

__ NHk 2t, %, 0L—Dzz+12l:1 —l,n—i;n+1;—m—'°z2
C (He —Dx, Z( 1)n+1 Oply Xp 2 2 2 Xp

Jn=(n- 1)' n (z—2n2)\Jopty 22+t %,

(5.2é)

Finally, we insert Eq. (5.26) back into Eq.(5.20):
Cp =
-z
ErfC(Z)(a/OLDtDZZ +1,X, +1/aDtDz) i
05 \ﬁ . 2t X, ’OLDzz+12ﬁ[—l,n—l;n+l;—%zz}
z,-7,| (H-1x, _ii(—l) 2| N%lo Xp 2 2 2 X
Jr = (n-D)! n (z—2nz)\/oLDtDz2 +1oXp
L
(5.27)
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where, oF; is the first hypergeometric function (Gauss's hypergeometric function) that
arises in physical problems (Barnes, 1908). In general form, the first hypergeometric

function for arbitrary parameters a, b, and ¢ and variable z is expressed as

oy _g, 0 a@rlb(b+l) o (a),(b), 2"
2Fl(a,b,c,z)_1+mz+wz +..._n§ O, 528)

Furthermore, z; and z, (interim variables) are determined through Eg. (5.13) and Eg.

(5.14) as

_dF,
dc ® _ Xp—Htp

dF  2JogHt,
2,]0, ac to

Xp

If Cl =0 Eq.5.13 j_lc:: _ ﬂ Eq.5.14 7, =

dF 1

Xp——t Xp=7 1

If C. —1__F4513 d_F: 1 Eq514 o _ P 4c ° _ e Hy P
? dc  JH, ’ dF 1

2 aDEtD 2 aD?KtD

(5.29)

Basically the flow becomes 1D when the Koval heterogeneity factor tends to unity. we
can show analytically that the proposed analytical solution reduces to 1D solution of CD

equation when the Koval factor becomes unity. Inserting Hx=1.0 into Eq. (5.13) yields

dF JH, H, =1 \//T
— —=10. :
] c (5.30)

dc [1+(H, -1)C

Inserting Eq. (5.30) into Eq.(5.5) yields Eq.(5.3), which is 1D solution of CD equation.
Furtheremore, the length of the mixing zone becomes zero as ap tends to zero in Eq. (5.8)

and the displacement within each layer turns into piston-like displacement.
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In addition, we compare concentrations obtained from Eq. (5.27) with those obtained
from the 1D solution of CD equation for Hk=1.001. We compare the concentrations as a
function of dimensionless distance at the fixed t5=0.5 for two values of ap: 0.01 and 1E-
10. Figure 5.2 compares the concentrations obtained from Eq. (5.27) and those of the 1D
solution of CD equation when Hk=1.001 and ap =1E-2. Both curves coincide illustrating
that Eq. (5.27) produces the same result as the 1D solution of CD equation when Hy tends
toward unity.

Figure 5.3 compares the concentrations obtained from Eq. (5.27) and those of the
1D solution of CD equation when Hk=1.001 and ap =1E-10. Both curves coincide
showing that Eq. (5.27) produces the same result as the 1D solution of CD equation when
Hx tends toward unity.

Similarly,

5.4 MIXING ZONE ANALYSIS
In this section, we evaluate the growth of mixing zone within layers of a

heterogeneous reservoir without cross-flow. Figure 5.4 shows the map of tracer
concentrations of 0.1 and 0.9 depicted at t5p=0.5 for each layer (which is represented by
C) as a function of distance from the injector. In these examples ap = 0.0001. The
distance is normalized by the length of the permeable medium. The flow occurs basically
in 1D when Hy is one. These curves are obtained from Eq. (5.5) for various values of Hg.
A comparison between the lengths of the mixing zone, which is the distance between cp =
0.1 and ¢cp = 0.9, for different cases reveals that the mixing zone shrinks as Hy increases;

however, the length of the mixing zone does not decrease uniformly within all layers.
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Note that each layer of the permeable medium is represented by the corresponding
cumulative storage capacity.

The length of the mixing zone reaches a maximum at C = 0.3 when Hy is 100.
This is an interesting observation as it illustrates a distinct transition of flow patterns over
the range of 0.2 < C < 0.4. A small fraction of injected volume enters into layers with a
larger cumulative storage capacity (C > 0.4) and, hence, small dimensionless length of
the mixing zone is expected from Eq. (5.8). Furthermore, most of the injected fluid gets
into layers with a smaller cumulative storage capacity (C < 0.2); hence, the flow pattern
within these layers is no longer dispersive; instead, channeling occurs as will be
discussed in the next section. Note that a larger cumulative storage capacity represents
smaller conductivity and vice versa. For more information regarding the flow patterns,
see Chapter 7.

Figure 4.5 compares the lengths of the mixing zone at tp = 0.5 for two cases: Hy
=1 and Hy = 10 when ap is equal to 0.0001. The length of the mixing zone is obtained
from Eq. (5.8). The length of the mixing zone is constant for Hy = 1 as it represents 1D
flow. However, the mixing zone grows differently within layers when Hy = 10. It grows
faster than Hy = 1 within layers represented by a cumulative storage capacity smaller than
0.25. Larger flow velocity in those layers yields the channeling flow regime as will be
discussed in the next section. Less injected fluid permeates into layers, which is
represented by larger cumulative storage capacity values; thus, the dispersive transport

dominates over the convective flow.
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Figure 4.6 compares the lengths of the mixing zone at tp = 0.5 for two cases: Hy =
1 and Hy =100 when ap is equal to 0.0001. The length of the mixing zone is obtained
from Eq. (5.8). The mixing zone grows differently within layers when Hy = 100. It grows
faster than Hy = 1 within layers represented by a cumulative storage capacity smaller than
0.10. Larger flow velocity in those layers indicates the channeling flow regime as
discussed in the next section. Less injected fluid flows into layers represented by a larger
cumulative storage capacity, and, consequently, dispersive transport dominates over the
convective flow.

Figure 5.7 illustrates the cumulative flow capacity as a function of dimensionless
lengths of the mixing zone depicted at tp=0.5 for two cases: Hx =1 and Hy =100 when op
= 0.0001. The length of the mixing zone is obtained from Eqg. (5.8). For the case of Hx =
100, the mixing zone grows faster than Hx=1.0 (in large fraction of bulk flow~0.92)
because the flow is convection-dominated. Analyzing Figures 5.7 and 5.8 reveals that
92% of flow passes through only 10 % of the whole reservoir thickness when Hx=100
and ap = 0.0001.

Figure 4.8 shows the map of tracer concentrations of 0.1 and 0.9 depicted at
tp=0.5 for each layer (which is represented by C) as a function of distance from the
injector. In these examples ap = 0.01. The distance is normalized by the length of the
permeable medium. These curves are obtained from Eq. (5.5)for various values of H.
The lengths of the mixing zone are an order of magnitude larger than those depicted at
Figure 4.4, consistent with Eq. (5.8). Similar to Figure 4.4, the mixing zone shrinks as Hy

increases; however, the length of the mixing zone does not decrease uniformly within all
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layers. Across layers that are represented by a cumulative storage capacity greater than
0.4, the concentration of 0.9 does not occur except at xp = 0.0 when Hy = 100 (i.e., small
fraction of injected volume enters into the corresponding layers). However, a sufficient
amount of the injected volume flows into layers represented by a smaller cumulative
storage capacity (C < 0.4); thus, different flow patterns occur within layers as discussed
in the next section.

Figure 4.9 compares the lengths of the mixing zone at t5=0.5 for two cases: Hy =
1 and Hy = 10 when op is equal to 0.01. The length of the mixing zone is obtained from
Eq. (5.8). The mixing zone grows differently within layers when Hy = 10. Similar to
Figure 4.5, it grows faster than Hyx = 1 within layers represented by a cumulative storage
capacity smaller than 0.25. Larger flow velocity in those layers indicates the channeling
flow regime as discussed in the next section. Less injected fluid gets into the layers,
represented by larger cumulative storage capacity values; consequently, the dispersive
transport dominates over the convective flow.

Figure 4.10 compares the lengths of the mixing zone at t5=0.5 for two cases: Hy =
1 and Hi =100 when op is equal to 0.01. The length of the mixing zone is obtained from
Eq. (5.8). The mixing zone grows differently within layers when Hy =100. Similar to
Figure 4.6, it grows faster than Hy =1 within layers represented by a cumulative storage
capacity smaller than 0.10. Larger flow velocity in those layers indicates the channeling
flow regime as discussed in the next section. Less injected fluid gets into the layers,
represented by a larger cumulative storage capacity; thus, the dispersive transport

dominates over the convective flow.
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5.5 CONCENTRATION HISTORY PLOTS
In this section, we evaluate the change in concentration with time at a fixed

location within different layers of a heterogeneous reservoir without cross-flow. Figure
5.11 shows the concentration history plots (concentrations as a function of time) when H
=1 for three different values of ap, depicted at xp = 0.5. Larger spreading occurs as ap
increases, consistent with Eq. (5.3).

Figure 4.12 shows the concentration history plots for selected layers (represented
by various cumulative storage capacities) depicted at xp = 0.5 when Hy = 10 and op =
0.01. Furthermore, a comparison between the curves reveals that less spreading occurs
for C = 0.1; however, Figure 4.9 indicates that the mixing zone grows faster for small
cumulative storage capacity than for 1D dispersive flow. Therefore, the flow regime must
have changed to channeling in which the mixing zone develops faster (proportional to
time) rather than the square root of time as is in the dispersive flow pattern.

Figure 4.13 shows the concentration history plots for selected layers (represented
by various cumulative storage capacity values) depicted at xp=0.5 when Hy = 100 and ap
= 0.01. Less conductivity occurs the larger the cumulative storage capacity is and, thus,
the concentration curve starts at a later time. For C = 0.8, the tracer has not arrived at Xp =
0.5 even after 10 pore volume (P.V.) injection. Furthermore, a comparison between the
curves reveals that less spreading occurs for C = 0.1; however, Figure 4.10 indicates that
the mixing zone grows faster within layers represented by a small cumulative storage
capacity rather than 1D dispersive flow if compared at the same time. Therefore, the

channeling flow regime occurs within those layers because the mixing zone develops
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faster (proportional to time) rather than the square root of time as in the dispersive flow
pattern. Despite the case in which Hy = 10, the injected fluid does not breakthrough
within all layers when Hy = 100 at the specified time and location. This is explained by
the greater level of the permeability heterogeneity when Hy = 100. Furthermore, if we use
Eq. (5.3) to determine the apparent dispersivity for each layer of this example, different
values will be obtained despite the fact that all layers are assigned the same dispersivity
value; this clearly demonstrates how the treatment of 2D displacement with the 1D
solution of the CD equation can be misinterpreted.

Figure 4.14 shows concentration history plots for selected layers (represented by
cumulative storage capacities of 0.1, 0.3, and 0.5) depicted at values depicted at xp = 0.5
when Hy = 10 and ap = 0.0001. In general, less spreading occurs compared to Figure
4.12. Less conductivity is present the larger the cumulative storage capacity is and, thus,
the concentration curve starts at a later time.

Figure 4.15 shows concentration history plots for selected layers (represented by
cumulative storage capacities of 0.1, 0.3, and 0.5) values depicted at xp = 0.5 when Hy =
100 and ap = 0.0001. In general, less spreading occurs compared to Figure 4.13. Less
conductivity is present the larger the cumulative storage capacity is; therefore, the
concentration curve starts at a later time. For C = 0.8, the tracer has not arrived at xp = 0.5
even after 10 P.V. injection. Furthermore, a comparison between the curves reveals that
less spreading occurs for C = 0.1; however, Figure 4.6 indicates that the mixing zone
grows faster for a small cumulative storage capacity rather than for 1D dispersive flow.

Therefore, the flow regime must have changed to channeling, in which the mixing zone
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develops faster (proportional to time) compared to the square root of time as in the
dispersive flow pattern. Despite the case in which Hy = 10, the injected fluid does not
breakthrough within all layers when Hy = 100 at the specified time and location. This is

explained by the greater level of permeability heterogeneity in the latter case.

5.6 VERTICALLY AVERAGED CONCENTRATIONS AS A FUNCTION OF DISTANCE

In this section, we evaluate the change in the vertically averaged concentration
with distance at a fixed time in a heterogeneous reservoir without cross-flow. Figure 4.16
shows the vertically averaged concentration as a function of dimensionless distance
(normalized by the length of the permeable medium) using Eq. (5.27); the concentration
profile is depicted at tp = 0.5 and the Koval heterogeneity as a factor of one. As ap
decreases, less dispersion and less spreading occurs. The results are consistent with the
1D solution of Eq. (5.3), as Hk = 1 represents the no-flow channeling effect.

Figure 4.17 indicates the vertically averaged concentration as a function of
dimensionless distance (normalized by the length of the permeable medium) using Eq.
(5.27); the concentration profile is depicted at tp = 0.5 and the Koval heterogeneity factor
of 10. As ap decreases less dispersion and less spreading occurs. As a result of the flow
channeling that occurs (because of a large Koval factor), less sweep efficiency is realized
(for more details, see Chapter 7).

Figure 4.18 shows the vertically averaged concentration as a function of
dimensionless distance (normalized by the length of the permeable medium) using Eq.
(5.27); the concentration profile is depicted at tp = 0.5 and the Koval heterogeneity as a
factor of 100. Similar to Figure 4.17, less sweep efficiency is realized. Furthermore, in
the presence of large permeability heterogeneity, the impact of dispersivity becomes

insignificant.
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5.7 VERIFICATION

A simulation approach is used to verify the hypothesis for stratified
heterogeneous permeable media with no cross-flow between layers. The simulations are
performed using GEM, CMG’s general equation-of-state compositional reservoir
simulator. The simulation models consist of vertical injectors and producers located at the
ends of a 2D grid with constant grid block sizes in the x- and z-directions. The permeable
medium is initially filled with water and a passive tracer (tagged water) is injected to
measure local mixing (Lake, 1989). The top and bottom of the models are no-flow
boundaries. The injection and production wells are assigned a constant rate and a constant
bottomhole pressure constraint, respectively. The bottomhole pressure for the producer is
set to the initial pressure and the injection rate is 0.27 P.V. per day. Table 5.1 details the
other properties of the models. In addition, simulations are continued until tp = 3.
Heterogeneous permeability fields with the log-normal distribution are generated using
the FFTsim code (Jennings et al., 2002). Furthermore, a uniform porosity of 0.14 is
considered.

Simulation models consist of 1024 x 32 grid-blocks in the x- and z-directions. The
length and width of the models are 128 and 3.2 feet, respectively. Furthermore, the
effective aspect ratio, a measure of viscous cross-flow between layers (R.), set to zero to
represent no convective cross-flow between layers (see Appendix C for more details on
the dimensionless scaling groups).

Equation (5.31) shows the Peclet number attributed to numerical dispersion for

two-phase flow (Orr, 2007). Considering no input physical dispersivity, the Peclet
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number attributed to the longitudinal numerical dispersivity is 2847, (oM™ =0.045 ft), as

L

{dfi] is equal to one (tracer flow) and A¢ is 0.001 in the simulations.

dSJ—

Ax, df, At df,

1-—2 1y

2 ds  Ax. dS
] D J

-1 _
pe |Num._

(5.31)

An input longitudinal physical dispersivity of 1.45 ft is added to each grid block so
that the total dispersivity increases to 1.495 (o™ + o™ =1.495 ft); therefore, the Peclet
number is now reduced to 86.

Figure 4.19 indicates the flow velocity for selected grid blocks located at different
layers as a function of time. Following from the continuity equation for incompressible
fluid, the velocity at which fluids pass through each grid block (at any time) is the same
as the velocity that occurs across the layer. Furthermore, flow velocities though different
layers of the permeable medium are constant values with time as a constant rate is
injected and no convective cross-flow occurs between layers.

The tracer concentrations at grid blocks located at equally spaced vertical cross-
sections are used to determine the vertically averaged concentration. Next, the vertically
averaged concentrations obtained from the simulations are compared with the values
obtained from Eq. (5.27) at different times. Dimensionless time used in Eq. (5.27)
corresponds to the injected pore volume as the injected volume divided by the
formation’s pore volume. Solver, Microsoft® Excel’s optimization tool, is used to match
the average concentrations at each distance from the injector. The objective function is to

minimize the squared differences between the simulation results and the analytical
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solution; this can be performed by changing the Koval heterogeneity factor (Hx) and
dispersivity value (ap) in Eq. (5.27) (Figure 4.20 through Figure 4.25).

Using Eq.(5.27) with input dispersivity values, we could match simulation results
when the permeability fields has small correlation length; however, as Figure 4.26
indicates, scale-dependent dispersivities are needed to match the simulation results with
Eq.(5.3). In other words, scale-dependent dispersivity is not required to describe the
displacement performance if large- and small-scale heterogeneities are properly
incorporated as in Eq.(5.27).

Figure 4.27 shows the optimized Koval factor values obtained separately at each
distance while dispersivities are limited to the input value. An average constant value of
5.3 for the Koval factor is proper to describe the displacement using Eq.(5.27).

Figure 4.28 compares the dispersivity required to match the simulation results
using Eqg. (5.27) with those obtained from Eq. (5.3) when the permeability distribution
has a large correlation length. A similar observation to the previous example is obtained
as the average concentration is well-matched with input dispersivity.

Figure 4.29 illustrates the Koval factors used to match the simulation
concentrations at each distance. A comparison between Figure 4.28 and Figure 4.29
indicate that a larger Hg is needed to match the simulation results using Eq.(5.27); this is
expected because of a larger permeability dimensionless correlation length and more
channeling in the second example. However, the Koval factor used to match the
concentrations varies with distance in this example; it initially increases then decreases

afterward. This observation can be explained as flow becomes more dispersive further
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from the injection well when the permeability is highly correlated with distance (See

Chapter 6 for more details).

5.8 DISCUSSION
In this study, we decouple the convective spreading from local-scale

heterogeneity for heterogeneous reservoirs with no cross-flow between layers. In other
words, the need for scale-dependent dispersivity is replaced by the Koval factor to match
the vertically averaged concentration over a cross section. Our results are consistent with
Coats et al. (2009) as they used scale-independent dispersivity and a fitting parameter to
match concentration history plots using a 1D solution of the CD equation. However, we
incorporate the Koval factor (large-scale heterogeneity measure) into the commonly used
solution of the CD equation instead of a fitting parameter. In the present study, transverse
dispersivity is ignored; however, transverse dispersion in layered systems may play an

important role as described by Lake and Hirasaki (1981).

5.9 CONCLUSIONS
We conclude that details averaged when using a macroscopic approach manifest

themselves as an apparent convective spreading dispersivity. This section illustrates that
scale-dependent (transmission) dispersivity caused by permeability variation, which are
observed in the field-scale, can be replaced by the Koval factor. Hence, the impact of
convective spreading can be eliminated by incorporating the Koval factor into the

commonly used solution of the CD equation. In other words, if all heterogeneities are
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modeled explicitly there would be no need for scale-dependent dispersivity. Below is a
summary of this chapter:

e An analytical solution is developed and examined to characterize the dispersive
transport in layered heterogeneous reservoirs with weakly/significantly correlated
permeability. The analytical solution is constructed assuming no cross-flow
between layers.

e The vertically averaged concentrations obtained from the derived analytical
solution greatly match the simulation results while using scale-independent
dispersivity.

e The fraction of layers in which the mixing grows faster than the dispersive flow
regime is determined as a function of the Koval factor and input dispersivity.
Fewer layers are invaded by the injected fluid for reservoirs with large Koval

factor as more channeling occurs.

5.10 NOMENCLATURE
o = dispersivity in the longitudinal direction

ap = dimensionless dispersivity equivalent to the inverse of the Peclet number
apk= input dispersivity required to match Eq. (5.27) with the simulation results
anput= Simulation input dispersivity

Npe *=inverse of the Peclet number

D, =the longitudinal dispersion coefficient

ar = dispersivity in the transverse direction
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Npe = Peclet number

p = fraction of the injected fluid entering each layer

R_ = effective aspect ratio

cp = dimensionless concentration of component i

C = cumulative storage capacity

tp== dimensionless time (injected pore volume)

Vpp= the Dykstra-Parson coefficient of permeability variation
Xp = dimensionless distance

Jxp = dimensionless autocorrelation length in the x-direction
Jzp =dimensionless autocorrelation length in the z-direction
Atp = the maximum dimensionless time step in the simulation
fj = fractional flow of phase j

H=total thickness

h; = thickness of layer |

Hx = Koval factor

Sj = saturation of phase |

® = porosity

F = cumulative flow capacity

z = interim variable

t=time
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Table 4.1: Simulation model properties

Dimensionless
First Example Second Example
Scaling Group
Ve 0.8 0.8
JxD 0.05 10
R 0.0 0.0
Npe 86 86
*The effective aspect ratio: r = ﬁ t_

u
**|nput Peclet number: N, =——
OLK,
(See Appendix C for more details on dimensionless scaling groups)
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Distance

Figure 4.1: Schematic of a 2D heterogeneous reservoir with no convective cross-flow
between layers. The reservoir layers are separated by thin impermeable

layers (blue strata).
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Figure 4.2: A comparison between the concentrations obtained from Eq. (5.27) and the
1D solution of CD equation when Hk=1.001 and ap =1E-2.
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Figure 4.3: A comparison between the concentrations obtained from Eq. (5.27) and the
1D solution of CD equation when Hk=1.001 and ap =1E-10.
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Figure 4.4: The map of tracer concentrations of 0.1 and 0.9 within each layer (obtained

from Eq. (5.5) depicted at tp=0.5 as a function of distance from the injector.
Solid and dashed lines represent concentrations of 0.9 and 0.1, respectively.
In these examples op = 0.0001. The distance is normalized by the length of
the permeable medium.
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Figure 4.5: A comparison of the lengths of the mixing zone (hormalized by the length of
the reservoir) for all layers depicted at tp=0.5 when ap is equal to 0.0001.
Two examples are considered: Hx =1 and Hy =10. The length of the mixing
zone is obtained from Eqg. (5.8). The larger the Hk, the more convection-
dominated the flow is and, consequently, the mixing zone grows faster (with
time) rather than the squared root of time

170



= H&1.0 H=100

1
Y os
>
=
()
©
3
o 0.6 Fraction of layers in which the
%’o mixing zone grows faster than the
g one-dimensional solution of the
= convection-diffusion equation
it 04
=
L4
8
£
= 0.2
o /

0

0 0.05 0.1 0.15

Dimensionless Mixing Zone Length, Ax,

Figure 4.6: A comparison of the lengths of the mixing zone (normalized by the length of
the reservoir) for all layers depicted at tp=0.5 when ap is equal to 0.0001.
Two examples are considered: Hx =1 and Hy =100. The length of the mixing
zone is obtained from Eq. (5.8). The larger the Hk, the more convection-
dominated the flow is and, consequently, the mixing zone grows faster (with
time) rather than the squared root of time
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Figure 4.7: Cumulative flow capacity as a function of dimensionless lengths of the

mixing zone (normalized by the length of the reservoir) at t5=0.5 for two
cases: Hx =1 and Hx =100 when op is equal to 0.0001. The length of the
mixing zone is obtained from Eq. (5.8).For the case of Hk=100, the mixing
zone grows faster than Hk=1.0 (in large fraction of bulk flow~0.92) because
the flow is convection-dominated.
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Figure 4.8: The map of tracer concentrations of 0.1 and 0.9 within each layer (obtained
from Eq. (5.5) depicted at tp=0.5 as a function of distance from the injector.
Solid and dashed lines represent concentrations of 0.9 and 0.1, respectively.
In these examples ap = 0.01. The distance is normalized by the length of the
permeable medium.
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Figure 4.9: A comparison of the lengths of the mixing zone (normalized by the length of

the reservoir) for all layers depicted at tp=0.5 when op is equal to 0.01. Two
examples are considered: Hy =1 and Hy =10. The length of the mixing zone
is obtained from Eq.(5.8). The larger the Hg, the more convection-
dominated the flow is and, consequently, the mixing zone grows faster (with
time) rather than the squared root of time.
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Figure 4.10: A comparison of the lengths of the mixing zone (normalized by the length of

the reservoir) for all layers depicted at tp=0.5 when op is equal to 0.01. Two
examples are considered: Hx =1 and Hy =100. The length of the mixing zone
is obtained from Eq. (5.8). The larger the Hg, the more convection-
dominated flow is and, consequently, the mixing zone grows faster (with
time) rather than the squared root of time
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Figure 4.11: Concentration history plots when Hy =1 for three different values of op
depicted at xp=0.5. Larger spreading occurs as op increases, consistent with
the 1D solution of the CD equation.
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Figure 4.12: Concentration history plots for selected layers (represented by cumulative
storage capacities of 0.1, 0.5, and 0.7) depicted at xp=0.5 when Hy = 10 and
ap = 0.01.
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Figure 4.13: Concentration history plots for selected layers (represented by cumulative

storage capacities of 0.1, 0.3, and 0.8) depicted at xp=0.5 when Hy = 100
and ap = 0.01.
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Figure 4.14: Concentration history plots for selected layers (represented by cumulative
storage capacities of 0.1, 0.3, and 0.5) depicted at xp=0.5 when Hy = 10 and
ap = 0.0001.
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Figure 4.15: Concentration history plots for selected layers (represented by cumulative
storage capacities of 0.1, 0.3, and 0.5) depicted at at xp=0.5 when Hy = 100
and ap = 0.0001.
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Figure 4.16: Vertically averaged concentration as a function of dimensionless distance
(normalized by the length of the permeable medium) obtained from
Eq.(5.27); the concentration profile is depicted at tp=0.5 and the Koval
heterogeneity of one. As ap decreases, less spreading occurs.
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Figure 4.17: Vertically averaged concentration as a function of dimensionless distance
(normalized by the length of the permeable medium) obtained from
Eq.(5.27); the concentration profile is depicted at tp=0.5 and the Koval
heterogeneity is Hc=10. As ap decreases, less spreading occurs.
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Figure 4.18: Vertically averaged concentration as a function of dimensionless distance,
(normalized by the length of the permeable medium) obtained from
Eq.(5.27); the concentration profile is depicted at t5=0.5 and Hx=100. In the
presence of large permeability heterogeneity (Hx =100), the impact of
dispersivity becomes insignificant.
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Figure 4.19: Flow velocity for selected grid layers as a function of time. There are 32
layers in this example; flow velocities though different layers of the
permeable medium stay constant with time as in individual grid blocks,
because of the incompressible displacement without cross-flow.
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Figure 4.20: Comparison of theoretical and simulation results for vertically averaged
concentrations along a cross-section located at xp=0.1 at different times.
Vpp=0.8 and Axp=0.05 for this example. The Koval factor used to match
concentrations is 5.1.
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Figure 4.21: Comparison of theoretical and simulation results for vertically averaged
concentrations along a cross-section located at xp=0.4 at different times.
Vpp=0.8 and Axp=0.05 for this example. The Koval factor used to match

concentrations is 5.4.
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Figure 4.22: Comparison of theoretical and simulation results for vertically averaged
concentrations along a cross-section located at xp=0.9 at different times.
Vpp = 0.8 and Axp = 0.05 for this example. The Koval factor used to match
concentrations is 5.4.
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Figure 4.23: Comparison of theoretical and simulation results for vertically averaged

concentrations along a cross-section located at xp=0.1 at different times.
Vpp=0.8 and Axp=10 for this example. The Koval factor used to match
concentrations is 6.3.
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Comparison of theoretical and simulation results for vertically averaged
concentrations along a cross-section located at xp=0.4 at different times.
Vpp=0.8 and Axp=10 for this example. The Koval factor used to match the
concentrations is 7.3.
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Figure 4.25: Comparison of theoretical and simulation results for vertically averaged
concentrations along a cross-section located at xp=0.9 at different times.
Vpp=0.8 and Axp=10 for this example. The Koval factor used to match
concentrations is 5.4.
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Figure 4.26: The ratio of dispersivity values, which are used in Eq. (5.27) and Eq. (5.3) to
match the simulation results, to the input dispersivity as a function of xp.
The graph clearly shows that dispersivity is not scale-dependent when Eq.
(5.27) is used. Vpp=0.8 and A,p=0.05 for this example.
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Figure 4.27: The Koval factor values used in Eq. (5.27) to match the simulation results.
Vpp=0.8 and Axp=0.05 for this example. Each point in this figure
corresponds to a point in Figure 4.26.
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Figure 4.28: The ratio of dispersivity values ,which are used in Eq. (5.27) and Eq. (5.3) to
match the simulation results, as a function of xp. The graph clearly indicates
that dispersivity is not scale-dependent when Eq. (5.27) is used. Vpp=0.8 and
Mp=10 for this example.
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Figure 4.29: The Koval factor values used in Eq. (5.27) to match the simulation results.
Vpp =0.8 and Axp =10 for this example. Each point in this figure corresponds

to a point in Figure 4.28.
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Chapter 6: Evaluation of Local Mixing in Heterogeneous Reservoirs

Dispersive mixing degrades field-scale miscible displacements through the
dilution of the injected solvent. In this chapter, we derive and verify the numerical
dispersion coefficients when flow velocity varies along the distance travelled. Numerical
dispersion is associated with the truncation error inevitably introduced into the finite
difference approximations of the conservation equations.

We derive the finite difference form of the convection-dispersion equation to
determine the numerical dispersion coefficients when flow velocity varies with travelled
distance. The off-diagonal elements of the numerical dispersion tensor double when the
flow velocity changes with distance. In addition, a specific simulation configuration is
presented to verify the derived coefficients.

The second part of this chapter examines how local mixing changes as the
convective cross-flow increases. We apply two methods to determine the local mixing:
the method developed in Chapter 5 and the conventional method of matching the
concentration history of a grid block to the 1D solution of the convection-dispersion
equation. The two-dimensional (2D) simulation models, used in this study, consist of an
injector and a producer. Our simulation results indicate that the magnitude of the local
mixing increases as cross-flow increases. Hence, flow manifests more dispersive

behavior as cross-flow increases.

195



6.1 INTRODUCTION
The inaccurate modeling of dispersion in miscible displacements yields an

inaccurate prediction of oil recoveries (Garmeh et al., 2010). Dispersion in permeable
media is a dilution process caused by molecular diffusion, velocity gradients at the pore-
scale level, locally heterogeneous streamline lengths, and mechanical mixing in pore
bodies. Also, dispersive mixing degrades the displacement performance in field-scale
miscible floods (Haajizadeh and Fayers, 2000; Walsh and Orr, 1990; Johns et al., 2002;
Jessen et al., 2002, and Chapter 4 of this dissertation).

Taylor (1922, 1953, and 1954) explains the fundamentals of dispersion; an
extension of his dispersion theory to permeable media is described in detail by Perkins
and Johnston (1963), Greenkorn and Kessler (1969), Bear (1972), and Lake and Hirasaki
(1981).

The dispersive flux is defined as the flux of component i in phase j with respect to
volume-averaged velocity (Darcy velocity) because of dispersion. Dispersion flux is

often represented by the Fickian form:

Jpij :_¢SjKij-§(pj(9ij) (6.1)

where jj is the mass fraction of component i in phase j and, consequently, P j Oij is the

mass concentration of component i expressed per pore volume. Hence, the overall

dispersive flux of component i becomes
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= Np - .
jDi =- Z(I)SJ K|J v(pjwlj) J_1’21 --NP (62)
j=1

The dispersion coefficient includes both molecular diffusion and mechanical spreading

(Aronofsky and Heller, 1957). If x and y represent a 2D coordinate system, the dispersion

tensor of component i in phase j, ?ij , may be expressed as

_ Kxx ny
Kij = (6.3)
Ky Ky
Following Bear (1972), the elements of the dispersion tensor for a homogeneous,
isotropic permeable medium are defined as
2 2
Ky = D0, g oty (6.4)
T oS |Uj|
2 2
Dii  oyuy; + o Uy
Ky = il 'W—M (6.5)
T ¢S |uil
(o _at)uyjuxj
Kyy = Ky =———=— (6.6)

d)Sj‘aj‘

where o is called the longitudinal (parallel to bulk flow) dispersivity and o is known as

the transverse (perpendicular to bulk flow) dispersivity; both ojand oy are often
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assumed to be phase-independent, i.e., dispersivity is considered the same for all phases.

D;j is the effective binary diffusion coefficient of component i in phase j. Also, tis the

tortuosity factor that accounts for the reduction in diffusive flux caused by the tortuous
paths traced by particles of component i.
If interstitial velocity is greater than 3 cm/day, the longitudinal dispersion

coefficient, K4, can be written as (Lake, 1989)

K=o, — (6.7)

Numerical solutions to the conservation equations are usually obtained through
finite difference methods. Hence, the numerical solutions are always affected by the
truncation error associated with the differencing schemes. Lantz (1971), Fanchi (1983),
and Yang (1990) showed that the truncation error introduces additional second-order (in
some cases even first-order) terms in finite difference representations of the mass
conservation equation; in practice, as Yang (1990) pointed out, the flow velocity rarely
remains constant with distance because of the cross-flow between layers or the
compressibility of fluids. Hence, we determine and verify the numerical dispersion
coefficients when the flow velocity varies with distance.

The main objectives of this chapter are: (1) to derive numerical dispersion
coefficients when the flow velocity changes with distance and verify them and (2)

evaluate the local mixing when the convective cross-flow varies.
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6.2. PART I:

6.2.1 The Convection-Diffusion Equation
The 2D convection-diffusion (CD) equation describes the mass conservation of

the tracer component. Assuming constant porosity (incompressible pore space), the two-

dimensional CD equation becomes

o0, 10(on,) 10(e8) | Fo (6.8)

a e x ¢ oy “oaxE Y oy?

where w is the mass of the displacing component expressed per unit pore volume. In
addition, we assume that the principal axes of dispersion and permeability tensors
coincide. The cross-derivatives are not included in Eq. (6.8) and, hence, we assume that
the corresponding coefficients are zero (i.e., the off-diagonal elements of the physical
(input) dispersion tensor are zero).

The variation of the flow velocity with distance caused by cross-flow between
layers is considered in the present work. It is customary to inject a conservative (passive)
tracer into the permeable medium and match the concentration history with a one-
dimensional (1D) solution of the CD equation to determine dispersivity as a matching

parameter to fit the concentration history plots.

6.2.2 Finite Difference Form of the CD Equation
Most partial differential equations (PDE) cannot be solved analytically. Hence,

numerical solutions are often used to convert PDEs to algebraic equations. The algebraic

equations can then be solved by direct or iterative methods. The essence of numerical
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methods for PDEs lies in converting the derivative terms to "finite differences.” An

explicit difference form of Eq. (6.8) can be written as
_ 2 2 1 1
Ao=K Ao+ KWAym—$(mAXuX +U,A,0)- $(c0Ayuy +U,A,0) (6.9)

Finite difference schemes commonly used to approximate the derivatives are
forward, backward, and central differences. A forward difference uses the function values
at x and (x+h):

Apf = f(x+h)—f(x) (6.10)

where h is the spacing. Thus, the gradient of function in the x direction at (x+h) can be

linearly approximated by

o Fln = Pl _ Flin = Fly (6.11)

Xy (x+h)—x h

This is a reasonable approximation when h is small. Similarly, a backward

difference uses the function values at x and (x-h):

Vit = f(x)—f(x=h) (6.12)
Thus,

o flen=fle _ fle=flin (6.13)
Xly_p  (x=h)—x h

Finally, the central difference is given by

h h
Shf:f(x+5j—f(x—§j, (6.14)

and, hence, the gradient of function in the x-direction at (x+h/2) becomes
200



of f‘x+2_f‘x—g B f‘x+g_f‘x—g

.
2 2

(6.15)

~

Using Taylor’s series of expansion, the forward difference form of the time

derivative in Eq. (6.9) becomes

2 2 3
ot 2! ot 31 ot

In addition, the first-order distance derivatives in Eq. (6.9) are approximated as

o Ax e (M) FPo
Ao=—+_——F+-—""——5+
ox 21 ox 3! ox

(6.17)

0)26_0)+ﬂ62_m+w63_m+m (6.18)
Y TV TR YS

2 AX 2 3
AU, = u, | Ax0 UZX +( ) 0 u; + . (6.19)
ox 2! ox 31 X

0 o Ay) &
AU, TN Al +( y) ou, +... (6.20)

ay 21 gyt 3 oy
Similarly, the second-order distance derivatives are approximated as

2 4 4
A 0 (&) d'o (6.21)
X ox? 12 ox*

0’ (Ay)4 o'

Alw= +
y()) ay2 12 ay4

(6.22)

The substitution of Egs. (6.16) through (6.22) into Eq.(6.9), while retaining terms

only through the second-order differentials, yields
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oo, At 0%w _K 820)+K P u, oo AX 0o 6_0)4_&620)
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3 6U +AX 62 _of 8U Ay 52
(1) ox 2! aX ¢ 8y 2' (3y

Next, the second-order time derivative term on the left side of Eq. (6.23) is

(6.23)

substituted by equivalent terms to determine the numerical dispersion coefficients. The
equivalent terms of the second-order time derivative is determined by taking the
derivative of Eq. (6.8) with respect to time:

o’w U, 0°w ou, dw lowou, 1 az
+—= +

+
o> ¢ Atox ot ox b ot ox & ® 5tox

Uy 0’0 U, do  1dwdu, 1 o%u,
— L iz (6.24)
¢ otoy ot 5y oot oy ¢ atay
o’w O’w

K + K
™ otox? Y otoy?
Next, the differentiation of Eq. (6.8) with respect to x gives

o 1lou 0o U 0’0 od°U, lﬁuxaco
-2 — 22—t — i
oxot ¢ ox ox ¢ ox* ¢ ox’ ¢ OX OX

10U, 0o U, o o ou, 1aw8u

— 4L +— (6.25)
<1> 8x oy ¢oxoy ¢ axay ¢8x 8y
K a0} o

a0 onoy”
Also, the differentiation of Eq. (6.8) with respect to y gives

60)+18u 0w U, 6203+c0 o’u . Looadu,
oyot ¢ oy ox ¢ Oyox ¢8y8x ¢ oy ox

10U, 6 U, O’ 180)5U wau
it A AP (6.26)
¢ oy oy ¢ oA oy oy ¢ Ed
o o

K +K
XX 8an2 Yy ay3
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After eliminating and <2 between Eqgs. (6.24) through (6.26), the second-
Otox otoy

order time derivative term is expressed as

do am(éux 2u du, U, du, U %j

_Oof u,ou, ,u,0u U ou Oy doflou, 10Uy
o> ox P oy P ox ot ) otldox oy

Num
KCross K Yy K ;\ium

u,u, o’w u, o’® u, o’m
H 22— =~ || | ==
¢° Joxoy \ ¢ joy" \ ¢ )ox
1 o, 1 0, ou du, ou U, U du  ou dU,
-0 -0 T3 2 T3 T3 T3 2
¢ otox ¢ otoy ¢° ox ¢~ oxoy ¢° oyox  ¢° oy
o’o o U o’0 U o U O’w U o’w
Kxx +K e xx___x — xx—__y ~ 3
otox> Y otoy® x> o Yoxoyr o “oyoxt o oy

(6.27)
Finally, the substitution of Eq. (6.27) into Eq. (6.23) yields the expressions for the
longitudinal, transverse, and the off-diagonal elements (cross-term dispersion

coefficients) as

2
khom [ Y At Uy AX (6.28)
o) 21 ¢ 21
u, ) At U, Ay
KNum: Yy _+_Y_ 6.29
w (q) 21 ¢ 2! (6.29)
uu,
K row =£ ;)2 JAt (6.30)
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These elements are coefficients of the second-order derivatives of ® with respect
to distance in Eq. (6.27). Two principal axes (longitudinal and transverse directions) and
two off-diagonal directions are considered for dispersive transport through a 2D
permeable medium. Following Fanchi (1983), equations (6.28) through (6.30) indicate
numerical dispersion coefficients along the principal (longitudinal and transverse) and the
cross-term axes, where the concentration gradient and the mass transfer direction are not

collinear. A comparison of the numerical dispersion terms defined by Fanchi

uu
(1983),( J)ZX ]% and Eq. (6.30) suggests a larger cross-term coefficient (multiplied by

a factor of two in this study). Thus, the numerical cross-term elements of the numerical
dispersion tensor double when velocity varies along principal axes (as in this study).

To verify the derived off-diagonal elements of the numerical dispersion tensor, a
simulation model with a specific configuration is required to prevent the interference of
the longitudinal dispersion. Convective flow in the diagonal and transverse directions
should be suppressed; otherwise, the longitudinal dispersion will interfere the length of
mixing zone in any direction that flow occurs. However, the convective flow cannot be
prevented when the coordinate system of the simulation model coincides with the

principal axes of the permeability.
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Figure 6.1 shows a schematic of a composite simulation model consisting of a
thin 2D model (flow strip) attached to another permeable medium (base). The simulations
are performed using GEM, CMG’s general equation-of-state compositional reservoir
simulator. The objective is to evaluate dispersivity in the diagonal direction of a thin
permeable medium (the flow strip) under two conditions: (1) when flow velocity changes
with distance and (2) when flow velocity is constant along the flow strip.

We make the simulation models such that flow takes place only along the
diagonal direction (45° with respect to the x-direction). Elementary geometry then
suggests that cross-term dispersion will be collinear with the coordinate system.
However, we must assure that the direction of flow is fixed during the displacement;
therefore, the permeability in the x-direction of grid blocks in the base is assigned three
orders of magnitude smaller than those in the flow strip (Figure 6.1). Hence, the cross-
term dispersion can be assessed through monitoring the growth of the mixing zone along
the y-direction.

Two simulation models (Model 1 and Model 2) are used to evaluate the cross-
term dispersivities. All parameters are the same for both models except that the thickness
of grid blocks in the flow strip changes in Model 2 while it is fixed in Model 1. The
change in the thickness of grid blocks yields the variation of local velocity with distance.
Figure 6.2 shows the variation of the grid thickness in Model 2. Thus, total pore volume
of the flow strip is kept the same for both models. Note that the grid thickness in the z-

direction is uniform for Model 1.
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The permeable medium is homogenous and initially filled with water and a tracer
component is injected to measure local mixing. The simulation models consist of an
injector and a producer that are operating under the constant bottomhole pressure
constraint. Therefore, the pressure drop across the flow strip always remains constant.
However, the grid thickness and, consequently, the flow velocity vary with distance in
Model 2. Figure 6.3 shows how the velocity changes with distance in Model 2, because
of the variation in the thickness of grid blocks in the flow strip. As inferred from Figure
6.3Figure , no significant flow occurs in the base permeable medium.

Figure 6.4 compares the injection and production rates for both models. Injection
and production rates are the same and remain constant with time for each model;
however, the rates are larger (by a factor of 1.17) in Model 1 compared to Model 2.

Figure 6.5 illustrates the tracer concentration in Model 1 after 1465 days. The
length of the mixing zone in the y-direction represents the magnitude of dispersion in the
cross-direction. Furthermore, the transverse dispersion is lessened by reducing the
permeability in the x-direction of the base by three orders of magnitude compared to that
of the flow strip. Note that for our geometry, the transverse dispersion coincides with line
x =y (the bisector of the angle between x- and y-axes).

Figure 6.6 shows the tracer concentration in Model 2 after 1715 days; note that
the concentration profiles are depicted at the same dimensionless time (injected P.V.). A
visual comparison of Figures 6.5 and 6.6 suggests that a larger mixing zone occurs in the
diagonal direction of Model 2 compared to Model 1 (see Appendix A for more details on

the mixing zone). This can be explained only through a larger dispersivity in the diagonal
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direction of Model 2 compared to Model 1 as both Figures are depicted at the same
dimensionless time.

In addition, Figure 6.7 compares the cumulative distribution function of the
lengths of the mixing zone obtained in the y-direction for both models at the same
dimensionless time. As inferred from the plot, the mode of distribution for Model 1
corresponds to the mixing zone length of 82 ft compared to that of 115 ft for Model 2;

hence, the ratio of the lengths of the mixing zone in Model 2 to that of Model 1 is 1.40

(~</2). As the mixing zone is proportional to /K (see appendix A), the dispersivity of
Model 2 should be twice as large as in Model 1, consistent with Eq.(6.30).
The remainder of this chapter evaluates the change in local mixing caused by the

convective cross-flow.

6.3. PART II:
A simulation approach is used to evaluate local mixing in heterogeneous

permeable media when cross-flow between layers varies. The simulations are performed
using GEM. Two-dimensional simulation models consist of an injector and a producer
and have constant grid block sizes in the x- and y-directions. The permeable medium is
initially filled with water and a passive tracer is injected to measure local mixing. The top
and bottom of the models are no flow boundaries. The injector is assigned a constant rate
whereas the producer is operating under a constant bottomhole pressure. Figure 6.8
shows the log-normally-distributed permeability field generated using the FFTsim code

(Jennings et al., 2002). Furthermore, a uniform porosity of 0.14 is considered.
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Three simulation models are used to evaluate local mixing caused by cross-flow.
They consist of 128 x 32 grid-blocks in the x- and y-directions. The length and width of
the models are 1280 and 320 feet, respectively. All other parameters of the simulation
models (as described in Table 6.1) are the same except for the effective aspect ratio (R.);
the effective aspect ratio is the ratio of the transverse to longitudinal velocity. Three
values of R, are examined for the purpose of this Chapter: 0, 0.126, and 10 and the ratio
of permeability in y- to x-direction was adjusted, accordingly.

Equation (6.30) shows the Peclet number attributed to the numerical dispersion

for two-phase flow (Orr, 2007). The Peclet number attributed to numerical dispersivity

becomes 250, (a/"" =5.086 ft), as

df ;
dsj-} is equal to one (tracer flow), and Azp is 0.001 in
J

the simulations.

N | :AXD il_AfD i)
M2 ds T Ax, dS,

(6.30)

In addition, an input longitudinal dispersivity of 5.0 ft is added so that total
dispersivity (numerical + physical) of each grid block becomes equal (o™ +o™ =
10.086 ft); consequently, the corresponding Peclet number is now reduced to 125.

In addition, the simulation continued long enough (10 P.V.) to provide enough
data to construct the concentration history plots. The local mixing is determined either
through matching the concentration history of the tracer to the solution of a 1D

convection-dispersion equation (Eg. A-7) or based on the method developed in Chapter 5.
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The level of mixing that occurs in a heterogeneous reservoir is widely debated,;
however, it is well understood that reservoir mixing is sensitive to permeability
heterogeneity. Considering a set of ten equally-spaced cross-sections along the permeable
medium, we calculate the local mixing for grid blocks located on them (Figure 6.9). Note
that the principal axes of dispersivity and the permeability coincide in this study.

Figures 6.10 shows the concentration history plots obtained from grid blocks
located on the third cross-section (as shown in Figure 6.9) when R =0.126.

Using Eq. (A-11) to match the concentration history plots, we get the longitudinal
dispersivity for each grid block (output dispersivity) from Eq. (A-11). The slope of lines
in Figure 6.11 is used to calculate the Peclet number and, consequently, the dispersivity
for each grid block located on the third cross-section. Note that the xp term, which is used
in Eq. (A-11) to determine the output dispersivity of a grid block, is the dimensionless
distance from the injector; hence, xp is equal to 0.5 for grid blocks located on the third
cross-section, etc. Furthermore, dimensionless time used in Eq. (A-11) corresponds to the
ratio of the cumulative amount of fluid injected at any time to the fraction of total pore
volume constrained between the injector and that cross-section; hence, the dimensionless
time used in Eq. A-11 for grid blocks located on the third cross-section, is equal to (tp /
0.3), etc. Similarly, Figures 6.12 through 6.25 illustrated the concentration history curves
and the corresponding calculated dispersivity values for different R, ’s.

Figure 6.26 shows the calculated dispersivity as a function of distance,
normalized by the length of the reservoir, when R = 0.126. The black circles represents

the dispersivity values calculated as if there is only one large grid block covering the
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whole cross-section. Note that the local mixing at each grid block is much smaller than
the averaged value represented by the black circles. Furthermore, the results suggest that
the dispersivity increases with distance travelled.

Figure 6.27 shows the calculated dispersivity as a function of distance,
normalized by the length of the reservoir, when R_= 10. The averaged dispersivity (black
circles) in this case is in the same order as the local mixing calculated at each grid block
indicating that larger local mixing is realized with greater convective cross-flow between
layers. Furthermore, the results suggest that the dispersivity increases with distance
travelled.

Figure 6.28 shows ddispersivity values used in Eg. (5.27) to match the
concentration history plots. The graph clearly indicates that larger dispersivity is needed
when the cross-flow increases and the concentration history curves are easily matched
with the dispersivity equal to the input value.

Figure 6.29 shows the koval heterogeneity values used in Eq. (5.27) to match the
concentration history plots. The graph clearly indicates that smaller koval factor is
needed when the cross-flow increases indicating that flow becomes more dispersive with
distance travelled if there is convective cross-flow. Furthermore, the results suggest that

the dispersivity increases with distance travelled.
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6.4 DISCUSSION AND CONCLUSIONS
The expressions for the numerical dispersion coefficients associated with the

finite- difference form of the CD equation is presented and tested when velocity varies
with distance. Oscillatory velocity may occur because of the cross-flow between layers in
heterogeneous permeable media or the compressibility of fluids (Yang, 1990). The latter
was not discussed in this study; however, the off-diagonal elements of the numerical
dispersion tensor were shown to double when the flow velocity changes with distance. A
specifically designed simulation model confirms the greater off-diagonal numerical
dispersion coefficient when the flow velocity varies.

Furthermore, the simulation results in Part Il indicate that the flow becomes more
dispersive with distance travelled if there is convective cross-flow. In addition, local
mixing increases with the convective cross-flow between layers. In the examples shown

in this Chapter, no significant transverse dispersion is present.

6.5 NOMENCLATURE
o = dispersivity in the longitudinal direction

Kxx = longitudinal dispersion coefficient

ar = dispersivity in the transverse direction

K,y = transverse dispersion coefficient

Dcross = Off-diagonal element of numerical dispersivity tensor

tp = dimensionless time defined as the ratio of cumulative amount of fluid injected at
any time to total pore volume

Xp = dimensionless distance
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sj = saturation of phase j

¢ = porosity

v = interstitial velocity

ux = Darcy velocity in the x-direction

uy = Darcy velocity in the y-direction

7 = tortuosity factor

var = variance

t=time

Jpi = overall dispersive flux of component i
Jpij = dispersive flux of component i in phase j
Atp = maximum time step in the simulation

fj = fractional flow of phase j

sj = saturation of phase j

Npe = Peclet number

Jyp = dimensionless correlation length in the y-direction
R_ = effective aspect ratio

Vpp = Dykstra-Parson coefficient of variation
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Table 6.1: The properties of the simulation model in Part Il

Dimensionless
Value
Scaling Group
Ve 0.8
AxD 0.15
Npe 125
*Peclet number caused by total dispersivity: N,, = dﬁz

(For more details on the dimensionless scaling groups see Appendix C)

213



Base

Figure 6.1: Schematic of a composite simulation model used in Part | to investigate the
dispersivity term in the cross-direction of a thin 2D model (flow strip)
attached to another permeable medium (base). Bulk flow occurs only across
the flow strip as the permeability in the x-direction of the base is three-order
of magnitude smaller than that of the flow strip. The flow strip consists of at
least two grid blocks in the transverse direction.
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Figure 6.2: The map of grid block thickness (ft) in Model 2. The thickness of grid blocks
in the flow strip changes along the z-direction.
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Figure 6.3: Map of flow velocity (ft/d) in Model 2. The flow velocity changes with
distance because of the variation in the thickness of the grid block located in
the flow strip. Note that the permeability in the x-direction is reduced by a
factor of 0.001 for the grid blocks located in the base permeable medium.
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Figure 6.4: Injection and production rates expressed in reservoir volumes per day for
Model 1 and Model 2. The injection and production rates are equal and

constant with time for each model.
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Figure 6.5: Dimensionless tracer concentration in Model 1 after 1465 days.
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Figure 6.6: Dimensionless tracer concentration in Model 2 after 1715 days.

219

0.172
0.160
0.149
0.137
—1 0.126
—1 0.115
— 0.103
— 0.092
=1 0.080
— 0.069
— 0.057
—1 0.046
0.034
0.023
0.011
0.000




100%

75%

50%

== Model 2
—4—Model 1
25%

Cumulative Distribution Function %

0%
70 80 920 100 110 120 130

Mixing Zone Length, ft

Figure 6.7: Cumulative distribution functions of the mixing zone length obtained in the y-
direction at the same dimensionless time. As inferred from the plot, the
mode of the distribution for Model 1 corresponds to the mixing zone length
of 82 ft compared to that of 115 ft for Model 2.

220



Injector

Producer
4 20e+4
: 1. 24e+4
|l|-*|| 1 !' -
} H ' T 3 B8e+3
nin

ol T 11 J l 1 D%e+3

|-TII fm

#ﬁ' ' 3. 23e+2
il 9.56e+1

J W“'w w 2.83e+1
! (g 8.386+0
2 48e+0

7. 34e1

217e1

Figure 6.8: Permeability field (md) used in Part 1l. Vpp and Axp are 0.8 and 0.15,

respectively.
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Figure 6.9: Permeability field (md) used in Part 1. Vpp and Axp are 0.8 and 0.15,
respectively.
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Figure 6.10: Concentration history plots for all grid blocks located at xp = 0.3 when
R =0.126. The dimensionless time represents the fraction of total pore
volume constrained between the injector and the third cross-section.
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Figure 6.11: Erfc™(2c,)as a function of (D—\/_D) obtained from Figure 6.10. The
tD
longitudinal dispersion coefficient for each grid block is obtained from the
slope of the corresponding line constructed on this plot; for this plot, xp =0.3
and tp|cross-section = (tp/0.3) are used in Eq. (A-11).
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Figure 6.12: Concentration history plots for all grid blocks located at xp = 0.5 when
R =0.126. The dimensionless time represents the fraction of total pore

volume constrained between the injector and the fifth cross-section.
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slope of the corresponding line constructed on this plot; for this plot, xp =0.5

and tp|cross-section = (tp/0.5) are used in Eq. (A-11).
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Figure 6.14: Concentration history plots for all grid blocks located at xp = 0.7 when
R =0.126. The dimensionless time represents the fraction of total pore

volume constrained between the injector and the seventh cross-section.
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Figure 6.16: Concentration history plots for all grid blocks located at xp = 0.9 when

R =0.126. The dimensionless time represents the fraction of total pore
volume constrained between the injector and the ninth cross-section.
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Figure 6.20: Concentration history plots for all grid blocks located at xp = 0.5 when
R.=10. The dimensionless time represents the fraction of total pore volume

constrained between the injector and the fifth cross-section.
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constrained between the injector and the ninth cross-section.
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Figure 6.26: Calculated output dispersivity as a function of distance when R =0.126. The
black solid points represent the corresponding dispersivity obtained from the
cup- mixing concentrations as a function of xp.
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Figure 6.27: Calculated output dispersivity as a function of distance when R =10. The
black solid points represent the corresponding dispersivity obtained from the
cup- mixing concentrations as a function of xp.
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Figure 6.28: The ratio of dispersivity values, which are used in Eq. (5.27) to match the
concentration history plots, to the input dispersivity as a function of xp. The
graph clearly indicates that larger dispersivity is needed when the cross-flow
increases.
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242



Chapter 7: Numerical Indicator for Flow through Heterogeneous
Permeable Media

This chapter details a numerical indicator to examine the nature of miscible
displacements in heterogeneous permeable media. We evaluate miscible displacements
using assigned numerical values to their governing flow regimes. Previous studies state
that the competition between effects is the cause of developing various types of flow
regimes (dispersive, fingering, gravity override, and channeling). However, the
distinction between the flow patterns is only possible qualitatively (visually) so far;
hence, the current identification method fails to properly characterize displacements with
a similar flow pattern. Furthermore, we cannot use visual identification to evaluate the
displacement performance of miscible floods, quantitatively.

We adopt the correlation coefficient function and use the progression of the
mixing zone to assign a numerical value to the flow pattern. The correlation coefficient
function of the lengths of the mixing zone calculated between two different times
represents the tendency of the mixing zone to propagate linearly with time. Also, we
demonstrate that the correlation coefficient function of the squared length of the mixing
zone corresponds to the linear growth with the square root of time. Using the arithmetic
average of the correlation coefficient functions over successive time intervals, we
introduce a flow regime value to study the nature of miscible floods. We use a simulation
approach to verify it and find that the numerical values assigned to the flow patterns are

consistent with the visual identification.
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We conclude that flow pattern value is an effective measure of mixing zone
development in heterogeneous permeable media. Furthermore, we demonstrate that the
development pattern of the mixing zone can be monitored quantitatively. This is
especially important in the prediction of displacement performance when cross-flow is
small. In this study, we investigate the relation between flow pattern values and the

displacement performance of miscible floods.

7.1 INTRODUCTION
Miscible gas flooding has proven to be one of the few cost-effective enhanced oil

recovery techniques in the last decade. However, the success of miscible floods is often
limited by poor volumetric sweep efficiency owing to the adverse viscosity ratio, the
density difference between the solvent and the oil, and reservoir heterogeneity. The
volumetric sweep efficiency is defined as the fraction of oil contacted by the displacing
fluid (Lake, 1989). On the contrary, the fraction of oil not contacted by the displacing
agent is called the missing oil; the latter notation is used mostly in this study. The
interplay of effects (heterogeneity, unmatched density/viscosity, and effective aspect
ratio, R.,) often reduces the volumetric sweep efficiency and yields specific types of flow
regimes such as viscous fingering, channeling, and gravity override. Field observations
indicate that varying the well spacing (between an injector and a producer) often changes
flow patterns and, consequently, affects the amount of missing oil.

The first study of viscous fingering is attributed to Hill (1952). Waggoner et al.
(1992) studied the miscible flow regimes through permeable media under the vertical

equilibrium (VE) condition and introduced the channeling flow regime. They
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summarized that the competition between various effects is why different types of flow
regime occur. Chang et al. (1994) and Sorbie et al. (1994) extended the work of
Waggoner et al. to unmatched density and non-VE displacements, respectively. Li et al.
(1994) introduced a Buckley-Leverett flow pattern for immiscible displacements when R,
becomes negligible. However, these classifications are of little use (limited solely to the
definition) without a way to quantify them.

Despite different terminology, all flow patterns that reduce the volumetric sweep
efficiency exhibit a similar propagation characteristic: the solvent front travels linearly
with time. However, dispersive flow prevails under certain circumstances and results in
the growth of the mixing zone withTime . This delays the solvent breakthrough time
(BT) and increases the vertical sweep efficiency. The mixing zone is defined as the
dimensionless distance between the locations where the dimensionless solvent
concentrations of 0.1 and 0.9 occur (Lake, 1989). The objective of this work is to assign
numerical values to the flow patterns of miscible displacements in heterogeneous

permeable media.

7.2 DESCRIPTION
In general, the following flow patterns are known for miscible displacements:

1. Fingering that is caused by an adverse mobility ratio, yields oil bypassing and,
consequently, is considered an unfavorable flow regime.

2. Gravity override that represents oil bypassing due to the density difference
between the oil and the injected gas and is considered an unfavorable flow

pattern.
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3. Channeling because of the permeability heterogeneity that yields oil bypassing
and is considered an unfavorable flow pattern.

4. Dispersive that is in favor as it reduces the oil bypassing caused by the above
patterns.

The first three categories manifest inefficient recovery and early solvent
breakthrough; conversely, the dispersive flow yields late solvent breakthrough. The
principal distinction between channeling and the two other unfavorable flow patterns is
that gravity overrides and fingering becomes dispersive when the oil and gas properties
(density and viscosity) match; this is not true for channeling as it is caused by the
inherent permeability variation of the system. The unfavorable flow patterns represent
linear propagation of the gas front with time despite the dispersive regime for which the
mixing zone grows with /Time (favorable). The growth of the mixing zone with the
square root of time also may be interpreted as the growth of the squared length of the
mixing zone with time. Thus, regardless of the causes, the unfavorable flow regimes
represent the same flow pattern for the mixing zone growth.

Suppose x; is the length of the mixing zone at time t; and x; is the length of the
mixing zone at time t,. The the correlation coefficient function (Appendix B) of x; and X
over the time domain represents how strongly x; and X, are correlated with respect to
time.

As the first step is to assign a numerical value to a flow pattern, we store lengths

of the mixing zone in all layers of a two-dimensional (2D) model at time t; (after solvent
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injection) as array Xi, at time t, as array X,, and so on. See Figure 7.1and Figure 7.2 for
the schematic illustration of the approach.

The correlation coefficient function of arrays x; and x, represents the tendency of the
mixing zone to grow linearly with time (unfavorable). Similarly, the correlation
coefficient function of arrays x'; and X', represents the tendency of the mixing zone to
grow linearly with Time (favorable). Next, we take the average of the correlation
coefficients calculated over equal time intervals. The average correlation coefficient
functions of arrays x; and x, imply the tendency of the mixing zone to linearly grow with
time. Similarly, the average correlation coefficient functions of arrays x'; and x'; imply

the tendency of the mixing zone to linearly grow with\Time The ratio of the average

correlation coefficient functions is defined as the flow pattern value. The flow pattern

value falls in three possible ranges:

Average p[Ax|mixzone]) _ Average (p) 1
Average (p[Ax|miX zone]2 ) Average (p ')
Average p[Ax|mixzone]) _ Average (p) 1
Average(p[Ax|mixzone]2) Average (p')
Average p[Ax|mixzone]) _ Average (P) <1
Average (p[Ax|miX zone]2 ) Average (p ')

(7.1)
The unfavorable type of flow will be dominant if the ratio is greater than unity;
conversely, the miscible displacement yields a better sweep efficiency when the ratio is

smaller than one. Both favorable and unfavorable flow patterns occur and neither is
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dominant. However, the logarithm of the above ratio is used to represent the flow pattern

in this study.

7.3 VERIFICATION
We use a simulation approach to compare the flow pattern values and visual

identification. To be consistent with the literature, the simulation cases presented in
Sorbie et al. (1992) are used to evaluate the proposed flow pattern values. Table 7.1
shows the properties of the simulation models. The FFTsim code (Jennings et al., 2002)
is used to generate heterogeneous permeability filed for each example. Furthermore, for
all case studies, porosity is uniformly distributed.

The simulations are performed using GEM, CMG’s general equation-of-state
compositional reservoir simulator. The simulation models consist of two vertical wells
located at the ends of 2D cross-sectional grid with constant grid block sizes in the x- and
z-directions. The top and bottom of the models are no flow boundaries. Both wells
operate under a constant rate constraint. Furthermore, single component oil and a first
contact miscible solvent are used. The solvent viscosity, the transverse permeability, and
the physical dispersivity are adjusted to maintain the specified values for the mobility
ratio, the effective aspect ratio (R.), and the Peclet number (Npe) in each example.

In addition, the dispersion levels are mainly determined based on the input
physical dispersivities in the simulations as the numerical dispersion is reduced by
choosing small grid blocks and adjusting the maximum time step. Equation (7.2) shows

the Peclet number attributed to the numerical dispersion for two-phase flow. The
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numerical dispersion is inversely correlated with the number of grid blocks in the flow

direction as | 91 |is equal to one and | 4%_| is kept less than 0.01 in this study:
ds, Ax,
N-7 | _ A)(D dfl (1_ AtD de )
pe INum. —
2 ds; " Ax, dS; (7.2)

Table 7.2 compares the visual identification with the calculated pattern values. As
the governing flow pattern becomes more dispersive, the corresponding numerical value
increases, and vice versa. Figure 7.3 illustrates the solvent breakthrough time (BT)
(expressed in reservoir pore volumes) as a function of the assigned numerical values.
Overall, the trend implies that larger numerical values tend to have more unfavorable
flows and premature BT; in contrast, smaller numerical values have more favorable flows
that lead to negative values and, consequently, late BT.

Overall, the results do not strongly support a one-to-one functionality between BT
and the flow regime. This non-unique relation is because of the evolution of the mixing
zone that occurs during displacements. Cross-flow between the layers explains why the
flow pattern varies with time. Figure 7.4 and Figure indicate different stages of the
miscible displacement for two cases with small (R .=1.0) and large cross-flows,
respectively; large cross-flows imply the vertical equilibrium (VE) condition (Lake,
1989). Under the VE condition in a heterogeneous permeable medium, the injected fluid
instantaneously communicates between the layers (to reach an equilibrium condition with
respect to the pressure drop); this affects the pace at which the mixing zone grows within

each layer and eventually leads to erratic flow patterns.
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In contrast, if we limit the analysis to the blue points on Figure 7.3 that represent
displacements with weak cross-flow between layers, a strong co-relation between the
flow pattern and the corresponding BT exists; in other words, the flow pattern in which
the mixing zone develops does not change when Ry is small.

Figure 7.5 shows the missing oil as a function of flow regime. The similar
discussion as the BT applies where a strong co-relation exists only when R_ becomes
small. Thus, larger flow regime values correspond to more missing oil when a weak
communication is present between the layers.

In addition, we can predict the displacement performance of miscible
displacements when R_ becomes negligible if the governing flow pattern is known. To
determine the flow pattern value, the simulation should be conducted to identify the
mixing zone development pattern; however, the simulation needs to be conducted only
for a few time steps as the flow regime will not change when cross-flow between layers is

not present.

7.4 CONCLUSIONS
We successfully implement numerical values to present flow patterns that occur during

miscible displacements in heterogeneous permeable media. The main conclusions of the
study are:

1. The numerical value assigned to the flow patterns is the most succinct form

of describing miscible displacements in heterogeneous permeable media. It

accounts for the interplay of effects by capturing all of them into a single
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parameter and facilitates the development of the co-relations for the missing
oil/breakthrough time.

2. The numerical values attributed to the flow patterns provide a better
understanding of flow than the visual method by evaluating various stages of
the miscible displacements; Furthermore, it enables us investigate the
evolution of the mixing zone during the displacements.

3. Strong co-relations are observed between the flow pattern values and the
missing oil/ breakthrough time when the reservoir layers exhibit poor vertical

communications.

7.5 NOMENCLATURE
fi= fractional flow of phase j

Sj= saturation of phase j

R_= effective aspect ratio :ki/kn,/L/k where L and h are the length and the width of the
cross-section and K, and kj, are vertical and the longitudinal permeability,
respectively

Npe.= Peclet number:v/LK; where v and K are interstitial velocity and the longitudinal
dispersion coefficient, respectively.

tp== dimensionless time

ti=time step i, where i=1,2,3,...

Vpp= the Dykstra- Parson coefficient of variation

xp= dimensionless distance

xj=array i consists of lengths of the mixing zone for each grid layer of the model at t;
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Axo= dimensionless correlation length in the x-direction
A.p= dimensionless correlation length in the z-direction
pr=the correlation coefficient function

M°= mobility ratio

252



Table 7.1: Specifications of the simulation models (Sorbie et al., 1994)

Run | Vpp | Axp | Azp M* R N pe
1 0.5 0.024 0.024 1 1 80
2 0.5 0.024 0.024 10 1 80
3 0.5 0 0 6 240
4 0.85 0 0 1 6 240
5 0.5 0 0 10 6 240
6 0.85 0 0 10 6 240
7 0.85 0 0 10 19 240
8 0.85 0 0 10 30 240
9 0.85 0 0 10 60 240
10 0.833 0.025 0.025 1 1 160
11 0.833 0.025 0.025 1 60 160
12 0.941 0.025 0.025 1 1 160
13 0.941 0.025 0.025 1 60 160
14 0.833 0.025 0.025 3 1 160
15 0.833 0.025 0.025 3 60 160
16 0.941 0.025 0.025 3 1 160
17 0.941 0.025 0.025 3 60 160
18 0.718 0.05 0.05 3 1 160
19 0.718 0.05 0.05 3 60 160
20 0.865 0.05 0.05 3 1 160
21 0.865 0.05 0.05 3 60 160
22 0.757 0.1 0.1 3 160
23 0.4 0.025 0.025 10 160
24 0.4 0.025 0.025 10 60 160
25 0.6 0.025 0.025 10 1 160
26 0.6 0.025 0.025 10 60 160
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Table 7.2: A comparison between visual identification and the flow pattern-assigned
values. F, C, and D represent fingering, channeling, and dispersive flow
regimes, respectively (Sorbie et al., 1994)

Run | Numerical value | Visual identification
11 -0.0948 D
21 -0.0823 D
10 -0.0589 D?
4 -0.0570 D
26 -0.0430 D
13 -0.0413 D
24 -0.0292 D

3 -0.0276 D
18 -0.0200 D

1 -0.0171 D
15 -0.0118 D
9 -0.0043 D
5 0.0019 F
14 0.0100 F/ID?
25 0.0120 F

2 0.0237 F

6 0.0271 F
17 0.0439 D?
7 0.0514 F/ID
23 0.0758 F
19 0.0828 D/C?
16 0.0841 C?
8 0.0903 F-D
12 0.1243 C?
20 0.2197 C
22 0.392441974 C
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Figure 7.3: The plot illustrates the solvent dimensionless BT expressed in the reservoir
pore volumes as a function of flow pattern values. The results are erratic except for small
cross-flow where a strong correlation exists. As the pattern value increases, an earlier

breakthrough occurs and, consequently, a poor displacement performance is realized
(unfavorable)
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Figure 7.4: Evolution of the mixing zone in Run 17 under the VE condition; the rate at
which the mixing zone grows varies during the displacement
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Figure 7.5: The development of the mixing zone in Run 22 with small cross-flow for the
pace at which the mixing zone’s growth stays almost constant during the
displacement

Solvent Concentration
T T T T Run 22

T T T
v 10 120 130

9960

Injection Well Production Well

9970

0.172
I0155
0137

% 0120
_>=  The solvent concentration
g 0.088 - _
... profileattp=0.14
- o 0.052
H g
° - 0034
0017
_: 0.000
D‘U 1;0 2‘0 3;0 4‘0 50 E‘D 7.‘0 alo 2.0 100 1.0 ﬂ‘U |3I.D Solvent CO"centratio"
7 Run 22 —T T T
o0 10 20 30 40 £l N ou v wy 1.0 120 130 |
E Injection Well Production Well & 1
£ § § . 0172
£ E 0155
E 1 Mo1ar
£§ 2
e g E 0120
- - E 0.103
The solvent concentration profile at =l .
tD:027 ; g 0069
Fa o 0052
g g
Fe = Bloos
E E 0017
Solvent Concentration = 0000

T T T T T T T T
00004

10 20 30 40 50 60 70 8O 90 100 110 120 130
Run 22 h L N i | I i h i

T T T T Y P S e
00 10 20 30 40 50 ou  su  ou WU wu 1o 120 130

Injection Well Production Well & -

0172

0.

&

The solvent concentration profile at
T 1p=0.42

0120

0.108

0.086

0.069

0.052

0.034

0.017

00 10 20 30 40 50 60 70 B0 80 100 110 120 130

259



Missing oil (pore volume) at ty_,;

y =-2.724x%+1.0755x + 0.257

R?=0.8732
o
*
™ .&2 = All Data
Favorable flow 0.15 # Limited cross flow
%_
Unfavorable flow
0.1
0.05
-0.1 -0.05 0 0.05 01 0.15 0.2 0.25

Flow Pattern Value

Figure 7.5: The missing oil (the remaining oil after 0.7 pore volume solvent injection) as
a function of flow pattern values; a strong correlation exists only when the cross-flow
becomes small.
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Chapter 8: Contributions and Recommendations

This chapter lists the main contributions of research described in this dissertation

and offers recommendations for future research.

8.1 MAJOR CONTRIBUTIONS
e The method of characteristics (MOC) solution of the mass conservation

equation of a component in two-phase flow through permeable media is

derived in the presence of compressibility (Chapter 2).

e A graphical procedure is proposed to evaluate the CO, storage capacity of a
one-dimensional (1D) saline aquifer because of the capillary and dissolution
trapping mechanisms (Chapter 3).

e The Walsh and Lake (WL) method is extended to predict the displacement
performance of degraded miscible floods in the presence of weak cross-flow
(Chapter 4).

e We decouple the convective spreading from local-scale heterogeneity for
heterogeneous reservoirs with no cross-flow between layers. In addition, an
analytical solution is derived to determine the averaged concentration as a
function of the problem parameters. Furthermore, the fraction of layers in
which the mixing grows faster than the dispersive flow regime is determined
analytically as a function of the Koval factor and input dispersivity (Chapter

5),
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e The numerical dispersion coefficients are determined when flow velocity
varies with distance. The off-diagonal elements of the numerical dispersion
tensor double when the flow velocity changes with distance. A specific
simulation configuration is examined successfully to verify the off-diagonal

coefficients (Chapter 6).

e The flow becomes more dispersive with distance travelled if there is
convective cross-flow. In addition, local mixing increases with the convective
cross-flow between layers (Chapter 6).

e A numerical indicator is presented to examine the nature of miscible

displacements in heterogeneous permeable media (Chapter 7).

8.2 RECOMMENDATIONS FOR FUTURE WORK

The following is a list of topics for future research to expand the technical work
presented in this dissertation:
e Extension of the derived MOC solution in Chapter 2 to
o multicomponent multiphase flow
o reactive flow
e Extension of the graphical method presented in Chapter 3 in the presence of
compressibility
e Extension of the WL method in the presence of compressibility
e Decoupling of large- and small-scale heterogeneity in the presence of cross-flow

using a similar treatment as in Chapter 5.
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Appendix A: Convection-Diffusion equation

A dimensionless form of the one-dimensional CD equation can be written as (Lake,

1989)
ap
2
acD+8cD= 1 GCZD (A-1)
oy, %, | Ny | X

where dimensionless parameters for the equation are defined as

c—-C,
CD = y (A_Z)
c, —C,
ut
t, =—, A-3
> =L (A-3)
X
XD = El (A-4)
1 K
ERN o
\ uL

where cp is the dimensionless concentration normalized to the initial-injection
concentration difference, tp is the dimensionless time (P.V. injected), xp is the
dimensionless distance (normalized by the length of the reservoir), Ky is the longitudinal
dispersion coefficient, and Np, is the Peclet number. The Peclet number is the ratio of
convective to dispersive transport. Thus, for large Peclet numbers, convective transport
dominates over dispersive mixing, and for small Peclet numbers, dispersive mixing

prevails.
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As discussed in Chapter 6, from Eq. (6.7) for larger interstitial velocity than 3 cm/day,

Eq. (A-5) can be written as

(A-6)
Furthermore, the exact solution of Eq. (A-1) under the following boundary and initial

conditions becomes

C,(%,0)=0 @ X, >0
Co(0t,)=0 @ t,>0 =

(A7)
c,(0ty)=1 @ t, >0
— *pNpe
o (Xpto) “Lerge| Xolo |80 orpe| Xotlo |, (A-8)
2,6 |2 T, [
NPe NPe
where erfc is the complementary error function given by
erfc(x) =1—erf (x) ,
and
2 ¢
erf (X)=—=|e " dx.
7l
However, an approximate commonly-used solution of Eq. (A-1) is expressed as
-t
cD(xD,tD)=%erfc[XD—DJ :
2 o t, (A-9)

Equation (A-9) can be used to determine local mixing (dispersivity) from the

concentration history plots. Knowing the dimensionless concentrations as a function of
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dimensionless time and distance, we determine ap from Eq. (A-9). To do so, we
rearrange Eq. (A-9) as

slope

erfcl(ZCD)z[ 1 JXD_tD. (A —10)

2\Jop \/E

Furthermore, incorporating Eq. (A-6) into Eq. (A-10) yields

slope

1 Xy -1,
e

Hence, the longitudinal dispersion coefficient can be obtained from the slope of lines

erfc™ (2c, )= (A-11)

. Xp—1
constructed on the plot of erfc™(2c,,) as a function of —2=".

NN

In addition, the solution of 2D convection-diffusion equation (Eqg. (6.8)) subject to the

instantaneous point source for a homogenous permeable medium is given as

C(X, yvt)_LeXpl:(XVt)z Y2 ]

4rt K K, 4Kt 4Kt

, (A-12)
where ¢y is the tracer concentration at the source point and A is the volume per length of
the source. Furthermore, v is the magnitude of total velocity.

The mixing zone length at any direction is determined through finding the distance

. c c
between the locations where cp =—=0.1 and ¢y =— =0.9 occur. Hence, we evaluate
Co Co
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the mixing zone along the line x =y (the bisector of the angle between x- and y-axes)

using Eq. (A-12).

. C . . .
From Eq. (A-12), the location wherec— =0.1 occurs along the bisector is obtained:
0

(vtKT)+J—KLv2t2KT (K + KL)In[W](4KLKTt)

A
XlCD=0-1 - (kT +KL)
(A-13)
Similarly, for cp =0.9
(VtKT)+J_KLV2t2KT_(KT+KL)|n[WJ(4KLKTt)
lep-0 (kt+KL) '
(A-14)

In addition, if the longitudinal and transverse dispersion coefficients are assumed to be

the same, the length of the mixing zone along the diagonal direction becomes

2,2 2,2
Ax:\/—v t _2Kt|n(4(0.9)ntKj_\/_v t _2Kt|n[4(0.1)ntKJ
4 A 4 A

(A-15)
The first term under radical sign in Eqg. (A-15) can be eliminated in comparison with the
second term as A is very small and the second term under the radical sign becomes much

larger than the first term. Hence,
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AX = \/—2Kt In [WJ —J‘ZKt In [WJ (A-16)

Rearranging,

ax = [K[-2t(In(11.3t) +InK~InA) | - K[ -2t(In(1.25t) + K ~In A)
(A-17)

InK and InA are usually very small compared to In(11.3t) and In(1.25 t); therefore, the
length of the mixing zone along the diagonal direction (line x =y) is proportional to the

square root of the dispersion coefficient,

Ax ~JK.
(A-17)
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Appendix B: Heterogeneity
With the probability distribution function f(z), known for a continuous random

variable Z, the r' moment is defined as

o= T 2'f(z)dz (B-1)

where r is a non-negative integer. Hence, the first non-centered moment (i.e.,, r = 1) is

referred to as the expected value of E(Z) defined as

E(Z) = Tz f(z)dz (B-2)

Similarly, the second-order centered moment, known as the variance, becomes

Var(z) = f (z-E(2))* (2)dz (B-3)
or
Var(2) =E(Z*) -[E@T (B-4)

In addition, the auto-covariance is a measure of how strongly a property Z (e.g.,
permeability) at location X; is related to Z at location ;. In a spatially correlated medium,
a strong relationship is expected for x; and x; that are close together. The auto-covariannce
between data Z; and Z; is defined as

Cov(Z,,Z)) =E(Z.Z,)-E(Z)E(Z,) (B-5)
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The correlation length is a measure of the auto-correlation extension so that a data set
with a large range is strongly auto-correlated. As A and A,p approach zero, auto-
correlation vanishes in both the longitudinal and transverse directions, respectively.

The auto-correlation coefficient between data Z; and Z; is the auto-covariance of Z; and Z;
normalized by dividing by the variability of Z; and Z; (Jensen et al., 2002):

Cov(Z;,Z)

p(zilzj = 2 (B'G)
[Var(Zi)Var(Zj)J
where Cov(Z;,Z;) and Var(Z;) are the auto-covariance and variance, respectively.
Furthermore, the semi-variance (generalized variance) is defined as
2Y(Z,,Z)=E(Z,-Z)° (B-7)

Assuming second-order stationary holds, all moments are invariant under translation
and become independent of position. Therefore, the auto correlation and semi-variance
measures become a function of a single argument:

V(Zi,Z..) = v(K) = v(kAh)

Cov(Z,,Z,.,,) = Cov(k) = Cov(kAh) , (B-8)

p(ZiZ;,i) = p(k) = p(kAh)
where KAh s the separation distance/lag distance. Second-order stationary allows a

graphical representation of the autocorrelation measures. Furthermore, a simple

relationship between the auto-covariance and the semi-variance is possible as

y(h) = 6* —cov(h) (B-9)
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Heterogeneity and variability are often used interchangeably. Heterogeneity is the
property of the permeable medium that causes the flood front to distort and spread as the
displacement proceeds. As permeability heterogeneity increases, distortion increases.

The common measure of permeability variation used in the petroleum industry is Vpp, the

Dykstra-Parsons coefficient (Dykstra and Parsons, 1950):

_ kso% B k16%
Vor == —— (B-10)

k50% !

where Ksog, is the median of permeability distribution and kiey is the permeability value
that is one standard deviation below Kksoy. Vpp is zero for homogeneous reservoirs and
one for the hypothetical “infinitely” heterogeneous reservoir. Vpp is also called the
coefficient of permeability variation; other definitions of Vpp involving permeability-

porosity ratios are possible (Lake, 1989).
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Appendix C: Scaling Analysis for Simultaneous Water-and-Gas
Injection

This chapter presents the order-of-one 0(1) scaling analysis and provides a unique set of
dimensionless scaling groups to assess the displacement performance of simultaneous
water and gas (SWAGQG) injection. For the first time, we consider the effects of water
salinity, the dissolution of solvent in the aqueous phase, and the complexity of injection
and production wells’ configuration on the performance of miscible displacement; we can
study their impacts on the performance of miscible displacements through a comparison
of the obtained dimensionless groups.

Generally speaking, o(1) scaling analysis is useful when the objective is to
identify approximations that are allowed for a particular transport phenomenon. The
outcome of this study helps reduce the required number of parameters to be considered in
the design process of SWAG injections.

We implement the o(1) scaling analysis into the system of governing equations
using an eight-step procedure described by Krantz (2007). Each variable in the system of
equations is replaced by an appropriate scale and reference factors. We further determine
the scale and reference factors by ensuring that the resulting dimensionless scaling groups
remain within o(1).

Our analysis suggests that o(1) scaling yields a unique set of 45 independent
dimensionless groups for a three-phase five-component SWAG displacement in a two-

dimensional anisotropic permeable medium. Through this study, several new
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dimensionless groups are identified such as the salinity number, compressibility group,

density-molecular weight group, viscosity-molecular weight and perforation groups.

MATHEMATICAL BASIS OF SCALING ANALYSIS
Scaling analysis is an application of a subset of the Lie group theory. In mathematics,

group theory concerns the algebraic structures known as groups. Algebraic structures are
defined as one or some sets (a collection of distinct objects), closed under one or more
operations satisfying some axioms (from which other statements are logically derived).
Furthermore, in mathematics, a set is defined to be closed under an operation if the
performance of that operation on members of the set always produces a unique member
of the same set; for more details on the Lie group theory, see Steeb (2007).

The basic idea in o(1) scaling analysis is to substitute dependent/independent
variables in the governing equations with new terms. Therefore, a prerequisite of the
scaling process is knowledge of the governing equations. The scaling yields interesting
insight into the relations between the parameters and variables without solving the
equations. The non-dimensionalizing process yields a system of dimensionless equations
representing the minimum parametric description of the process; i.e., the solution will be
only a function of the dimensionless independent variables and the dimensionless groups

generated by the scaling process.
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Figure C.1: Schematic of the displacement configuration (line-drive type) used by Wood
et al. (2006)
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Figure C.2: Schematic of the SWAG displacement considered in this study

ASSUMPTIONS
In this chapter, SWAG scaling analysis will be presented through a stepwise

procedure under the following premises:
1. Two-dimensional homogeneous, constant dip angle, anisotropic permeable
medium (Figure C.2).
2. The model includes an injection well and a producer well, which may have a
different orientation rather than just being parallel with the z-direction.

3. The injection and production wells can be partially perforated.
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10.

11.

12.

13.

14.

The injection well is assigned a constant rate.

The producer operates under a constant bottomhole pressure constraint.

Five components exist: two in the aqueous phase, two in the oleic phase, and one
solvent (e.g., CO,).

The oil consists of pseudo-components 3 and 4. Component 3 (light oil
component) may partition into the solvent phase, but component 4 (heavy oil
component) always stays in the oil phase.

Both the injected and the resident water may contain some salinity.

No water vaporization into the solvent phase occurs.

The solubility of the solvent (e.g., CO,) in the aqueous phases occurs.

The maximum of three phases can exist simultaneously: the aqueous phase
(subscript 1), oil phase, (subscript 3), and the solvent phase (subscript 2).

No sorption and no chemical reaction occur.

The pore space is assumed to be incompressible; i.e., rock compressibility is
assumed to be negligible.

Hydrodynamic dispersion is assumed to have the Fickian form; furthermore,

molecular diffusion is negligible compared to the mechanical dispersion.

FORMULATION
The first step of scaling analysis is to determine the dimensional-describing equations

(mass conservation equations) and their initial, boundary, and auxiliary conditions. The
formulation for the mass conservation for simultaneous injection of CO, and water

contains two fundamentally different forms: overall composition balances and the phase
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conservation equations. We consider the overall mass conservation equation for N¢-1
components, the continuity equation, and Np-1 phase conservation equations; N¢ and N,
are the number of components and the phases, respectively. It is required to ensure that
the problem is completely determined. Two-dimensional five-component three-phase

flow is governed by the following conservation, continuity, and constitutive equations.

Overall composition balances

The overall composition of component i represents the sum of component i in all phases.

In this study, there are four overall compositional equations that are independent:

o (p0,S)) + A(p10,,Uxi) + (p10,Uz) _ (aLUil + u’Tuil) O*pyooy _ (aLuil +a.U x1) o pl(’)n _

ot OX 0z U, ox? U,
(C-
(P05, S) | APy, Uyy) | (P05, U1) _ o, U, +aU% o’ pl(‘051 o U +a U 62p10351 -0
o + + ( ) —( )—— =0.
1) ot OX 0z U, U, 0z
(C-2)
o O(P30455;) n O(P30,53Uy;) n O(P30453U ) _ (G’LU§<3 +o, U3, ) O*P30y _ (O‘LU§3 + O‘TU§<3) %P0y -0.
ot oX oz U, ox? U, oz’
(C-3)

A(Pr®xS; +P,0,,S,) n AP0y Uyy +p,0,,Uy,) " (P, Uz +pr00,U5,) _ (OLLU>Z<1 +aUZ ) Gl 910)21
ot OX 0z U,
Q‘LUiZ + a‘TUEZ ) azpzwzz _ (O“Luil + 0‘TU§<1 ) 62p10)21 B (al_Uéz + OLTU§<2 ) 82p20)22
U, ox? U, forad U, forad

¢

=0.

=

(C-4)

276



To facilitate the derivation procedure, we consider c; =p,o;for the remainder of this

study. Hence, cjjis defined as the mass of component i per volume of phase j.

Phase conservation equations

There are two independent phase conservation equations as
(p,S,) + a(p,Uy,) + (p,Y,) _

o - BX P M1
(C-5)
o (p.S,) + 9p:Yy:) + 0p-Yz0) =22 T Tngz
ot oX oz (€-6)

where ryij represents the rate of mass transfer between phases owing to condensation and

vaporization.

Continuity equation

The continuity equation as the sum of all phase conservation equations is expressed as

¢6[p1 Sl +p2$2 +p3S3:| 4 a(plum +p2Ux2 +psux3) 4 a(p1U21 +pzuzz +p3Uz3) _
ot OX oz

0.

(C-7)

Initial condition

The initial oil saturation in the reservoir is known; in addition, we assume that there is no
solvent phase (gaseous phase) initially present in the reservoir. Moreover, the salinity of
the resident brine and the composition of pseudo-component 4 (heavy oil) are known.

Hence,

N
W51 = W5y

|
S3 =355 (C-8)
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Injection composition

At the injection inlet, we assume that the salinity of the injected water and the

composition of the solvent in the gaseous phase are known.

{mﬂ = ol {dlsmBSXS (d; +w;,)SinB andts0

®,, =1.0 d, Cosp <z <(d, +w,)CosP (C-9)

Definition of mass fraction and saturation

Following the definition, the summation of mass fractions (wj) within each phase
becomes unity; likewise, phase saturations add to one:
S5, +S,+S,=1.0

o, + 0y, +0, =10

®y =1.0 (C-lO)

Wy + 0y + 0,3 =1.0 .

Determined initial and injected phase viscosities
In addition, we assume that the fluids’ viscosities are known at the initial and injected

conditions:
W= Hl @t=0
M3 = Hls @t=0
W, = @t > 0&injector. (C-11)

Salting-out effect
We assume that the salinity can be present in both injected and the resident aqueous

phases. Furthermore, the solubility of injected solvent (CO,) in water is considered as one

of the miscibility-degrading factors as it reduces the solvent efficiency to extract oil.

278



The impact of an aqueous electrolyte phase on the solubility of a non-electrolyte gas is
reported as the Sechenov salting-effect. The aqueous electrolyte may increase the gas
activity coefficient and, thus, reduce the gas solubility. This phenomenon is called salt-
out. The salt-in process is a similar phenomenon, but with an inverse impact that reduces
the gas activity coefficient and increases the gas solubility. Sechnov (1889) proposed the

following general empirical equation:

HPure
log——) =K_M

sal sal

brine (C_12)
where Hprine and Hpure are Henry constants for brine and pure water, respectively. Ky is

the Sechnov coefficient and M is the molality of the salt (solute).

Effect of pressure on the solubility of the solvent in the aqueous phase
The experimental results indicate that the solubility of CO, in an aqueous phase increases

linearly with gas pressures greater than 2000 psi (Kumar, 2004; Hangx, 2005). Hence, the

volume of dissolved CO; is linearly correlated with the gas pressure:

Ou _ AP, +B,
P2 (C-13)

where £2 is the Vol.dissolved CO,

. Experimental results show that for T=160°F, A and B
P, Mass Water

are 0.0016048 and 21.6, respectively. However, similar results are obtained for different

temperatures. Therefore, the differential form of Eq. is expressed as
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d(*2)

D1y _ Po _
d(p—z)—Ad(Pz) = —d(Pz) A

Top and bottom no flow boundaries

U, =0 wherej=1.,N, @z=0,z=H  Vxt,wheret>0.

No flow boundary condition is applied at the bottom of the reservoir; therefore,

U,=U,, =U;; =0 @z=0Vx,t,wheret>0 .

UIZZU12D =0
UypsUssp =0  @Z,Zy =0 VX,t,wheret >0.
U;ZZUSZD =0

Likewise, the top of the reservoir is subjected to the no flow boundary condition:

Uy;=U,;, =U;; =0 @ z=HVX,t,wheret>0 .

UpzUizp =0
87

U%7Usz0 =0 @ Z, =|:i*} VX, t,wheret>0.
2

U;ZZU3ZD =0

Constant pressure producer constraint

We assume a constant bottomhole pressure constraint for the producer.
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(C-15)

(C-16)

(C-17)

(C-18)

(C-19)



_ L-(d, +w2)Sinp <x <L-d,Sinf
P. =P, +p.gCoso(H-d,Cosy—Z) @ andt >0,
! ! d, Cosy <z <(d, +w,)Cosy
(C-20)
where the average density is the flux average density in the production well:
H-d;Cosy
p;u,dz
PU, = T forj=1,2,3.
WZCOSY (C'Zl)

Capillary pressure equation
Using the Leverett J-function, a dimensionless function, the capillary pressure between

phases are considered as

P, —Ps =j(5)51k\E where j,k=1,.N, and j=k.
(C-22)

Constant rate injector
We further assume a constant rate constraint for the injector. Hence, the following

relations between injection rates are defined:

“:1 =U; :{uu -UlCosp {uzX — UlCosp {dlsin[} <x<(@+wsinp
u| = U u,, = U’ Sing u,, = UJ Sinp d, Cosp <z <(d, +w,)Cosf
(C-23)
Furthermore,
tj—;:WR, uj+U =U,,
(C-24)

where Wr is the WAG ratio defined as the ratio of injected water to that that of the gas

phase expressed in reservoir units.
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Darcy’s law
We assume that Darcy’s law is valid for multiphase flow:

u =—h,ke(VPi—p,g) where j=1.N,,

(C-25)
where,
= kr' = k: =
Ak =—"Lk=—"f,(s)k,
Mo K (C-26)
Initial reservoir pressure
An initial pressure of P; is considered for the oil phase at the datum z=0:
P, =Pi @t=0 and z=0.
(C-27)

Relative permeability
A typical form of relative permeability models consists of a constant endpoint, k;°,

multiplied by an arbitrary dimensionless function of saturation as
k;=k;fo(s;) where j=1.N,.

(C-28)

Fluid viscosity
We consider a constant value for viscosity of the aqueous phase and variable viscosities

for the oil and gas phases. The viscosity of gas phase is usually much smaller than that of
liqguid phase; hence, the gas will tend to dominate the flow if it becomes

mobile(sg>sgcrit). However, the gas phase viscosity increases as the miscibility

develops owing to the dissolution of oil component into the gaseous phase. The viscosity

of gas phases increases until the gas and oil viscosities become equal. This is where
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miscibility has been achieved. Therefore, we consider the following relation for the gas

viscosity:

W, = H;gXZ\/M_Qz"'H;,ng\/M_;.
i Xz\/M:;+X3\/M=;

(C-29)
In this study, SWAG injection is considered as an isothermal process; therefore, we take

the pure viscosity of components ( ;) as a parameter, not a variable.

On the other hand, the oil phase viscosity varies because of the mass transfer between

phases. We consider the following logarithmic mixing rule for the oil viscosity:

Ne
Inp, =>"x, ln(u?,o)=i Tis N (M50 ) = %zs N (M0 ) +2ss 1N (150 ) + 25 1N (a0 )-
i=2

=1 (C-30)
The pure viscosity of each component in the oleic phase p;,can be measured directly or

estimated from the existing correlations or tables.

Relations between mole and mass fractions
The mole fraction of component i in phase j has the following relation with the mass

fraction of that component in the same phase:
M (C-31)

where the oil and gas average molecular weights are defined as

M3 =X23M; +X33M; +X43M: ) (C 32)
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M; = XzzM; +X32M;- (C 33)

Mass Density
Liquid densities (water and oil) are obtained through the concept of an ideal mixture:

1 (o) [0 , Q)
z n_Ou On ) On
it Piw Pu  Ps Pa

Ois _ Do | O Dus (C-34)
Pz =t Piz P2z P3z Pags

Since the flow occurs the isothermal condition, the density of component i in the oleic
phase is only affected by a change in the oleic phase pressure. The following relation
represents the density variation because of the pressure change:

p, =p,; (L+CAP), where i=3,4
(C-35)

In addition, the density of water and salt components are assumed to be constant during
the displacement.

Gas density can be calculated as:

— I:)2 M Gas
ZRT,, (C'36)

P2

The gas compressibility factor, Z, is a function of both temperature and pressure.
However, it will be solely a function of pressure as here we study isothermal gas
injection. Therefore,
Z=f(P,T,) e ,7=f(P),

(C-37)
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where P, and T, are reduced pressure and temperature, respectively. Furthermore,

Z=7°F(P). (C-38)

Mass transfer between phases
The following relations represent the mass transfer between phases:

Mna1 = 0Ky (0,0,,S, —p,0,,S,)
Mmaa = —0K1 (P202,S, = P,0,1S;) = Ky (p,0,,S, — p30,5S;)
M3z = 0K, (P3055S; — P, 05,5,), (C_39)

where K; is the mass transfer coefficient of component i in phase j. If the flow becomes

fully immiscible, the mass transfer terms in the phase conservation equations will be

Z€ero.

IMPLEMENTATION OF THE TECHNIQUE
In step 2, we define a scale and a reference factor for each dependent and independent

variable. These factors establish linear transformations from dimensional to

dimensionless space.

Mass fraction of component i in phase j
0 = Q)IlZ(DllD + (DIM
Wy = 03212% + 03;11
0 = 0);120)510 + (’);11
O e
0z = (D;ZZO‘)32D + 03;21 (C-40)
0y = ®;32®23D + 03;31

W33 = W35, Wg3p + Wggy

Wy3 = W3 W0y3p + Dy .
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Average molecular weight of phase j
Mi = M,M,, + M},
Mz = Mj,M,, + M},
Ms = M5,M,, + M}, (C-41)

Mass of component i per volume of phase j
Cn= CIlzan + Czn
Cxu = C;lZCZD + C;n
Csy = C;12(:510 + C;ll
Cp = C;ZZClZD + C,2k21
Cyp = C;22C32D + C;n (C-42)

Ca3 = Cp5Cop T Co

C3 = C335C43p +C55;

Cu3 = CyzCysp TCusy .

Mole fraction of component i in phase j

Yar = K Xaro + Xana
o1 = Lo Koo + Xons
Tst = XoraXs1o T Asit
Yoz = Xzzlzo + Xz
s = XazoXazo + Aozt (C-43)
Yooz = LKooz + Aot
Yss = AasXsan + Xast

Xas = Aaz2Xazp T Azt )

Average molecular weight of phase j
M: = Mj,M,, + M},
M2 = MM, + M},
Ms = M,M,, + M, (C-44)
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Saturation of phase j
S, =SS, +S,
S,=S,,S,, +S,,

S, =S,,S, +S;, .

Density of phase j
P = Pizpm + PL
P2 = p;zPZD + le
P3 = P;ngo + p;l

Density of oil components in the oleic phase

{psa = pgazpaw + p;31

Paz = PzoPazp T Paz

Phase pressure
P = P:L*ZplD + Pl*l
P, = Pz*zpzo + P;l
P, = P;2P3D + P;l

Darcy velocity in the x-direction
Uy = UIZXUIXD + u;x
Uy = UZZXUZXD + u;1x

Ugx = UgpxUsxp + Ugix

Darcy velocity in the z-direction
u, = UIZZUIZD + u:lZ
Uy, = u;2zuzzD + u21z

Uz, = UgpzUszp +Ugpp
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(C-46)

(C-47)

(C-48)

(C-49)

(C-50)



Injection rate
U = UIzUm + UIl
U, = U;ZUZD + UZl
U, = U;ZUSD + U;l

Independent variables
X =X,Xp +X;
Z =2,2,+12,

t =tt, +t;

Phase viscosity
Wy = HIz Hip
H, = P«;z Hap
Hs = ng H3p

Mass transfer rate between phases

r r i
m21 7 Y12 maip m211
r r i
m22 7 Vo2 ma2p m221
r r* *
= +
m32 m322  m32D m321

(C-51)

(C-52)

(C-53)

(C-54)

Next, we determine reference factors for all variables (step 3). The parametric

representation of the governing equations will involve an additional unnecessary

dimensionless group if this step is not done properly;

in other words, non-

dimensionlizing should not change the original form of the equations. Hence, the

dimensionless form of the variables becomes:
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Mass fraction of component i in phase j

o, = 03;120)110

Wy = ('0;12(’02D

W5y = wglzmsm

Wy = (‘0;22(‘012D

W3, = Q)ZZZQ)SZD

0,3 = CO;326‘)23@ (C-55)

*
33 = W33, WD33p

Wy3 = Wy35Wy3p

Phase pressure
P, =P.P, +P,
P, =P,P,, +P,.
P, = PP,y + P, (C-56)

Density of phase j
P1 = PraPip +P;
P2 = PP +P>
Ps = PaPap +P3 (C-57)
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Mass of component i per volume of phase j
Ci = CI12C11D
Cox = Czlzczo

51— C;12C51D

12 = C$1k22C12D

22 = C222C1op

*
23 = C23,C03p

C
C
C
C3p = C3p0Cap
C
Ca3 = C355C3p
C

*
43 = C432C43p

Mole fraction of component i in phase j

a1 = Yo Xato
o1 = Lo Xoo
st = As12Xosio
Yz = AaoaXaon
K22 = Ao Xaoo
Kao = XanaXaoo
Yas = KXoz Xoao
as = Xz Xaso

X4z = Xa32X 43D

Average molecular weight of phase j

M1 = Mzleo
MZ = M;ZMZD
M; = M;2M30
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Saturation of phase j
Sl = SIsz + Slr
Sz = S;ZSZD
83 = S;,zsso + S3r

Density of oil components in the oleic phase

{pss = pgszpsso

*
P43 = Pa3z2Pa3p

Darcy velocity in the x-direction

*

1x = UppxUixp

[

*

ax = UpxUsxp

c

*

Ugx = UgpxUsxp

Darcy velocity in the z-direction

*

[

12 = UpzUizp
N

22 = UpzUszp

[

*

3z = UgpzUszp

[

Injection rate
U, = UIzUm
U,= U;ZUZD
U, = U;2U3D

Independent variables

2D
z =2,2,
t =tt,
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(C-61)

(C-62)

(C-63)

(C-64)

(C-65)

(C-66)



Phase viscosity

W= HIz Hip

W, = HZz Hap
Mg = ng H3p (C-67)

Mass transfer rate between phases

*

rm21 = r.m212 m21D
r r
m22 7 Tipp ma2p
*
_ (C-68)
rm32 T ez rmSZD .

In step 4, we incorporate scale and reference factors into the variables’ expressions to
determine dimensionless variables. Next, we introduce the derived dimensionless
variables into the describing and constitutive equations (step 5). Through this process, we
use the chain rule to recast the equations in terms of the dimensionless variables; the
chain rule is used when a derivative of dimensionless variable is involved. Furthermore,
we divide through by the dimensional coefficient of one of the terms in describing

equations (step 6).

Overall composition balance for Component 1

o (p,y;S,) + (P Uyy) " o(p,oyUyz) _ (OLLU§<1 +o, U ) azpl‘”ll _ (G‘Luél +o.U ><1) o plwll -0
ot OX oz U, U,

(C-69)
The substitution of piw11 with ¢y yields
(I) 8(Clls]_) + 6(CllUX1) + 6(CllUZl) _(O“Luf(l +(X‘T Zl) 6 Cll (aLuil +(XT Xl) 8 Cll —
ot OX oz Ul U1 ) (C-?O)
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Incorporating the dimensionless form of the variables into Eq. gives

¢Cm Sl? 6(Cnole) T ¢C:12 SIl 5(011[))

* *

t o, t oty
+CuzUX12 a(CnD ><1D) UZl? a(CnDUzm)
x; OXp z; oz
2 * 2
_ UX12 (UX1D ) d%c Ciip _ an UZlZ T (UZ1D ) d%c Cup
211" 2 *2 2
X,"U, Up ~ 0Xp X, U12 Up = 0Xp
T ) T )
_CuzU212 o (Uzm) 11D _ anUXH e, (Uxm)a 1D _
SU SUL Uyl az)t
Z,° Y, D Z, 1D Zp

Dividing through all terms in the equation by the first term gives

6(011[,51[,) ¢t ansll a(CuD)
oty ¢t C S12 oty

t CuzUXIZ a(CnDUxm) t CuzUZlZ a(CuDUzm)
T Sox. oy oC S,z ez

112 112

_t UX12 o, Uf(D aZCMD _ tZUZlZ o, Uio)azcuo

0S;,x ZZU Up ™ X D2 ¢812X22Uj Up 6XDZ
_t UZlZ o, Uio o CllD t*U:ﬂZza Uf(D o CllD

Suz U Uy a2yt 98,70 U 22 O
¢122 1D D ¢122 1D D

The following identify scaling groups:
a(CllelD) + S_I]_ a(cllD)
atD SIZ atD

t CuzUX12 a(CllDUxm) t anU212 a(CuDUZlD)
¢C SpX, X ¢CmSuZz 0z

* 9 = 2
t CmUXlZ o, (Uim)a CllD _ CmUZIZ o ( zm)a C11D
¢cmslzx*zu Up * oxp>  ¢C SLx°UT " Uy, oxy’

112

t anUZH o, (Uim)a CllD _ t;C:u U:ﬂ? o, (Uim)a CllD
¢C Spz UL Uy oaz,t ¢C S,z,°U0 T Uy, Tz

=0

The derived dimensionless groups will be
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1

a(C:llelD) + |:S_I]_:| a((:llD)
<

6tD 12 atD
2 3
{t HU } 3(CupYsap) {tzgzlf } (CupYzip)
0SLx, | ox, sz, | ez
—t — (C-74)
_{ t;U;lzzaL }(Uim ) 6 C11D _|: tZU*ZlZZOLT :|(U§1D ) 6 CllD
08, °U, | Uy © %" [ 957U | Uy, T 0y
PR S, —_
_|: t;U*lezaL :l(UZD ) o CllD _|: t;U;Hzar :|(U§<10 ) 82C11D =0
¢SIZZ;2U; UlD GZDZ ¢SIZZ;2U; UlD 6202

Overall composition balance for Component 5
(I)a(plelsl) + O(p05YUyy) + 0(p105,U7) _(al_Ufu +o.U z1) o’ plo‘)Sl (OLLU; +o.U x1) o 910351

=0
ot OX oz U, U,
(C-75)
The substitution of psws; with cs; yields
o o(cs,S,) n o(cs,Uy) n o(cs,Uy) _ (aLuil +a.U 21) o’ C51 (O(’Luél +O(‘TU§(1) 82(:51 -0
2
ot OX oz U, U, oz (C-76)
Incorporating the dimensionless form of the variables into Eq. gives
(l)c;zSIZ 6(051D81D) ¢Csnsll a(csm)
tZ oty t, o
UXiZ a(C51D XlD) c, 512 U*ZH a(CleUzm)
X, OXp z, 0z
C UXlZ a, (UX1D) 51D _ C UZl? o, (Uzm)@zcsm (C'77)
22U1 1D D 22U1 1D aXD2
- C:u U*Zl2 o, (U;D) d’c 51D _ C:lz U;12 e, (Uim ) d%c Cs1p =0
z,’U z,° 2’V Up ~ 0z5°

Dividing through all terms in the equation by the first term gives
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a(clele) + d)t 0512811 a(csm)
atD (])'[20 812 6tD

t CquXH a(csm XlD) +t CquZlZ a(CuD ZlD)

¢cm S X, OXp q)cs12 SpZ, 0z
_t UXlZ a, ( XD)62C51D _ 6 UZlZ a, ( 20)620510
$S;,x 22U Xb 0S;,x 22U Xp

t U212 . U, o%c Csip t2Ux12 a UL 620510

ZD T XD

- o =0

¢812 22U (UlD) 8 2 (])SQZZZUH (UlD) aZD2
Rearranging the equations gives
a((:51D51D) +S_I1 a(CSID)

atD SlZ a'["D

+t C U><12 6(051D XlD) t, C512U212 a(Csm zm)

¢cm S, X, OXp ¢cm S,,Z, 0z

t CquXH OL U§<1D azcslo t CsleZQ OL U;lD azcle

e SLxUT (U ) axD2 _¢cmsux’;zu (U ) axD2

tzcslz UZlZ (XL ( Z].D) 51D _ t2(:512 UXlZ a'r ( XlD) 51D —
*2 * g 72
(I)C SlZZ U D (I)C SlZ 2 U D

Identifying dimensionless scaling groups,

8

O(Ce1o810) { ’ } 9(Cao)
S,

oty 12 ot
9 10
t, Ux12 a(Csmuxm) t;U;12 8(051DU21D)
¢812 X; OXp ¢Szz Z; 0z
11 12
% 2 ok 2
_ t2UX12 o ( xm)a CSlD t U212 o (Uém)a CSlD
¢5L ;ZU Up aXD2 (I)SIZ ZZU Up aXD2
13 14
o2 o2
_ .Uz o, (U;D)azcsm _ t,Us, o (Uim)a Coip -0
¢812222U12 Up aZD2 ¢S12222U12 Up aZD2
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Overall composition balance for Component 4
¢8(p30)4333) i O(P3045Uxs) i O(p30,5U ;) _(aLU§<3 +oy zs)a p3co43 (OL U 'HXTUxa)a P30y3

7 =0
ot OX oz U, U, 0z
(C-81)
The substitution of p3wa43 With c43 yields
9(9C,3S;) n 9(CyUys) + 0(cy3Uz) B (O“Lui3 + 0y z:«s)a Cus _(O“LU§3 + O‘TU>2<3)6 Cos _ 0
ot OX 0z U, U, oz’
(C-82)
Incorporating the dimensionless form of the variables into Eq. gives
¢C432 S32 a(czlsosso) + (I)C:323;l a(CA3D)
t’; oty t’; oty
U><32 8(043[, X3D) U><32 a(Uxao)
X OXp x; OXp
+ C432 UZ32 a((:43D UZSD) + C432 UZ32 a(UZSD)
z, 0z z, 0z (C-83)
M- e g
_C432U><32 tt ( ><3D) C430 _ 432UZ32 o (U§3D)62C43D
X*ZU* Uy, © 0xy’ XZZUZ2 U, axD2
C U232 o ( zso) 43D _C432UX32 o ( xso) 43D _
22U3 U3D D 222U3 Uzo D
Dividing through all terms in the equation by the first term gives
a(C:43DS3D)+S_:,‘]_a(C:43D)
atD S32 8’[D
t CmUXIZ a(c4zouxso) t, C431U><32 a(stD)
¢CMSIZ X; X ¢C432832 2 OXp
t C432U232 a(C43DUZBD) +t CmUZ32 a(Ust)
¢cmsgzz oz 0C’ Syz, oz (C-84)

C432 UX32 a, (U§<3D ) aZszsD _ t;C::az U;322a (U§3D ) Gl C43D
COCSXPUT Uy, L X2 C SpxGiUT Uy, axy
t Cm UZSZ o, ( zsn ) i Caso _ C432 UX32 a, ( xao ) o Caso
0CS,z7UT Uy, az) 0C SyzyUl Uy, zy?

432 432

=0
The following identify the scaling groups

296



15

a(CélﬁlDSEID)_i_ S_;,i B(C43D)
oty | Oty

S32
16

[, * *
i tZUX32:|a(C43DUX3D)
| $S5,X, OXp
17
[, * *
4 t,Uzs [9(CyspYzs0)
S| e (C-85)
18 19
—R —_ R
2 s 2
_ tUxz o, (U§<3D)82C43D _ Uz o (U§3D)52C43D
| 9S:%,°U | U © axp" | 908,70 | Uy 0%y
20 21
— —_
o r 2 i 2
_ .Uz a, (U§3D)62C4BD _ Uxe o (Ui3D)62C43D =0
_(I)S;ZZZZU; Usp 6202 ¢S;2222U:2 Uy 6202

Overall composition balance for Component 2

AP0 S, +p,0,,S,) + AP0y Uyy +p,0,,Uy,) + AP0y Uy +p,0,,Uy,)
ot OX 0z
o Ujy +aq Uél) 0°p,0y _ (U‘L U, +a,U%, ) 3°p, 0y
U, ox? U, ox?
o UJ, oy Uf(l) 3*p,0y _ (aL U2, +a U, ) 3°p, 0y
U, oz’ U, forad

¢

(

— =0 .

(C-86)

The substitution of p1w21 and paw, With ¢;; and ¢y, yields
8((I)CZZLSZL +¢CZZSZ) + a(CZJLUXl + CZZUXZ) + a(CZJ_Lle + CZZUZZ)
ot OX 0z
o Ul +(X‘TU§1) 3°Cy, _ (aLUiz +a; U7, ) 3°Cy,
U, ox? U, ox?
2 2 2 2 2 2
(X,LU21+(X,TU)(1)6 CZl _(OVLUZZ +a‘TUX2)a C22 :0
U, oz° U, oz (C-87)

=

=
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Incorporating the dimensionless form of the variables into Eq. gives

¢C:1ZSIZ a(c21DSlD) ¢C Sll a(sz) ¢szzSZZ a(szoSZD)

212

t, oty t, oty t, otp
C UXlZ a((:21DU><1D) C UXZZ a(szDszo)
X OXp X, O0Xp
+C212E"212 9(CapYz0) | szzL*JZZZ 9(CypYsz20)
zZ, 0z, zZ, 0z,
C UX12 o, ( XlD)a CZlD _ ;ZU;ZZ o, ( xzo)a2 22D

*2 *2 1 1"
U 1D D X U 2D D

)
C U212 o (Uim)a CZlD _ C U222 o (Uzzo)a szo
UL U axy XU Uy Xy

_C U212 o, (Uim)a C21D _C U222 o, (Uzzo)a szo

72 772
Z, Ul Up ZD Z, Uzz Uy azD

* * 2 * * 2
C212UX12 O("r XlD a 21D 222UX22 aT XZD a 22D _ 0
e () - e () — _
Z, 2 1D D Z, » 2D D

Dividing through all terms in the equation by the first term gives
t; d)Czule a(CZ1DS1D) t, d)Clesll a(sz) t, d)czzzSZZ a(szoSZD)
t4C S, ¢C212512t2 tp ¢CmSlztz tp

£,C’ um 0(CarpYsn) | t,C7 Ulz 0(CppUyr)

+
(1>CmS12 , X, ¢Cm Slzx 0Xp
t C UZlZ a(CleUzm) t szzUZZZ a(szDUzzD)
¢c S,z, 0z, ¢cmslzz oz,

212

t C UXlZ o (UilD)a CZlD . szzUXZZ o, (Uizo)azczzo

¢C212 s12 XZZ Ulz Up aXDZ ¢Cm Slzxzz U’ 2 Up aXD2
- t;C;Z U*ZIZZO“T (U§1D 52C21D _ tZCZzz U*ZZZZQT Uézo ) 82CZZD
¢C* SIZXZZU* Up aXD2 (I)C* SIZXZZ U* Uy aXD2
t C212 UZlZ a (UilD ) a2CZlD _ t szz UZZZ a (U§2D ) azC22D
¢cm slzz’;zu Up " 0z, ¢C S,z,°U° Uy, © 6z,
_ T ( X1D ) _ T ( X2D ) a C22D
¢C* SIz JU, Up " 2" 4C, 5,770 Uy a2y

52 sz t,C Ul o o
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The following identify the scaling groups:

23

22 A
8(C21D31D) +|: 11 :| a(czm) |:ng2 SZZ :| O(CZZDSZD)
a, S12 oty ;2 12 o,
24 25
+ t UX12 :| a(szuxm) |:t szz UX22 :| a(szDUXZD)
| 9S,X; OXp oC’ - S, X, OXp
% 27
+ t UZ12 :| 6(C21DU21D) |:t szz UZZZ :| 8(CZZDUZZD)
| 4S,2, 0z, oC’ v S,Z, 0z,
28 29
— t;U;HZaL (Uilo)azczm _ B szzUXZZ o, (Uizo)azczzo
¢SI2 XZZ U; Up aXD2 ¢Cm SlZ X*Z U Uz aXD2
) 30 ) 31 )
— B Um o, (UilD ) 82C21D _ -t szz UZZZ o, (Uizo ) o° Cap
0S,X,°U, | Uy © 0xp® | 9C Spx UL | Uy kg
) 32 ) ) 33 )
— t, U;“Za (U;D ) 62(:210 _ t szz UZZZ o (Uizn ) 62szo
¢SI2222 Up = 02,7 q)C212 $p2°UT | Uy, o0z
34 ) 35 )
_ G UX“ o, (Uilo)azczm _ ot szzUXZZ a, (Uizo)a Cap -0
| 95.2,°U, | Uy 0z,° | 9C S,2,°U | Uy~ 02,

(C-90)

Conservation equation for Phase 1

¢a(gt181)+a(ngX1)+a(p1U21) =1

X oz

(C-91)

Incorporating the dimensionless form of the variables into Eqg. gives

o[(.r, )65 +SD) | 0L, )V, U,)] d[@Le )LL) L
6(t2t2[)) axsz aZZZD T Tm212 maio

(C-92)

Rearranging the equations gives,
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>+
atZD

{«bp;sl;} %S +[¢p;sg} o,

] At 2

p U |op U p U |op U .
12 - X12 1D X1D + 12 - Z12 1D Z1D — r-
XZ aXD Z2 aZD m212 m21D

(C-93)

Dividing through all terms in the equation by the first term gives

FPLSQ t Fpm%{(bp;sﬁ t, }% {plu;z t }%Um
X,

G 9P, Sy | Oty ¢, Sy |0ty 0P, S | 0%

Ne ; op_U ;
+{p12 *212 1:2 :| plD 71D :|:r* I‘Z *j|rm2m . (C_94)

Z, d)p; S 1; az,, " ¢p12 Si

The following identify the scaling groups

36 PR S 8 39

aplelD +|:Slzi|apw + U;zt; apmuxm + U;ztz aplDUzw _ r;nztZ r
0SpX, | X 208, | Zo [ 4p,Sp |

*

8t2D S12 6t2D
(C-95)
Conservation equation for Phase 2
o o(p,S,) + a(p,YUy,) + (p,Yz,) =T
ot ox oz
(C-96)
Incorporating the dimensionless form of the variables into Eq. gives
¢a|:(p’;2p2D )(SZSSZD)J + 6|:(‘)’;2‘)2D )(U;ZZ UXZD):| + a|:(p:2p2D )(U’;ZZ UZZD):| — * r + r* r
a(tztzD) aX;XD GZZZD T Tmezz m22p m322 m32D
(C-97)
Dividing through all terms in the equation by the first term gives
(I)p;Sz; apmSZD p; Ut<22 apznuxzo p; U;z apzouzw * *
* + * + * = +r r
tz atZD Xz aXD 22 6ZD m222 m22D m322 m32D
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Rearranging the equations gives,

*

¢p;522 t;
t, ¢p;322

6p2DSZD |:p22 U;ZZ t; } apZDUXZD |:p; U;ZZ t; } 6pZDUZZD
+ +
z
D

Otyp X; d)p;Sz; OX ¢p*2232; oz,

rot rot,
=| BT | (C-98)
L’pzzszz} e |:¢p22322:| "

The following identify the scaling groups

41 42 43
" " "

"
op S U t |ép U U t, |[op U ot rrot
pZD 2D + Xzf 2* pZD X2D + *222 2* pZD Z2D — miZZ 2* rZZD + miZZ 2* rSZD
atzo ¢822X2 aXD Zz(l)szz azD (I)pzzszz " (I)pzzszz "

Continuity equation

¢6[p1 Sl +p232 +p353] 4 a(plum +pzux2 +93Ux3) + a(plum +p2Uzz +p3U23) _

at ox oz 0
(C-99)
Incorporating the dimensionless form of the variables into Eq. gives
 2L(PiPio +PD(SiSio +S0) + (PP +P2)S2Si0) + (PP + ) S +53)]
att,
AL Piapio +P(UiaUra0) + (PaPap +P2)(UsUrao) + (Pl +P3)(UsaUrao) |
a(x;Xp)
, 0L Piapio +P(UZY o) + (PraPap +P2)(UiaUzz0) + (PrPap +P)(UzaUzsn) |
0(z;2,)
(C-100)

Rearranging the equations gives,
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¢PIZSIZ o(P1pSyp) " ¢PIZSL o(pyp) n ¢131'SIZ o(Syp)

*

* *

t, oy t oty t, o,
+ (I)p;z*S;z 9(P2S:0) + (I)p%S;z a(Sy)
t o, t o,
+¢P;isgz 9(P3pSsp) N ¢9233§1 (psp) + (I)pé*sgz 9(Syp)
t o, t o, t o,
+PIz L{;(lZ (P Yyio) + p]I_UE(lZ O(Uyip)
X, 0Xp X, OXp
+P;2Li;22 (P20 Ysip) n pjzu*;zz O(Uyzp)
X, OXp X, OXp
+P;2Li:<32 9(P3pYxap) + plsu*;az 9(Uxap)
X, OXp X, OXp
+pIZLf;12 (P Yzp) + pllu:zu 0(Uyzp)
zZ, 0z, zZ, 0z,
+P;2U;22 9(P2pYz20) + P2U% 3(Uy0)
z, oz, z, oz,
+p;2L3;32 (PspYzsp) n ng}az 9(Uzyp) -0 .
z, 0z, z, 0z,

(C-101)

Dividing through all terms in Eq. (C-101) by the first term gives
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PPIZSIZ t; :| 0(p,Sip) n FPIZSL t; :| o(pyp) + {d)PlSIz t; :| o(S;5)

t; d’PIz SIz oty t; ¢pzz SIz oty t; ¢Pzzszz oty

+ |:¢p;2522 tz :| 0(P15S;p) + |:¢p;S;2 t; } 0(S,5)

oty G dpuSe | ot

*

t, ¢P12 12

+_¢p§2322 :|a(p3D a0) |:¢P;zS;1 & :|8(P3D) +|:¢p;S;2 t, :|a(SSD)
t; ¢plz 12 t; ¢PIZSI2 o, t; ¢PLSIZ o,
+ prY *x12 }6(910 xip) { *x12 E; _ }a(uxm)
Xz (I)plz 12 X, PSSy, OXp,
4 Py U *xzz }8([)2,3 x20) [ *xzz E; _ }a(uxzo)
Xz (I)Pu 12 X, 0ppS;, OXp
4 P U *xzz :|a(p30 x30) { *xsz EZ _ }a(uxso)
X, (I)plZ 12 X, 0ppS, OXp
+ plZ *212 :|a(p1D 210) [ *212 E; _ :|6(U21D)
Z, ¢p12 12 Z, 0ppS, 0z,
+ pzz *222 }a(pzo ZZD) |: *zzz E; _ }a(uzw)
Z, (I)plZSlZ Zz 0p1,S;, oz,
+ psU *232 }a(pso 230) { 732 E; _ }5(Uzao) _
ZZ d)plz 12 ZZ ¢p12512 aZD

(C-102)

The following identify scaling groups
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+

+

44 45

0(P1Sip) n { 11 } (psp) n |:p_1l:|M
6tD S, | oty |pn] oty

o
|:pzz 22 :| 9(P205:0) |: P25y } 9(Syp)
P15y, PIZSIZ a,

I r—éL
psz % :| 9(P3pSyp) |:psz 31 :| (psp) { ps 32 } (Ssp)
Plz 12 szsfz ot PIzSIz a,

,—5;
Ux1z }a(pw x10) +{ xi2 b }a(uxm)
L 24)512 oXp 2¢p12 12 OXp

+

53 54

* *

~ N ) f_/%
P22Uxzts |0(PpU XZD) { x2z b }a(uxzo)
| X20P12S;; | Xp X015, | 0%

_ 55 ) /_5/;

p32UX32t2 a(p3D X3D) |: X32 2 } a(UX:‘}D)
L X,0P1,5, | oX,, 2¢p12 12 oX,
/_—5’; f—s’L

UZlZ } a(plD ZlD) + |: ZlZ j| a(UZZlD)
L 2¢Slz aZD Z(I)plz 12 aZD

59 60
/—/%

* *

p;ZUZZZtZ o(p,p U ZZD)+|:p2 722 z}a(uzzo)

L Z,0p5,5;, ] oras zd)plz 12 oz,
61 62
— /—/%

*

pszuzsz 0(PspYysp) { 73t }a(uzao) 0.
L 2¢plz 12 | 0zy z(i)plz 12 0z,

(C-103)
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Initial condition
Incorporating the dimensionless form of the variables into the initial condition and

rearranging them, yields

Wg1p =| —=

Ogp =| — @ tot, =0Vx,z (C-104)

Injection composition
Incorporating the dimensionless form of the variables into injection condition and

rearranging them, yields

66 68 69
—— ——N—

~ ~ /_/% f_/%
J - - -
o = :}51 } d; i*mﬁ} g < {dli:nBlexslnB}
o12 @ - 2 2 2 andt,t, >0
67 70 71 2D
g = 1;0 } d, C;OSB:| <2y < {dz C*OSB}I:WlC*OSB}
7 Z; Z; Z;

(C-105)

Definition of mass fraction and saturation
Incorporating the dimensionless form of the variables into the corresponding equations

and rearranging them, yields
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/—/%
S s S S S @1-S -S)
+ == + = = —
1D Su 2D Su 3D Su
75 76 77
/—iﬁ f—:% —
Oy + {@} g5 + |:%:| Wyp = |:£j|
Oy Oy, (L)
78 (C'106)
—
{ 1.0 }
Wy =| —=
M55,
79 80 81
r—:% f_iﬁ —
®yp + |:60332 j|('033D + |:03:132 :|(’343 = { 1;0 }
53, 5,3, M3,

Salting-out effect
Incorporating the dimensionless form of the variables into Eq. and rearranging them,

yields
H,_ .
l0g(1™) =Koy M,y (C-107)
pure
brine
Iog(%) = Ksal Msal . (C'108)
X2z
Since y22=1.0,
brine
log(—22) = KuMay (C-109)

21

where Kgy Is the salt-effect parameter and Mgy is the molality of the dissolved salt.
Furthermore, we can rewrite Eq. as the following to convert the molality to the solute’s

mole fraction:
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brine

121
I g( resi Waer)
g e Bg, =

(C-110)

The Taylor series of expansion for the exponential function, €*, is expressed as

1 2 3
e :1+%+§+%+... (C-111)

Taking the logarithm of Eqg. gives

brine

Xo1 K
- C-112
szrlesh water p(55 55 XSI) ( )

Incorporating Eq. into Eq. gives

(leZXZlD) ( sal )X512X51D ( sal ) (Xsuxsm) +( sal ) (szxsw) . (C_ll3)
(Ho12%210) 55 55 1 55.55 2! 55.55 3!

The following identify scaling groups,

82 83 2 84 3
. « f ~ 3 , F o .3 s
(XZlZXZlD) — Ksalxm X5¢ + Ksalxsu (Xsm ) + KsaIX512 (Xsm ) + (C_ll4)
(G 55.55 | 11 55.55 2! 55.55 37

The effect of pressure on the solubility
Inserting the corresponding scaling and reference factors into Eq. , yields

d ®s1p
wzu(’)zm p 2
d( Paps = p* p* P*A
Pzzpzo+p2 “A = 2/ _F2 5 (C-115)
d(P’P_+P ) d(P,) @y,

The following identify the dimensionless scaling groups
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(@)
21D
d 85

P2 :{pzz?QQA:| (C-116)
d(PZD) W15

Note that the coefficients of Eq.(C-116), A and B, will not be constant for a thick
reservoir as the temperature difference between the top and bottom of the reservoir is
substantial. Likewise, coefficients that are not fixed values for cases where CO; is

injected at a temperature significantly different from that of the reservoir.

Top and bottom no flow boundaries
UIZZU12D =0
87

UpUpp =0 @ Zp :{i*} Vx,t,wheret>0 (C-117)

2

U;ZZU3ZD =0

Constant BHP producer
We assume a constant bottomhole pressure constraint for the producer.

P, =P, +p;9Cosa(H—d,Cosy - 2) andt >0,

@ L—(d; +w,)SinB<x<L-d, Sinf
d, Cosy<z<(d, +w,)Cosy

(C-118)

where the average density is the flux average density in the production well:
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L—(d, +w,)SinB<x;x, <L —d.Sin .
@{ (0 W) Sinp <x:% : BandtztD>0

P.=P,; + p.gCoso(H —d,Cosy — Z) .
o : d, Cosy <z,z, <(d, +w,)Cosy

P,Pp + Py =Py +(p; Po + pi) gcosa (H —d,Cosy - Z,Z,)

PooPop + Pt =Pus +(p;plD + pi) gcosa (H —d,Cosy — Z,Z,)

PuPis + Pus =P +(pz2 Pip + p'3) gcosa (H —d,Cosy — Z,Z,).

(C-119)
Next,
{L—(og +W2)Sin[3}<x <{L—d38inﬁ}
P, =Py, +pg(H —d,Cosy - 2) @ . ) andtiy >0

|:d4COSy}<Z <{(d4+w2)Cos«/}
* =&p = *

z

2 2

2P, gcosa ! H — d,Cosy
Pm _I:P—lg:| (plD |:p12 :|) (|: Zz i| D)

Z*P;g cosa P, H —d,Cos
P zl:i—:l(pzo { :|) (|:—Y} Zy)
P,,w,Cosy P22 z,

Z,p. gcosa H —d,Cosy
P L S —1-Z).
3D l: P W, Cosy :|(p10 |:p32 :|) (|: Zz } o)

(C-120)
Therefore,
88 89 920
[L—diSlnB}_{sz*mB} <x, S{L—diSlnB}
X2 XZ XZ *
P, = Py +p;9(H —d,Cosy - Z) @ o w2 andt,t, >0
— —
d, Cosy <y < d, Cosy N w,Cosy
A D z;
93 94
p gCOSOL H —d,Cos
PlD - 2 (pm ) (|: Y} D)
P12 plZ Zz

95 97

2P,,9Ccosa | H —d,Cosy
P |:P22:l(l320 |:p2 :|) (|:Zz} Zy)

2P ,9c0sa | H —d,Cosy
P {Pﬂ}(pm L }) (|:Zz} Zy).

32

(C-121)
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Capillary pressure equations

TP L
PZ Pl - J(S)SZ].\E

sz Po _Pl*z Pp = J-(S)S21 ki

X

98 99

2 AN A
(pZD _{g} PlD) = J(Sl)|:P2*2 \/i:|

(C-122)
Similarly,
100 101
P lp yoisy S [& i
(Psp {P;jpm)—J(Sl){P; kx} (C-123)

where j(Sy) is a dimensionless function of saturations.

Constant injection rate
We further assume a constant rate constraint for the injector. Hence, the following

relations between injection rates are defined:

Uy, = UjC?sB g U= UJZC(-)SB {dl SinB < x < (d, +w,)SinB and 50,
u, = U; SinB u,, = U} Sinp d, Cosp <z <(d, +w,)CosB
(C-124)
Furthermore,
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u[=U; u, = UjCos u,, = UjCos d, Sinp < x < (d, +w,)Sin
. {lx j B &{Zx JZB {1 [3— —(1 1) B andt>0
u,|=U} u, = U; Sinp u,, = U} Sinp d,Cosp<z<(d,+w,)Cosp
3 . .
U—}zWR, U,Upy+U, U, =U; = U—PU1D+U%U2D: UI =
Uz 12 12 U12
102 103
— —
Up +| o2 U,y =| -
UlZ U 2
(C-125)
Implementing the definition of SWAG ratio, we re-write the equations as
U, = W U,Cosf
W, +1
u, = WWR 1 U, Sinp d,Sinp < x < (d \Sinp
+ inB <x < (d, +w,)Sin
B {dlC . <dl ' c andt >0
sz — T COSB 2 OSB SZs ( 2 +W1) OSB
W, +1
u,, = U, SinB .
W, +1
(C-126)
Next, we substitute the corresponding linear transformation of each variable:
104
W, U
U,p = R__—TCos
e {WR +1uy, B}
105 108 109
Uy = W, U*—TSinB dlsin[i <% < dlslnB N WlslnB
WR +1u122 2 XZ 2
106 @ 110 111 andt > O
—— — ——
U :|:UTCOSB i} {dzc*osﬁ} <7, < {dzc*osﬁ}{wlc*osﬁ}
W, +1 Uy, zZ, zZ, zZ,
107
{UTSinB 1 }
Uppp = *
W; +1 u,,,
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Darcy equations
We write the Darcy’s law for

(C-127)

multiphase flow as

Phase 1:
PR I PR
Uyip = _|: k*:lk*xpfz* :| fo(sy) (aPID {Pizg XE sin OL:| o)
HipUgoX, | Hyp  OXp P2 (C-128)
PR U
Uy = { k*:lk*zPl*z* } fo(s) P {p;gzz*cos oc} o)
MipUpoZ, | Wyp  OZp P, .
Phase 2:
116 17
. 3 Y
Uy = _|: k*rzk*xpzz* :| o (s,) (aPZD n |:pzzg X*z sin Oﬁ}pw)
HopUypX, | Hop  OXp P,, (C-129)
L us PR R,
Uypp = _|: k*:zk*zpz*z* :| 5 (s,) (aPZD i |:p;2g Z;* COS OC:| 0.0)
HoU;2Z, | Hop  OZp Py .
Phase 3:
R U, PR
Uysp :_|: |(*:3|(*XP;2*:| f5(s;) 0Py +|:P;29 X%Sin a:|p30)
HyplUypXp | My OXp Py (C-130)
122 123
© * * *
U = { k*rgk*zp% } f.(s,) (6P3D . {p&g zicosa}pm)
HypUyZ, | Hyp  OZp P, .

Fluid viscosity
Gas viscosity:
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_ H;,ZXZZ M, +H;.2X3z M,
p, = LrkmiMa ingod (c-131)
X2 ANM; + %32\ Ms

Substituting the scale factors results in

.« MOZ,ZX;ZZ\iM;XZD + “;,2 ngz\] M; X3p (C-132)

Mop My = n = =
Xzzz\iMz X2p +X3\]M3 X3p

Rearranging the equation gives

x X
Mo =7, = 125 0 N 127 (C-133)
—_— N —_—— N

“';2 “;zxgzz \ M; H;z “ZzXZzz \ M;
— Xeot| . — X X t| . . — |X
Mo Ko X220 M, M3 M3 2 500 M, ]

Oil viscosity:
N, 4

Inp, = zxi In (H:,o ) = Z Xig In(l’t:,o ) = X3 In(Hoz,o)"'Xss |I’l(u;o)+x43 In (Hz,o) (C'134)
i=1 i=2 .

To conduct o(1) scaling analysis and to use linear transformation for this equation, we

consider the logarithm of the viscosity of pure components in the oil phase (Iny;,) and
viscosity of the oil mixture as new parameters:

In H;,o = “Dz,z
In H;,o = “;,3
In H;,o = Hoz,s
Inp, =p,

=

Mg =3 (H;,3)+X33 (H;,3)+X43 (ui,g) . (C-135)

Substituting the scale factors in Eq. (C-135) results in
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Mzzuao :X;32X23D (“02,3 ) + X;32X330 (u;,s ) + XZ32X43D (Mz,s ) . (C'136)

Therefore,
128 120 130
. s . . - .
H3p :|:X232*H2'3 :|X23D +|: Xsazfls,a :|X33D + |: X432fl4'3 :|X43D (C'l‘?’?)
M3, 32 32 .

Co-relation between mole fractions and weight fractions

M.
Y (C-138)

The mole fraction of component 2 in phase 2 has the following relation with the weight

fraction of component 2 in that phase:

. M, —
X222K220 = IV W Wpop M (C-139)

2

We define the scaling group as:

X220 :[ = %]mZZDM_ (C'140)

Similarly, for the other components:

Component 2 in phase 1:

132

*

v w_}a v (C-141)

Xop = * 210 V1

MZ X212

Component 2 in phase 3:

133
N

*

M o _
Xasp = [M_zz %] Opp M, (C-142)

2 232
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Component 3 in phase 2:

(C-143)
Component 3 in phase 3:
135
; 0);32 IVE
Xap = [ M *_] 0z3pM (C-144)
3 A3
Component 4 in phase 3:
136
Xazp = sz %]QBDM_QD (C'145)
M, Yz
Component 1 in phase 1:
137
M_* *
X11p _[ - %] 0,xM
Ml Xuz *°
(C-146)
Component 5 in phase 1:
138
M* *
XSlD = l: Miz @] O‘)SlD M].D
5 Xs12
(C-147)

However, the aqueous, oleic, and gaseous average molecular weights are defined as

M1z MlD = Xuz Ml XllD + Xsu M5 Xsm + qu M2 XZID )

(C-148)
Defining the scaling groups gives
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— — —
B M M M
MlD = Xli—*l XllD + Xsu_—*s XSlD + X‘zi—*z X21D (C-149)
M, M., M.,
Similarly,
142 143
— —
_ * M, © M,
MZD :lixzzi* - ‘|Xzzo +I:X33* : ‘|Xazn
M., M., ] (C-150)
144 145 146
— — —
_ M M M
VI RS PN R A L (C-151)
M, M, M.,
Mass density

Liquid densities (water and oil) are obtained through the concept of the ideal mixture:

Naq
15 O _Ou, O, O
Pr i Piw Pu Psi P2
Noit
izz Dig _ D5 | O3 | Oy (C-152)

Ps I Piz P2z Psz Pags

N, . N .
1 _ 50y _ D11,0y5p n W51,W051p n D512W91p
PoPip Py T Piw Pu Ps1 P22P2p
147 148 149
’ T ‘ (C-153)
1 _ | P12®usr P P12 D515 O + P12®212 | Da1p
= s 11D s 51D =
| Pu 51 22 P2p
[
Pip +|: *
P12

Furthermore, we assume that the pure density of water and salt (p1w, psw) are fixed for

oil component 3:
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151 152 153
— " "

1 _ |:p;2(’3;32 } W33p + { pgz“ﬁaz } Wy3p + { p;zco;32 i| Wa3p (C_154)

15|0 pgsz P33p p:;sz Pasp p;2 P23p

p
Psp + {3:|

P32

Also we consider the oil components 3 and 4 as slightly compressible fluids with a

constant compressibility factor of c:

Pa =Py (L+CAP). (C-155)
Incorporating the dimensionless variables into Eq. (C-155) gives

ProPsp =P (LHCPRAPL) (C-156)

The following identify the dimensionless scaling groups,

154 155
. o) PaCPs.
o =| 2 o] B2 L (c-157)
Pasz Pasz )

Similarly, for oil component 4:

156 157
et S e

) o o P,
Pasp =|: 2 :|+|: Bz :|AP3D (C'158)
Pz Paz2 .

In addition, gas density is calculated as

P,M,
= = C-159
P2 = ZRT,., ( )
Incorporating dimensionless variables into Eq. (C-159) gives

. PLM, PoM
Pap P22 P21 = Z‘Z’RT;; ZF(PrZD (C-160)
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158

f_/%
Paof (P) —i{i}: PrM,,
P,x M,p P22 P2 Z R,

Mass transfer among phases

(DZZDSZZSZD

*

Mm2fm2io = 9Ky (pzzpwm222

159 160
/—/% f—/%
_ ¢K21p220)222522 s ¢K21p12“)212812 S
2o = * pzo(’)m 2D * 1D plD(D21
Mn212 Mm212
161 162
f_/% /_/%
Io* Io*
0K 51055y KPSy,
+| ———=|S,p, | —— |Sp-
Mm212 Mm212
Similarly,
163 164
— N
¢K21p;2°)* 522 ¢K23p;20)* S;Z
m2op =~ = SZDPZD(DZZD - = SZDPZD(DZZD +
Mn222 Mn222
166 167 168
Y x = S A
¢K23p32m232832 S _ ¢K21p2822 S ¢K21plslz
| SpPw®,, |~ |Sw T| >
Mn222 Mn222 Mn222
171 172
— —
. _ ¢Kz3p3203332$32 S _ ¢Kzapzzmmszz S
m3zD - 30P3p @, - 20P2p D,
Mna22 Mnaz2

318

D

(C-161)

- piz Pip 0):12 o SIsz + (p;SZZSZD - Pllsfzsm) =

(C-162)

(C-164)

:|SBD

165

oKy PIz 0);2 SIz

I’*— Sio P ®,

m222
169 170

5. _PKzi,p;S;z } s, +{¢K23p'38;2

| Mn222 Mn222
(C-163)
173 174
+ |:(])K23p|3$;2 j| S, _|:¢Kzfp;S;2 :| S,p.
Mna22 Mna22



Initial and injection conditions

Mip = Ml* @t=0

s
Hap =| = @t=0
e (C-165)

oo =| — @t > 0&injector well

Step 7 determines the scaling factors such that all dimensionless groups remain in
the same order of magnitude, unity, in our study. This step is a trial-and-error procedure
through which primary dimensionless groups are set to unity or zero.

Step 8 is the desired end result of the analysis as the unique minimum primary
scaling factors based on the problem parameters; this is the critical step. Once the
primary scaling factors are determined through step 7, the last step is to apply them and
obtain the remaining dimensionless groups.

There is no restriction on choosing the primary dimensionless groups as well as
the value to which we set them except that the remaining scaling groups should stay in

the same order of magnitude as the primary groups. This is also true when we directly set
values to primary factors. For instance, we set all S;,,x;,(exceptfori="5),Cj,equal to
unity in this study.

The following dimensionless groups are set to unity:
2,45,72,73, 74, 82, 86, 87, 102, 103, 112, 116, 120, 131,132, 133, 134, 135, 136, 137,

139, 142, 146, 147, 150, 154, 156, 158, 162, 168, 173, 175, 176, and 177.
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The following values are considered for the scaling factors:

Uy, = UT

Uzz =Ur  \Where j=1, 2, and 3

U;z = UT
Also,

X, =L

z,=H

Incorporating the above scaling factors yields the remaining scaling factors. Also,

inserting the assigned and the derived scaling factors into the dimensionless groups, the

dimensionless scaling groups are obtained:

S
Ci=175 5
_Slr_ 3r
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(C-166)

(C-167)

(C-168)

(C-169)

(C-170)

(C-171)

(C-172)

(C-173)
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The last step of o(1) scaling analysis is to determine the minimum number of
dimensionless groups describing the process. The scaling analysis produces
dimensionless parameters that are not always independent. Therefore, we use the same
method introduced by Shook et al. (1992) to minimize the number of scaling groups.

We consider all dimensionless groups as a system of equations (G; through Gg).
Hence, taking the logarithm from both sides of these equations yields a linear system of
equations. This gives a set of 78 equations in 62 parameters. Furthermore, the elements of
the resulting matrix are the exponents of the involved parameters in the remaining 78
dimensionless groups. In addition, the rank of the coefficient matrix is 47, which
illustrates the minimum number of independent dimensionless groups.

Now, we use a linear transformation technique to convert the coefficient matrix to
the reduced form. We use MATLAB ® to determine the linearly independent
dimensionless groups as the following:
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Furthermore, subtracting Gis from Gis and G, from Gipg yields 45 independent

dimensionless scaling groups as
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DISCUSSION
In this study, an eight-step procedure was outlined to determine the minimum parametric

representation of SWAG displacement for scaling purposes. One of the main features of
this method is that all derived dimensionless groups are bounded within o(1). Hence, the
0(1) scaling analysis is used to evaluate the importance of a specific mechanism in a
particular transport phenomenon. In other words, this procedure is useful when one is
seeking to determine what approximations are allowed for a particular transport
phenomenon. For instance, if the magnitude of a dimensionless group that is multiplied
by the dispersion flux in the describing equations is an order of magnitude smaller than
the rest of the dimensionless groups (for given parameters), the error incurred from
dropping the dispersion term will be approximately 10%. This is not something that we
get through dimensional analysis (e.g., Pi theorem).

However, in some cases the objective is to obtain a minimum parametric
representation of the describing equations for dimensional analysis purposes. In fact,
scaling analysis can be used to resolve the issues encountered when the Pi theorem is

implemented. For more information, see Krantz (2007).
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NOMENCLATURE

k., = Water relative permeability

k,, = Oil relative permeability

k,, = Gas relative permeability

oy, = Salt mass fraction of the resident aqueous phase
oy, = Salt mass fractions of the injected aqueous phase

oy, = Initial mass fraction of pseudo-component 4

Ci = Mass fraction of component i per pore volume

L = Length of the permeable medium

H = Height of the permeable medium

W, = Perforated interval of the injection well
W, = Perforated interval of the production well
d, = The distance between the shallowest perforation of the injection well and the top of

the reservoir

d,= The distance between the deepest perforation of the injection well and the bottom of

the reservoir

d,= The distance between the shallowest perforation of the production well and the top of

the reservoir

d,= The distance between the deepest perforation of the production well and the bottom

of the reservoir

y = Deviation of the production well from the z-direction
a = Reservoir dip angle

B = Deviation of the injection well from the z-direction
k= Permeability in the x-direction

k,= Permeability in the z-direction
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¢ = Porosity

Z" = Compressibility factor of the injected gas at Trer and Ppes
R = The universal gas constant

T, = Temperature of the injected gas

W, = SWAG ratio

i(s) = Leverett J-function

U, = Total injection rate (volume-based)
U’ = Injection rate of phase k
K. = Sechenov salting-effect parameter

K, = Mass transfer coefficient of component i in phase j

A = Solubility coefficient used in Eq.(C-14)

g = Gravitational constant

o, = Interfacial tension between phase j and k
¢ = Isothermal compressibility of the oleic phase
a, = Longitudinal dispersivity coefficient

a, = Transverse dispersivity coefficient

S,, = Irreducible water saturation

S,, = Residual oil saturation

S, = Critical gas saturation

S, -S,, = Initial movable oil saturation

1-S, -S,, = Fraction of pore volume that is open to flow
p;= Mass density of the resident aqueous phase
p; = Mass density of the injected gaseous phase

p;= Mass density of the initial oleic phase

p,, = Mass density of pure water
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p,; = Mass density of pure light oil in oleic phase (pseudo-component 3) at Trer and Pres
p.s = Mass density of pure heavy oil in oleic phase (pseudo-component 4) at Tref and Pref
p., = Mass density of salt

M; = Molecular weight of water component

M, = Molecular weight of the pure solvent

M; = Molecular weight of the light oil (pseudo-component 3)

M, = Molecular weight of the heavy oil (pseudo-component 4)

w, = Viscosity of the resident aqueous phase

w,= Initial oleic phase viscosity

u; = Viscosity of the injected gaseous phase

u,, = Viscosity of the solvent in the gaseous phase

u,, = Viscosity of the light oil (pseudo-component 3) in the gaseous phase

u,, = Viscosity of the heavy oil (pseudo-component 4) in the oleic phase
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