View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by DSpace@MIT

Model Reduction for Nonlinear Dynamical
Systems with Parametric Uncertainties
by
Yuxiang Beckett Zhou

Bachelor of Applied Science, Engineering Science, University of
Toronto (2010)

Submitted to the Department of Aeronautics and Astronautics
in partial fulfillment of the requirements for the degree of

Master of Science in Aeronautics and Astronautics
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
September 2012
(© Massachusetts Institute of Technology 2012. All rights reserved.

Department of Aeronautics and Astronautics
August 23, 2012

Karen E. Willcox
Professor of Aeronautics and Astronautics
Thesis Supervisor

Eytan H. Modiano
Professor of Aeronautics and Astronautics
Chair, Graduate Program Committee


https://core.ac.uk/display/10128737?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




Model Reduction for Nonlinear Dynamical Systems with

Parametric Uncertainties
by
Yuxiang Beckett Zhou

Submitted to the Department of Aeronautics and Astronautics
on August 23, 2012, in partial fulfillment of the
requirements for the degree of
Master of Science in Aeronautics and Astronautics

Abstract

Nonlinear dynamical systems are known to be sensitive to input parameters. In
this thesis, we apply model order reduction to an important class of such systems
— one which exhibits limit cycle oscillations (LCOs) and Hopf-bifurcations. High-
fidelity simulations for systems with LCOs are computationally intensive, precluding
probabilistic analyses of these systems with uncertainties in the input parameters.

In this thesis, we employ a projection-based model redcution approach, in which
the proper orthogonal decomposition (POD) is used to derive the reduced basis while
the discrete empirical interpolation method (DEIM) is employed to approximate the
nonlinear term such that the repeated online evaluations of the reduced-order model
(ROM) is independent of the full-order model (FOM) dimension.

In problems where vastly different magnitudes exist in the unknowns variables,
the original POD-DEIM approach results in large error in the smaller variables. In
unsteady simulations, such error quickly accumulates over time, significantly reducing
the accuracy of the ROM. The interpolatory nature of the DEIM also limits its accu-
racy in approximating highly oscillatory nonlinear terms. In this work, modifications
to the existing methodology are proposed whereby scalar-valued POD modes are used
in each variable of the state and the nonlinear term, and the pure interpolation of
the DEIM approximation is also replaced by a regression via over-sampling of the
nonlinear term. The modified methodology is applied to two nonlinear dynamical
problems: a reacting flow model of a tubular reactor and an aeroelastic model of a
cantilevered plate, both of which exhibit LCO and Hopf-bifurcation. Results indicate
that in situations where the efficiency of the original POD-DEIM ROM is compro-
mised by disparate magnitudes in unknown variables or by the need to include large
sets of interpolation points, the modified POD-DEIM ROM accurately predicts the
system responses in a small fraction of the FOM computational time.

Thesis Supervisor: Karen E. Willcox
Title: Professor of Aeronautics and Astronautics
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Chapter 1

Introduction

1.1 Motivation

It is known that the outputs or responses of many systems in science and engineer-
ing are sensitive to slight variations in input parameters such as initial conditions,
system geometries and boundary forcing. A simplified example with viscous Burgers’
equation shown by Xiu in [87] demonstrates exactly such sensitivity: a 10% variation
in inflow boundary condition results in an O(1) change in the position of the final
steady-state solution.

Such sensitivities are particularly prevalent in nonlinear dynamical systems. An
important class of such systems is one that exhibits limit cycle oscillations (LCO), in
which the nonlinear mechanisms in the system ‘arrests’ the amplifying effect caused
by initial disturbances, bringing it to a self-sustained oscillations. Many engineering
systems exhibit LCO — a good representative in the area of aerospace engineering
is the aeroelastic response of an airplane wing operating above its flutter speed sub-
ject to an initial disturbance. LCO has been experienced on both military aircraft
such as F-16 and F-18 fighter jets [19] as well as civilian aircraft such as the Airbus
passenger jets [30]. The ‘initial disturbance’ could be induced by a gust encounter
or a sudden maneuver. The ensuing growth of vibrational amplitude is attenuated
by the aerodynamic and/or structural nonlinearity, resulting in the wing structure

oscillating in a sinusoidal manner at a finite amplitude. Even though the amplitude
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of such oscillation may not be large enough to cause catastrophic structural failure,
long-term exposure to LCO leads to structural fatigue which reduces the useful life
of the structure [33]. LCO also affects the operation of the aircraft in that once de-
veloped, it tends to persist until the operating conditions are substantially altered.
Moreover, LCO-induced motion not only results in a reduction in vehicle performance,
but also affects the performance of the aircrew from the human-factors perspective
[19]. Therefore, aeroelastic LCOs are generally considered an adverse effect in flight
and must be avoided in the design process. To that end, both LCO amplitude and
the location within the flight envelope where the onset of the LCO occurs must be

accurately predicted.

However, this is not an easy task since aeroelastic LCO response is known to be
extremely sensitive to the operating conditions as well as the geometric and material
properties of the wing. Variations in structural parameters such as the thickness,
bending and torsional stiffness of the wing result in variations in the natural fre-
quencies of the wing structure. As noted by the studies performed by Thomas et
al. on F-16 fighter jets in transonic flight [80], small changes in natural frequencies
can lead to substantial changes in the LCO amplitude and more importantly, a shift
in the Hopf bifurcation point manifesting in a reduction in flutter onset speed and
altitude. This study also observed a significant reduction in aircraft performance due
to LCO when slight modifications are made to the wingtip. Tang and Dowell [7§]
investigated numerically the aeroelastic response of a delta wing in subsonic flight
and found strong effect of the angle of attack (AOA) on both the flutter boundary
and LCO amplitude. This finding was confirmed by experimental studies performed
by Bunton and Denegri [19]. Variations in the amount of control surface freeplay also
affects the LCO response — two identical aircraft flying through the same trajectory
may experience different magnitudes of LCO depending on the amount of freeplay as
noted by [33]. Due to the nonlinear nature of the LCO response, they are typically
not observed during wind tunnel tests (as the test prototypes are typically designed
based on linear aeroelastic concepts), only to be unveiled through extensive flight

tests which are both costly and dangerous [34, 31]. The safe flight envelopes thus
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established are not permanent however, as each modification in aircraft configuration
invalidates the previously acquired flutter and LCO information, requiring the flight
tests to be repeated. It is evident from these studies that it is essential to incorporate
the variations or uncertainties in the system parameters not only in the initial design

process of an aerial vehicle but also throughout its service life.

This however, proves to be a tremendous undertaking. As noted by many re-
searchers, simulations of aeroelastic LCO can be computationally expenesive even in
the deterministic setting due to the need to solve large systems of nonlinear equations
in both the fluid and structural domain at each time step [34, 31, 66]. In addition,
many time steps are typically required in an unsteady simulation before the limit
cycle fully develops. This is especially true for systems with configurations close to
the Hopf bifurcation point where the convergence towards a stable limit cycle can
be extremely slow. This challenge is magnified when the system is studied under
multi-query uncertainty quantification (UQ) or optimization settings as noted by a

number of studies such as [12, 88, 2].

As a result, aeronautical designs that accurately account for LCO are rare in lit-
erature. Often in practice, an empirical flutter safety margin is imposed. All U.S.
military aircraft must satisfy a 15% flutter margin, a requirement dating back to the
1960s [66]. For civilian aircraft, a 20% flutter margin must be demonstrated, as im-
posed by the Federal Aviation Administration (FAA) [7, 68]. Such conservatism is
testimonial to our lack of confidence in the level of fidelity of our model and inabil-
ity to adequately account for the uncertain environment in which the aerial vehicle
will operate. In the design and optimization of novel and unconventional aerial ve-
hicles with superior fuel-efficiency (i.e. light weight), such constraint will likely drive
the design process. A rational and reliable method to adjust such constraint will
likely result in substantial gains in performance of the new design. Therefore, effi-
cient computational methods are urgently needed to enable aeroelastic designs under
uncertainty.

The above exposition focuses on the LCO phenomenon that occurs in the aeronau-

tical context. However, LCO also exists in many other nonlinear dynamical systems.
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Another area where LCOs are frequently observed is chemically reacting flows [16, 43].
It is often of interest to predict the maximum oscillatory temperature attained at cer-
tain locations within the reactor (for example, the exit) under different flow and
reaction parameters. The LCO responses of reacting flows are known to be sensi-
tive to these input parameters. Hence all the computational difficulties previously
discussed in the aeroelastic LCO also exist in the case of reacting flows, requiring
efficient numerical methods to accelerate multi-query or time-sensitive tasks such as
optimal or real-time control of the reaction.

To alleviate the aforementioned computational burdens, model order reduction
techniques may be applied to construct efficient low-dimensional approximations of
the large-scale systems. In this work, we apply reduced order modeling to the two
particular nonlinear dynamical applications discussed above: aeroelastic and reacting
flow LCOs with the ultimate aim of accelerating the process of design and control.

Note that this work focuses on problems exhibiting LCO as it is a good repre-
sentative of nonlinear dynamical responses that include important dynamics such as
autonomous solutions and Hopf bifurcations which are sensitive to input parameters.
It should be stressed however, that the methods presented in this work are applicable

to general nonlinear dynamical problems.

1.2 Review of Existing Model Reduction Techniques

1.2.1 Projection-Based Model Reduction

In this work, we focus on projection-based reduced-order models (ROM) in which
the governing equations of the system are projected onto a low-dimensional subspace
spanned by a small set of basis functions via Galerkin projection. It has been shown
that in many cases, most of the system information and characteristics can be effi-
ciently represented by linear combinations of only a small number of basis functions,
making it possible to accurately capture the input-output relationship of a large-scale

full-order model (FOM) via a reduced system with significantly fewer unknowns.
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The first essential ingredient of all projection-based model reduction techniques is
the construction of the basis functions. To that end, a number of methods have been
developed such as balanced truncation [57, 58, 42|, Krylov-subspace methods [35, 38,
41], reduced-basis methods [63, 64] and proper orthogonal decomposition (POD) [73,
46]. Originally, the Krylov-subspace methods and balanced truncation were developed
for linear time-invariant problems by the controls community, although recent years
have seen much progress on the extensions of these methods to nonlinear problems,

mostly in nonlinear circuits [14, 28].

Both reduced-basis methods and POD are ‘snapshot-based’ methods; that is, the
bases are derived from a set of the state solutions (the snapshots) obtained by solving
the FOM at selected points in its input parameter space. For the reduced-basis
method, the particular set of parameters at which the solution snapshots are generated
is obtained via a greedy algorithm in which the snapshots are adaptively added to
the reduced basis so as to minimize the maximum error bound of the output. The
snapshots are then orthonormalized using a Gram-Schmidt process and used directly
as reduced basis. Much work has been done on this method, most notably in [65, 56,
85, 84].

As opposed to using the snapshot set as the reduced basis directly, POD (also
knowns as the Karhunen-Loeve expansion) [73, 46] applies singular value decomposi-
tion (SVD) to the snapshot set and retain the dominant left singular vectors corre-
sponding to the largest singular values as reduced basis. The basis thus extracted is
optimal in the sense that, for the same number of basis functions, no other bases can
represent the given snapshot set with lower least-squares error than the POD basis.
POD coupled with Galerkin projection (henceforth referred to as the ‘POD-Galerkin’
approach) has been applied successfully to many large-scale model reduction prob-
lems. In this thesis, the construction of ROM will be based on the POD-Galerkin

approach.

There are a number of factors that affect the effectiveness of POD-based model
reduction, first of which is the efficient sampling of the parameter space. Since it

derives the basis vectors from a set of snapshots, the quality of the POD reduced-
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order model depends strongly on the snapshots collected in the sampling process.
Snapshot sets must contain sufficient information about the essential dynamics of the
FOM. Primitive sampling schemes such as random sampling and uniform sampling
are not always optimal as they may miss important regions of the parameter space
and become too computationally expensive for problems with high input parameter
dimensions. To address this issue, a number of more sophisticated sampling tech-
niques have been developed in the model reduction community. Bui-Thanh et al.
[18] proposed a model-constrained sampling technique in which the computations for
the locations of the samples in the parameter space are formulated as an optimization
problem. This method is very similar to the greedy sampling method developed by
the researchers in the reduced-basis community [65, 56, 85, 84] and has been shown to
scale well to problems with large number of input parameters. A number of advanced
sampling methods (some specifically tailored towards certain applications) are men-
tioned in the review by [36]. For problems with small numbers of input parameters,
uniform sampling remains a popular method of generating snapshot sets in many
applications. For the work in this thesis, we will employ such technique in sampling.
However, we stress that it is possible to combine the model reduction methodology
presented in this thesis with one of the more advanced sampling techniques discussed

above to obtain more accurate ROMs.

The second factor, which is more relevant to the particular type of problems con-
sidered in this work is the efficient treatment of nonlinearities. Reduced-basis and
POD methods have been successfully applied to PDEs that are at most quadratically
nonlinear in state, such as the Euler and Navier-Stokes equations [51, 69, 79, 15],
since the special structures of the nonlinear terms in these equations allows for pre-
computations of reduced matrices, resulting in ROMs whose evaluations are indepen-
dent of the dimensions of the FOM. However, for general non-polynomial nonlineari-
ties, projection-based model reduction methods become inefficient and the attainable
speed-up over the FOM is significantly reduced. This is due to the fact that to
compute the reduced nonlinear term, one must first reconstruct the full-order state

solution from the basis vectors, evaluate the full-order nonlinear term before pro-
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jecting it onto a reduced subspace again. All of these operations are dependent on
the dimension of the FOM. Similar inefficiency exists in the formation of reduced
Jacobian. Therefore, for problems with general nonlinear terms, although the POD-
Galerkin approach may result in ROMs with significantly reduced dimensions, the
computational cost of evaluating the ROMs is still a function of the FOM dimen-
sion. Such inefficiencies have been noted by many researchers [8, 61, 37, 24] who have
deviced a number of techniques to address the nonlinearity issue in the projection-
based model reductions. A more detailed review of some of these techniques will be

provided in the next section.

Despite of these challenges, model reduction employing the POD-Galerkin ap-
proach has been applied to many areas of computational engineering such as fluid
mechanics and aerodynamics [51, 69, 79], structural mechanics [52, 49], circuit anal-
ysis [83, 44], reactive flows [74, 72], optimal control [50, 13] and even option pricing
26].

In the particular context of the aeroelastic applications relevant to this thesis,
[22] and [86] applied POD to linearized aerodynamic and structural models to in-
vestigate the effects of compressor blade mistuning in turbomachinery. Dowell et
al. [34] applied POD to model the LCO of an airfoil with plunging and pitching
degrees of freedom and control surface freeplay in transonic flow modeled by Euler
equations. POD-based model reduction is applied to the aerodynamic domain only,
in which the special structure of the nonlinearity in the governing equations allows
the efficiency of the POD-Galerkin ROM to be preserved. Both flutter boundary
and LCO amplitudes at different operating conditions were predicted using ROM.
In this study, accuracy and speed-up of the ROM with respect to the FOM was not
presented. The ROM results were qualitatively found to be in good agreement with
experimental results. More recently, the POD-Galerkin approach has also been ap-
plied to model the aeroealstic response of complete fighter jet configurations in [54]
and [1], where ROM adaptation method based on interpolation in a tangent space
to a Grassmann manifold was developed to ‘correct’ the precomputed ROMs to new

operating conditions. However, since both the aerodynamic and structural models
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were linearized about some equilibrium points, nonlinearities that trouble the POD-
Galerkin method were not present. This also means aeroelastic LCO behaviors could
not be modeled by the ROM. Computational speed-up between factors of 10 and 16
were reported. It is particularly worthy to note in these works that the results of the
ROMs, constructed on linearized aeroelastic models, were not only compared to their
FOM counterparts (for which the agreement was found to be excellent), but were
also compared to the a FOM consisting of a fully nonlinear aero-structural model.
Significant discrepancies were reported. Certainly, it is not fair to compare the FOM
and ROM constructed based on models with different levels of fidelity. However, this
comparison does serve to highlight the need to have a ROM that can be computed
efficiently in the presence of nonlinearities such that these important effects can be
adequately modeled. Beran et al. applied the POD-Galerkin method to model the
aeroelastic LCO response of nonlinear panels in transonic and supersonic flow regimes
[11, 55]. The structural nonlinearity was modeled by the von Kérmén strain. The
FOM with over 65,000 degrees of freedom was adequately represented using a ROM
with only 10 basis vectors. Although this corresponds to a 4 order-of-magnitude re-
duction in system dimension, the speed-up achieved by the ROM is only a factor of
4. In the design under uncertainties context, Stanford and Beran [75] applied POD in
conjunction with spectral element method in time to accelerate the realiability-based
optimization of a cantilevered nonlinear plate in supersonic flow. As in [11] and [55],
although the POD-based method succeeded in accelerating the model evaluations and
hence the optimization process, the true efficiency of the ROM was not realized due

to the lack of specialized methods to handle the nonlinearities.

1.2.2 Treatments for Nonlinearities

As mentioned in the previous section, the degradation of efficiency that the POD-
Galerkin approach suffers from is due to computational costs of forming the reduced
nonlinear term and Jacobian being functions of the FOM dimension rather than being
proporitional to the number of reduced variables. This deficiency has been noted by

a number of researchers. Specifically, in [24] and [37] detailed analysis of operation
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counts are presented and in [24] it has been shown that vanilla POD-Galerkin can be
even slower than the FOM due to such computations at each iteration of each time
step. To overcome this computational bottleneck, a number of procedures have been
developed to recover the efficiency of projection-based model reductions for nonlinear

problems.

Missing Point Estimation (MPE) was developed by Astrid et al. in [6] to improve
the efficiency of the POD-Galerkin model reduction of a nonlinear computational fluid
dynamic (CFD) model for a glass melting feeder. The basic idea behind MPE is to
select a subset of semi-discretized governing equations corresponding to a number of
grid points and apply the Galerkin projections for these equations only. In particular,
a restricted POD basis is formed by extracting the rows of the standard POD basis
vectors corresponding to the selected grid points. Subsequently, the subset of govern-
ing equations are projected onto the subspace spanned by these restricted POD basis
vectors. An key ingredient is then the choice of the aforementioned grid points. To
that end, two algorithms are presented in [6], based on the criterion of limiting the
condition number growth of the restricted POD basis matrix. Via such construction,
the formations of the computationally expensive full-order nonlinear term and Jaco-
bian as well as their respective projections to the reduced forms at each time step can
be avoided. Aside from the application considered in [6] and related publications such
as [5] and [4], the MPE technique has also been applied to model electrical circuits
[83], subsurface flow [20] and steady aerodynamics [82].

Other techniques aim to provide efficient approximations specifically for the non-
linear terms. For weakly nonlinear problems, an effective approach is the trajectory
piecewise-linear (TPWL) method by Rewienski and White [67], in which the nonlin-
ear function is approximated by a piecewise-linear function obtained by linearizing
the system at selected points along its trajectory. This method has been applied in
conjunction with the POD-Galerkin projection to many problems in nonlinear circuit
simulations [9, 83]. However, for highly nonlinear problems, it is difficult to approx-
imate the nonlinear term accuractely with a piecewise-linear representation without

involving a large number linearized models along the trajectory. Furthermore, the se-
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lections of the training trajectories and linearization points remain an ad-hoc process

[39).

It is also possible to approximate the nonlinear term by a linear combination of
its basis vectors for which the expansion coefficients are determined using a small
set of interpolation points. This is the basic idea behind the methods such as the
Empirical Interpolation Method (EIM) [8] and the Best Point Interpolation Method
(BPIM) [62]. The set of basis vectors for the nonlinear terms can be generated using
the same method as the state basis. By using a small number of interpolation points,
the nonlinear term only needs to be evaluated over a subset of spatial grid points,
allowing the ROM to recover its efficiency. EIM and BPIM have been developed for
the same purpose but they differ in the algorithm with which the locations of the
interpolation points (interpolation indices) are selected. In EIM, a ‘greedy’ selection
process is employed to iteratively build the set of interpolation indices in such a way
that the n-th interpolation point is placed at the spatial location where the approx-
imation error of the n-th basis vector using the first n — 1 interpolation points and
basis vectors is the greatest. In constrast, BPIM builds the interpolation indices by
solving an n-dimensional optimization problem to minimize the least-squares error
between each of the collected nonlinear snapshots and their approximation using n
interpolation points. Therefore, these n points thus obtained are the ‘best’ interpola-
tion points to minimize the approximation error over all of the snapshots. It should
be noted that although the BPIM method results in a set of points that are ‘optimal’,
the nonlinear constrained optimization problem that must be solved makes it signif-
icantly more expensive to compute than the sub-optimal greedy procedure in EIM,
with only marginal improvement in approximation error, as reported in [37, 8]. Both
EIM and BPIM have been applied to many problems governed by nonlinear PDEs,
such as [77, 40, 61]. Galbally et al. [37] applied both POD-EIM and POD-BPIM
approaches to Bayesian inference in a highly nonlinear combustion problem governed
by a convection-diffusion-reaction (CDR) PDE. Very recently, the same POD-BPIM
framework was used by Kalashnikova and Barone in [47] to construct ROM for a non-

linear time-dependent CDR model of a tubular reactor known to exhibit bifurcation
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and LCO — the same application as the first model problem considered in this thesis.

The discrete variant of the EIM, the Discrete Empirical Interpolation Method
(DEIM) was introduced by Chaturantabut and Sorensen in [24] to be used with the
POD-Galerkin approach on the semi-discretized systems. This is in contrast to the
EIM and BPIM, whose formulations are based on a continuous framework, although
all three are implemented in a fully discrete setting. The POD-DEIM model reduction
methodology has been successfully applied to many engineering problems such as
multi-phase flow [23], neuron modeling [48], reactive flow [17], and MEMS switch
modeling [45]. Note that since DEIM operates at the semi-discrete level, it can be
more easily applied to existing FOM codes than its continuous counterpart, the EIM.

For this adaptability, we opt to use the POD-DEIM framework in this thesis.

1.3 Thesis Scope and Objectives

In this thesis, we study model reductions using the POD-DEIM methodology for
nonlinear dynamical systems. A particular focus is placed on an important class of
such systems involving LCOs as it is a good representative of nonlinear dynamical
responses that includes complex dynamics such as autonomous solutions and Hopf
bifurcations which are sensitive to input parameters.

In most cases, LCOs are typically caused by nonlinear interactions amongst multi-
ple unknown variables in the problem. Therefore, the models for problems with LCO
are typically vector-valued PDEs. In many applications, it is not always possible to
nondimensionalize the problem such that all the unknown variables are on the same
order of magnitude. Furthermore, existing FOM codes are not always nondimension-
alized. As shown in the following chapters, the relative magnitudes of the different
unknown variables have a strong effect on the accuracy of the standard POD-based
ROMs using ‘unified’ modes containing all unknown variables. An obvious solution
for this issue is to use individual POD basis for each unknown variable. However
whether this will lead to an unacceptable increase in the number of DEIM points is

an open question.
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In addition, POD-DEIM has so far only been applied to PDEs with nonlinear
terms that have ‘componentwise’ dependence on the state as referred to by the original
paper [24]. In other words, the nonlinear term at the i-th grid point is only a function
of the state at that point. There exists a wide range of problems, particularly in
structural mechanics where the nonlinear term at each grid point may depend on the
state solution at multiple nodes in its neighourhood. The number of state solutions
that must be reconstructed at each time step for the evaluation of the nonlinear term
may be significantly greater than the number of DEIM interpolation points, due to the
nodal connectivity. For aeroelastic LCO problems having nonlinear structural terms
with such ‘noncomponentwise’ dependence on the state, whether the POD-DEIM can

still be used for efficient model reduction remains to be seen.

Finally, the highly dynamic and oscillatory nature of many LCO problems pose
additional difficulties in approximating the nonlinear term using an interpolatory
method such as DEIM. Can POD-DEIM be modified to handle such challenging

problems?

All of the above are important research questions from the methodological stand-
point that must be addressed in order to improve the versatility and efficiency of the

POD-DEIM methodology for nonlinear dynamical systems.

From the applications standpoint, as discussed in Section 1.1, considerations for
aeroelastic LCO have a significant influence in the design and operation of aerial
vehicles. However, aircraft designs that accurately account for LCO are rare due to
their computational costs and sensitivities to model parameteres. Therefore, it is
expected that ROM will serve as an enabling technology towards UQ of aeroelastic
LCO as well as designs of safer and more efficient aerial vehicles. The works of
Stanford and Beran in [75] and Beran et al. in [11] and [55] have already made solid
steps in this direction by applying POD-based ROM to accelerate the analysis and
design for aerostructural systems exhibiting LCOs. As noted previously, these works
employ the vanilla POD-Galerkin approach which do not fully realize the efficiency of
the ROM in presence of nonlinearity. It is expected that the computational speed-up

can be significantly improved using the POD-DEIM methodology.
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In [24] where the methodology was originally proposed, POD-DEIM was applied to
model the LCO response in the FitzHugh-Nagumo system with fixed parameters. By
applying the POD-DEIM to the aeroelastic model problem with multiple uncertain
input parameters, we aim to demonstrate the efficacy of the method for complex
uncertain nonlinear dynamics involving LCOs and bifurcations.

In summary, the objectives of this thesis are to improve the POD-DEIM method-
ology to address more challenging nonlinear dynamical problems with following fea-

tures:

e Vector-valued PDEs with different orders of magnitudes in each unknown vari-

able
e Noncomponentwise dependence of nonlinear terms on state

e Complicated nonlinear terms that are difficult to approximate using the existing

DEIM approach

In particular, we demonstrate the efficacy of the improved POD-DEIM methodology
in handling complex uncertain nonlinear dynamics via two model problems: a CDR
model of a tubular reactor and an aeroelastic model of a cantilevered wing, both of

which possess Hopf bifurcation and exhibit LCO behavior.

1.4 Thesis Outline

The remainder of this thesis is organized as follows. In Chapter 2, the problem for-
mulation of the current POD-DEIM model reduction methodology is first presented
along with an online-offline computational procedure. Then a modified POD-DEIM
methodology is proposed combining the ideas of ‘scalar-valued” POD modes and over-
sampling of DEIM points. In Chapter 3, the original POD-DEIM methodology is first
demonstrated for a 1-D CDR model of a tubular reactor with a variable Damkohler
number and equal magnitudes between the two unknown variables. The difference

in magnitudes is then increased while maintaining the same LCO response, and the
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performances of the original and modified POD-DEIM methods are compared. The
purpose of this chapter is to illustrate how to apply both POD-DEIM methodolo-
gies to a simple problem and investigate their relative performances for vector-valued
PDEs with large difference in magnitudes between different unknown variables. It
also demonstrates the ability of the POD-DEIM approach in characterizing uncertain
dynamics (by accurately predicting the bifurcation diagram, for example) with limited
number of samples. In Chapter 4, the modified POD-DEIM methodology is applied
to a more challenging problem involving the LCO response of a nonlinear plate in
supersonic flow. ROMs constructed using POD-DEIM are applied to enable efficient
computations of both the LCO response and the flutter boundary. Up to three un-
certain input parameters are considered in this problem. Finally, the conclusions and

recommendations for future work are presented in Chapter 5.
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Chapter 2

Nonlinear Model Reduction using
Proper Orthogonal Decomposition
and Discrete Empirical

Interpolation Method

This chapter presents a projection-based model reduction methodology based on
the proper orthogonal decomposition (POD) and the discrete empirical interpola-
tion method (DEIM), for nonlinear dynamical systems with parametric uncertainties.
Section 2.1.1 presents the model reduction using Galerkin projection and the POD
method for the generation of reduced basis vectors. The inefficiency of the POD-
Galerkin method for nonlinear problems is also discussed at the end of this section.
To address this issue, Section 2.1.2 introduces the DEIM technique for the reduction
of nonlinear terms. An efficient offline-online model reduction procedure using the
POD-DEIM methodology is presented in Section 2.1.3. To address the challenges
discussed in Section 1.3 (namely, vector-valued PDEs having highly oscillatory non-
linear terms with noncomponentwise dependence on the state), two modifications
to the current POD-DEIM methodology are introduced in Section 2.2. The use of

scalar-valued POD modes is discussed in Section 2.2.1 and the DEIM approximation
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with over-sampling is presented in Section 2.2.2.

2.1 Problem Formulation

Consider a dynamical system governed by a time-dependent nonlinear PDE with
parametric uncertainty. Its spatial discretization leads to to the following system of

N nonlinear ODEs:

du(t; p
ML) _ (s ). 1) (2.1)
with initial conditions
u(t =0; ) =, (2.2)
where
R(u(t; p). t; p) = Au(t; p) + f(u(t; p), t; p), (2.3)

and u® is the initial state, t € RT is the time, u € RY is the discrete state vec-
tor of dimension N, p € R is the vector of N, uncertain (input) parameters,
R(u,t; ) € RY is the nonlinear residual, A € RV is a constant matrix aris-
ing from the discretization of linear differential operators in space, and f(u,t; u) :
RY x R x RM — RV is a nonlinear function of state and input parameters. The

Jacobian of the nonlinear residual is:

OR(u(t; p), t; )
ou

J(u(t; p), t; p) = = A +J(u(t; p), t; p), (2.4)

where

_of

J=_".
ou

(2.5)

For a finite difference discretization of a vector-valued PDE, the dimension N
is the product of the number spatial grid points (N,) and the number of unknown
variables (V,), which can be extremely large for high-fidelity simulations. Moreover,
for nonlinear dynamical systems, which are the focus of this work, implicit time in-
tegration schemes are often used. This leads to a system of nonlinear equations that

must be solved at each time step (using Newton’s method, for example), requiring the
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computationally expensive formation and inversion of the N x N Jacobian at each
sub-iteration. In addition, each forward evaluation of the model may involve many
hundreds of time steps before important time-asymptotic system behaviors such as
limit cycle oscillations begin to emerge. As a result, performing uncertainty propaga-
tion/quantification, which requires the evaluations of many thousands of realizations,
is computationally intractable. To alleviate this computational burden, we introduce

a projection-based model reduction methodology in the following sections.

2.1.1 Projection-Based Model Reduction via Proper Orthg-

onal Decomposition (POD)

The first step in deriving the projection-based ROM is to express the state u(¢; p) by

a linear combination of K basis vectors, where K < N:

K
ut;p) & Y it p)e, (2.6)
i=0
In matrix form:
u~ Pu, (2.7)
where
b =P, dy,..., 05 €ERVE = [y, dy,...,0x] € R (2.8)

where u, € R¥*! is the ‘reduced’ state vector or vector of modal amplitudes and
® c RY*E is a matrix that contains K orthonormal basis vectors {¢,}X, in its
columns. Note that to simplify the notation, we omit ¢t and g in (2.7) and from
this point on, with the understanding that both u and u, are functions of ¢ and .

Substituting the expansion (2.7) into the governing equation (2.1):

du,
dt

® = Adu, + f(Pu,,t; ) = R(Pu,,t; p) (2.9)

This results in an overdetermined system of N equations and K unknowns. To

arrive at a reduced system of K equations, we require the nonlinear residual to
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be orthogonal to a left subspace via projection. For Galerkin projection, this left
subspace is spanned by the columns of the matrix ® = {¢,}X . That is to say,
& R (Pu,,t; ) = 0. In the specific context of (2.9):

du,
T @TAB U, + BTE(Bu,; ) (2.10)
dt T ——_———
' fr

where A, = ®TA® € RF*K and f. = ®Tf(Pu,; u) € REX*!. The initial condition

(2.2) is also projected onto the reduced basis:
u,(t =0) = "’ (2.11)
Similarly, the reduced Jacobian is:
J.(ut;p) = A, + @7 I (u,t; u)® (2.12)

Since K < N, we have thus projected the large-scale governing equation (2.1) onto
a low-dimensional subspace, resulting in a system of ODEs with significantly smaller
number of unknowns. Certainly, the quality of such ROM is strongly dependent upon
the set of basis vectors {¢,;}X | used for projection. As discussed in Section 1.2.1,
there are a number of methods that can be used to construct these basis vectors. In
this work, we use the proper orthogonal decomposition (POD) method. POD, also
knowns as the Karhunen-Loeve expansion, derives the basis vectors from an emsemble
of state solutions (or ‘snapshots’) obtained by solving the FOM at selected points in
its parametric input space. For model reduction of dynamical problems, the unsteady
simulations are either run for a prescribed number of time steps or until a final state
of interest is fully developed (steady state or stable LCO, for example). Therefore
at each parameter value, unsteady solution snapshots may be saved either at every
time step or intermittently at certain time intervals. All of these snapshots are then
compiled into a snapshot matrix. We denote U € RV*"s as the snapshot matrix which
contain as column vectors all n, solution snapshots: U = {u;};*,. POD formulates

the generation of basis vectors as a minimization problem. In particular, the K basis
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vectors ® = {¢,}£, are derived such that the sum of the least-squares approximation

errors of the ng snapshots is minimized:

= arg min Z S (213)

{w:}
l —_— ] 1
subject to ¢! p; =04, for 1 <i,j < K, (2.14)

where 0;; is the Kronecker delta. Here we assume that the state dimension of the
problem is larger than the total number of snapshots: N > n,. It can be shown that
the solution to the minimization problem (2.14) is given by the left singular vectors
of the snapshot matrix U. We express the singular value decomposition (SVD) of U
as follows:

U=vZIw?’ (2.15)

where V' = [vy,...,v,,| and ¥ = diag(oy,...,0,,), 01 > 09 > ... > 0 > ... >
0n, > 0. The POD modes are the first K dominant left singular vectors of the
snapshot matrix: ® = {¢,}2, = {v;}X,. The sum of the least-squares errors in

approximating the n, snapshots using these K POD modes is given by

epog—ZHu] Z (u] &) 9ill5 = Z o} (2.16)

j=1 i=k+1

This error can be thought of as the ‘omitted energy’ of the snapshots due to the
truncation of POD basis ® = {¢,}/X, from V = {v;}*, with Y. 07 being the
‘total energy’ of the snapshots. This provides guidance in the determination of K:
the number of POD basis vectors to retain from the set of left singular vectors. In
particular, K is chosen as the smallest integer such that the ‘relative omitted energy’

() is less than a certain threshold:
K 9
9:1—2’;10;« (2.17)

Note that this criterion does not provide any indication on the accuracy of the re-

sultant POD-Galerkin ROM when it is solved at an input parameter value that has
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not been sampled — solutions at a new point in the parameter space may not be in
the span of the original snapshot matrix U. As discussed in Section 1.2.1, advanced
sampling techniques such as [18] can be used to construct U such that the resultant
POD basis accurately approximates the entire solution space. For the work presented
here, we use the simple uniform sampling method. However, the methodology pre-
sented here can be combined with more advanced sampling techniques to obtain more

accurate ROMs.

Although the ROM thus constructed results in a system of equations of reduced
dimension K, the computational cost of integrating the POD-Galerkin ROM (2.10)
forward in time is still a function of the FOM dimension N. This inefficiency can be

understood by examining the reduced nonlinear term f, and reduced Jacobian J,.:

£ (u,t: = &7 f(®u,,t; 2.18

(u,t; p) z ( ) (2.18)
XN Nx1

Jo(utip) = A+ @7 I (ut;p) @ (2.19)

KxN NxN NxK

For the reduced nonlinear term, the inefficiency arises from three sources. First,
the full-order state solution must be reconstructed from the N x K basis vectors
via the expansion ®u,. Then the full-order nonlinear term is evaluated from the
reconstructed state at all of its N components. Finally, another matrix-vector mul-
tiplication involving the K x N matrix ®7 is required to project the nonlinear term
onto the reduced basis. Similar inefficiency can be observed in the evaluation of the
reduced Jacobian in which the full N x N Jacobian of the nonlinear term J must
be constructed before being projected onto to the reduced basis. Therefore, even
though f,. and J, themselves are of low dimensions, the computational costs involved
in forming them are still dependent on the FOM dimension N. Such inefficiency is
particularly problematic for nonlinear dynamical problems solved using implicit time-
marching methods which require the evaluation of the nonlinear Jacobian multiple

times at each time step.
A method capable of computing f, and J, at a computational cost that is inde-

34



pendent of N is therefore required to fully realize the efficiency of the POD-based
ROM.

2.1.2 Discrete Empirical Interpolation Method (DEIM)

To avoid full evaluations of the nonlinear term and Jacobian matrix, the Empirical
Interpolation Method (EIM) was proposed in [8] to approximate these terms via
interpolation over a subset of points that are independent of the large-scale FOM
dimension N. In this work, we use the Discrete Empirical Interpolation Method
(DEIM), the discrete variant of the EIM, introduced by Chaturantabut and Sorensen
in [24].

The first step of the DEIM is to approximate the nonlinear term f(®u,, ¢; ) using

a separate set of basis vectors W that are different from those used for the state:
f(u,t; p) = We(t; p) (2:20)

where W = [1),,,, ..., 1, € RV*M M < N are the basis vectors for the nonlinear
term and ¢ € RM*! the vector of expansion coefficients. The basis vectors ¥ =
{1, }M, are derived from the snapshots of the nonlinear term F = {f;}!"*,, using the
same POD method as described for constructing the state basis vectors ® = {¢,} X ;.
The collection of these nonlinear snapshots do not incur additional computational cost
in sampling because the nonlinear terms are already evaluated during the sampling
of state snapshots U. Note that (2.20) represents an overdetermined system. To
compute ¢ at a computational cost independent of N, we select M interpolation
points of f and enforce equality for the corresponding system of equations in (2.20).
This results in an M x M system from which the coefficient vector ¢ can be uniquely

determined:

fz(uz, t; p) = Wzc(t; p) (2.21)

where Z = [z1,...,2y]T € RM*! is a vector containing M interpolation indicies,

f;, € RM™>*! is the nonlinear term evaluated at these M interpolation points, and
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¥, € RMXM g the corresponding M rows of W.

For nonlinear problems that do not have componentwise dependence on the state,
there may be multiple state components that must be reconstructed for the evaluation
of a single component of the nonlinear term. For example, in structures problems,
the nonlinear force at a given interpolation index f,, is determined by multiple gen-
eralized displacements (i.e. the state) at all the neighbouring elements. Therefore,
for a general nonlinear term with noncomponentwise state dependence, the set of the
indices of the state components that must be evaluated in order to compute the M
interpolation points f;z is different (and typically larger in size) than Z. We denote
Z' as such a set of M’ > M indices of the state components, and uz as the state
evaluated at these M’ points. Z’' can typically be derived from Z based on the nodal
connectivity of the discretized structure. The support of state on the nonlinear term
is often local; that is, M < M’ < N. Therefore, the DEIM approximation presented

next is still efficient.

Solving ¢ from (2.21) and substituting it into the expansion (2.20), we obtain the

DEIM approximation of the nonlinear term:

Projecting this approximation onto the reduced basis via (2.18) to obtain the DEIM

approximation of the reduced nonlinear term:

f.(u,,t;p) = @O £5(Pyu,, t; p) (2.23)
K::M M\>r<1

where uy = ®,u, is the state evaluated at M’ points specified by Z' and ®, € RM <K
contains the corresponding M’ rows of ®. The DEIM approximation of the reduced

Jacobian can be derived from (2.23):

J.(u,t;p) = A, + @7 OO I (B, t ) @z, (2.24)
N~ ~ _/ J
KxK KxM MXM! M’XK
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where J fz,z/ denotes the Jacobian of the nonlinear term Jf = g—lfl evaluated at M rows
prescribed by z and M’ columns prescribed by Z'. Note that the dimensions of all the
matrices in (2.23) and (2.24) are independent of N. DEIM therefore allows evaluation
of the reduced nonlinear term and reduced Jacobian at computational costs that are
only functions of K, M and M’. We defer the presentation of an efficient offline-online

procedure using such POD-DEIM methodology to the next subsection.

For the remainder of this section, we present and briefly discuss the algorithm
with which the set of interpolation indices Z is selected. The original point selec-
tion algorithm was proposed in [8] for the reduced-basis-EIM framework. For this
work, we adopt the discrete variant of this algorithm, proposed by Chaturantabut
and Sorensen in [24] for semi-discrete systems. To keep our discussion self-contained,
we briefly summarize this point selection procedure in Algorithm 1. For detailed
discussions including DEIM error bounds, please refer to [24]. In this algorithm, a
‘greedy’ selection process is employed to iteratively build the set of interpolation in-
dices in such a way that the i-th interpolation point is placed at the spatial location
where the approximation error (|r|) of the i-th basis vector v, using the first i — 1
interpolation points {z;}/_},V2 < < M and basis vectors {¢;}/=},V2 < i < M is

the greatest.
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Algorithm 1: DEIM interpolation point selection algorithm

INPUT: {1}, € RV*M
[lpl, z1] = maz{[4, |}
= [¢],Z =[]

for i = 2to M do
Solve Wzc = (1,)z for ¢

r =1, — ¥c

[lpl, zi] = maz{|r[}

W« [W,1,],Z « [Z, 2]
end

OUTPUT: Z = [z,..., 23T € RMx!

2.1.3 Offline-Online Algorithm

The ROM of the large-scale nonlinear dynamical system (2.1) constructed via the

POD-DEIM metholodgy can be expressed as:

du,

Y A u + B, f(®pu.tp) (2.25)

dt ~— —~ N —

KxK KxM M’'x1
N—_————
Mx1
with initial condition:

u,(t =0) = & u’ (2.26)

and the corresponding reduced Jacobian:

Jr(ura t; l’l') = AT’ + Br in,i’(q)i’ura t; “) ‘I)i" (227)
~— = ~—— ~—~
KxK KxM M’x1 M'xK
M;M’

where A, = ®"A® € RE*K and B, = ®" 0w ' € RE*M are parameter-independent

matricies: they are constant in time and do not depend on the input parameters p.
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Therefore they only need to be computed once as soon as the basis vectors of the
state and nonlinear term have been computed via POD. The collection of snapshots
of the state (U) and of the nonlinear term (IF), the generation of the corresponding
basis vectors ® and W, the selection of the interpolation indices Z, as well as the

precomputations of A, and B, matrices can all be performed in an ‘offline’ phase.

The ROM constructed with such ‘one-off” offline process enables efficient multi-
query ‘online’ computations for which the complexities are independent of the FOM
dimension N. Given a specific set of input parameters pu* and projected initial condi-
tion u,(t = 0), the reduced system (2.25) can be integrated forward in time. Here we
assume that an implicit time-marching scheme is used, which results in a system of
nonlinear equations to be solved at each time step, requiring multiple evaluations and
inversions of the reduced Jacobian. In the online phase, to compute the reduced non-
linear term f,.(u,,t; p) = B, fz(®zu,,t; u), one must first carry out the partial recon-
struction of the state vector uz = ®zu, at a cost of O(M’K) floating point operations
(flops) before using it to evaluate the M components of fz, which is then multiplied
with the B, matrix at a cost of O(K M) flops. Likewise, the online computation of
the reduced Jacobian of the nonlinear term J¥,(u,,t; ) = B,J';2(®zu,,t; u) Pz
consists of three steps: partial evaluation of the Jacobian Jf at only M rows and M’
columns as required by Z and Z’ in order to form J fi’,z/, multiplication between J fﬁ/
and @z at a cost of O(MM'K) flops, before right-multiplying the result with B, at
a cost of O(MK?) flops. The inversion of the K x K reduced Jacobian J, can be
performed at a cost of O(K?) flops. Therefore, the computational cost of the repeated
online evaluation of the ROM (2.25) constructed with the POD-DEIM methodology
is only a function of K, M, M’ < N.

The convergence of such online computation can be monitored by evaluating the
K x1 residual vector. For problems that experience LCO, time history of the state u,-
at a particular spatial location z* can also be computed on-the-fly via an inexpensive
partial reconstruction u,« = ®,.u,, which is simply a dot product with O(K) flops.
The computation is terminated if the time history shows satisfactory convergence of

the limit cycle amplitude.
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The offline-online procedure described above are summarized in Algorithm 2 and

3 below:

Algorithm 2: Offline Stage: Sampling, construction of basis vectors and pre-

computation of parameter-independent matrices

Offline Stage

1. Sample the input parameter space to form the snapshot matrices U = {u;};=,

and F = {f;}7, for the state and nonlinear term, respectively.

2. Using the POD method as presented in Section 2.1.1, compute the state basis
vectors ® = {¢,}X, from U and the nonlinear basis vectors ¥ = {4, }}, from
F.
K and M are determined based on a prescribed ‘relative omitted energy’

tolerance, as shown on (2.17).

3. Compute the M interpolation indices Z = [z1, ..., zp]7

using the point
selection procedure described in Algorithm 1; Infer the corresponding indices

for the state Z' from Z based on nodal connectivity of the problem.

4. Form W; by extracting M rows of W as specified by Z;
Form ®; by extracting M’ rows of ® as specified by Z'.

5. Precompute parameter independent matrices A, = ®7 A® and

B, =®"0vw_ .
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Algorithm 3: Online Stage: evaluating ROM at a particular set of input pa-

rameters p*

Online Stage

1. Determine the particular set of input parameters p* for which the ROM is to
be evaluated and obtain the reduced initial condition via projection

u,(t =0) = ®'u’.

2. Evaluate f,.(u,,t; u*) = B, fz(®zu,, t; u*) and
J.(u,t; p*) = A, + B Iz (Pzu,, t; u* )Py given u, and p*.

3. Solve ROM (2.25) forward in time using f,. and J,.

4. Compute residual and reconstruct state at selected location(s) of interest to

monitor convergence.

5. Repeat Step 2-4 until either steady state or LCO has been reached.

2.2 A Modified POD-DEIM Methodology

The last section presents the POD-DEIM model reduction methodology as proposed
in [24] with generalizations for vector valued PDEs and nonlinear terms with non-
componentwise dependence on state.

For a vector-valued PDE with N, unknown variables, the N x 1 state vector
typically consists of a concatenation of N, vectors each containing the N, nodal
values, such that N = N,N,. In other words, all the unknown quantities at all spatial
grid points are ‘lumped’ together forming a ‘globalized’ solution vector. Therefore for
vector-valued PDEs, oftentimes a single globalized set of N x K POD modes is used
to represent all the unknown variables, as presented in the previous section. This

is referred to as the ‘vector-valued POD modes’ by researchers in [69] and [47]. An
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alternative is to separate the globalized snapshot matrix into N, smaller snapshot
matrices, one for each unknown variable. An individual set of ‘variable-separated
POD basis’ is then constructed for each of the NV, variables from their corresponding
snapshot matrices. These are referred to as the ‘scalar-valued POD basis’ in [69] and
[47].

The relative merits of the two approaches depend on the specific problems to
which they are applied. Some have shown that scalar-valued POD modes allow more
accurate approximations for each unknown variable [47, 23|, while others have used
globalized or vector-valued modes with remarkable success [37, 17]. For problems in
which the variables are governed by dynamics with disparate time scales, scale-valued
POD modes should be used. Another key factor that determines whether the scalar-
valued basis should be used in place of vector-valued basis is whether the variables
have drastically different orders of magnitude. As demonstrated in Chapter 3, this

can significantly reduce the accuracy of the ROM constructed using vector-valued

POD modes.

Next we extend the POD-DEIM methodology to include scalar-valued POD modes.
Note that depending on the problem, one may use scalar-valued POD modes for either

or both of state and nonlinear term.

2.2.1 Scalar-valued POD modes

Separate the snapshot matrices for the state (U) and the nonlinear term (F) each into

N, smaller scalar-valued matrices grouped by unknown variables.

U = [ULU%..., U], U eRN=xm (2.28)
= [FLF?... ,FY], T e RN=-xm (2.29)

where U’ and F? contain n, snapshots of the i-th state variable and i-th variable of

the nonlinear term respectively, each evaluated at N, grid points in space. Using the
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POD method, generate a set of basis vectors for each scalar-valued snapshot matrix:

® = diag{®', ®* ... &Y} P c RV (2.30)

U = diag{®' ©? .. ¥V} @ c RNxM (2.31)

where ®’ contains as columns the K; scalar-valued POD basis vectors for the i-th
state variable generated from U’ and W' contains as columns the M; scalar-valued
POD basis vectors for the i-th variable of the nonlinear term generated from [F.
Furthermore, ® € RV*X with K = YN K; and ® € RV*M with M = SV M;.
Note that the numbers of state POD modes for each variable do not have to be the
same. Instead, they are determined by the ‘relative omitted energy’ criterion for each
variable as described in Section 2.1.1. The same applies to the POD modes for the
nonlinear term. Each unknown variable in the state and nonlinear term can then be
approximated individually using these scalar-valued POD modes as follows:

ui

Q

v, i=1,...,N, (2.32)

ff ~ ¥, i=1,...,N, (2.33)

where u’ € RY¥=*! is the discretized state evaluated at N, grid points corresponding
to the i-th state variable in the PDE. fi € R"=*! is the discretized nonlinear term
evaluated at N, grid points corresponding to the i-th nonlinear term in the PDE. u’
and ¢’ are the expansion coefficients of corresponding discretized state and nonlinear
terms. Note that here both the state and nonlinear term can be re-assembled in the

‘vector-valued’ form such that:

u ~ du, (2.34)

f ~ Wc (2.35)
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where

l,l1 l,l1
u=| ! | eRY u, =] : | eREY (2.36)
ulVv ulMv
and
f! c!
f=|: | eR" c=|: | eRM (2.37)
fNo cV

To determine the expansion coefficients ¢ for each nonlinear variable, DEIM interpo-
lation point selection algorithm from Section 2.1.2 is applied to each scalar POD basis
for the nonlinear term W' i = 1,..., N,, generating N, sets of interpolation indices
{7}, € RM>1. Note that the Z; indices are ‘local’ indices within f’, ranging from 1
to N, (instead of from 1 to N = NN, in the case of global POD modes). In order to
compute the M; components of f!, one must determine based on the nodal connectiv-
ity of the problem, the indices of the state components that must be reconstructed. It
is important to note in this case that all N, state variables situated around these M;
points may be required for such computations — not only the i-th one. We determine
all necessary indices of all the state variables, translate them into ‘global’ index and
concatenate them together: Z; — (Z}),, where the subscript ¢ denotes ‘global’. This
translation allows us to express the reconstruction of state components across all N,
variables necessary to compute fzii succinctly as ‘i(zg)gur. The DEIM approximation

of f' can then be expressed as follows:
f'o~ WL )L (a),u,) (2.38)

where f;ii € RMix1 contains M; components of f? specified by Z; and \Il’i- contains the

corresponding M; rows of W'

Before applying (2.34), (2.35) and (2.38) to the POD-DEIM ROM (2.25), attention
must be paid to the increase of computational cost due to this approach. Firstly, the

total number of DEIM points is now M = va”l M;, typically much greater than
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the M points in the approach using ‘vector-valued POD modes’ discussed in Section
2.1.2. Secondly, the set of indices of all the state variables that must be reconstructed

. Z . . . —), _ NU —)/
online to compute f; ;i =1,..., N, is now (Z'), = (J;_, (Z]

)g- Although certain points
in {Zz; z]'V:vl may be spatially close enough to one another that they partially share the
same support of the state, the set (Z'), typically still may represent a substantial
portion of the FOM dimension N. This is particularly true for problems in which the
nonlinear term at a given grid point is a function of the state solution at many adjacent
grid points, such as problems in nonlinear structures, as will be seen in Chapter 5. For

such problems, the need to ‘almost’ fully reconstruct the state solution significantly

compromises the efficiency of the POD-DEIM ROM.

Furthermore, within each variable, the nonlinear term may be highly oscillatory,
making it difficult to approximate using an interpolatory method like DEIM. This
results in the need to use large numbers of DEIM points in each variable of the
nonlinear term (M ~ N), which again gives rise to the abovementioned increase in

computational cost.

2.2.2 Over-sampling

In the DEIM procedure described thus far (including the scalar-valued approach in
(2.38)), the expansion coefficients ¢’ of the nonlinear basis vectors are determined
uniquely by having exactly M; DEIM modes and M, interpolation points. Instead
of enforcing the approximation for f* to be exact at the interpolation indicies Z;, one
may evaluate each nonlinear variable f* at more sample points, and in so doing obtain

more sample points (M;) than the number of POD modes (M;) within each nonlinear

variable:

£, e RM Wi e RMOM M < N < N (2.39)

where f] is a vector of M; components of the i-th nonlinear variable and W, contains
Mi rows of the scalar-valued POD basis matrix W' with M; basis vectors of the i-

th nonlinear variable. This results in an overdetermined system for the expansion
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coefficients c*:

argmin |[¥, c' — £} |, = ' =(¥,)f, i=1,....N, (2.40)

= (V)1 (2.41)

Therefore, the pure interpolation of the original DEIM approximation has been re-
placed by a least-squares regression via over-sampling of the nonlinear term. Note
that for a purely interpolatory method, although the approximation of f! is exact
at the interpolation points, the error can still be large between these points if the
nonlinear term is highly oscillatory [81], and increasing the number of interpolation
points does not necessarily reduce the approximation error [71]. In unsteady simula-
tions where such error can accumulate over time, this is unacceptable. A regression
with over-sampling on the other hand, minimizes the approximation error over all
components of ' in a least-squares sense [81]. It is also known to be less sensitive
to perturbations in sample points. This can be particularly advantageous for the
current methodology in which sample points in f* are affected by the errors in the

reconstruction of necessary state components.

However, attention must be paid to ensure such over-sampling is performed effi-
ciently — blindly increasing the sample points in each nonlinear variable will cause the
computational cost to grow quickly, compromising the efficiency of the ROM. Note
that typically, to compute a single nonlinear variable at a given grid point f;';, all
other N, — 1 nonlinear variables (fg;,j =1,...,N,,j # 1) must also be computed (as
is the case in nonlinear structures, for example). However, using the original DEIM
approximation, the additional N, — 1 values (fg;, j=1,...,N,,j # i) computed for
the i-th nonlinear variable are not used in the approximation of other N, —1 nonlinear
variables {f’ ;_V:ul’j ;- The idea behind this modification is to utilize the extra infor-
mation provided by the other N, —1 nonlinear variables that are previously not used.
To that end, we perform ‘node-based’ selection rather than the previously discussed
‘index-based’ selection. In short, we select sample points of the nonlinear term by

the entire information available at a given node. More specifically, if one nonlinear
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variable is selected at a particular node, then all other N, — 1 nonlinear variables

residing on the same node are also selected as sample points. The sample indices of

all IV, nonlinear variables are now the same and is the union of Z;,i = 1,..., N,:
N, A
2=z erRM (2.42)
i=1

~

By doing so, there are more sample points (M) than the number of POD modes (M;)

within each nonlinear variable:
£l e R @l e RMMi AL < M < N (2.43)

where f} is a vector of M components of the i-th nonlinear variable and Wl contains
M rows of the scalar-valued POD basis matrix ¥* with M, basis vectors of the i-
th nonlinear variable. This results in an overdetermined system for the expansion

coefficients c*:

argmin ||Wc' — fl|] = c=(P)f, i=1,...,N, (2.44)

= = P(P)Tf] (2.45)

The modified POD-DEIM ROM with scalar-valued POD modes and over-sampling

18:

du " A ~
T = Ar r Br fz P 2/ r,t; 2.46
o ~~11+~ A((>gu D) (2.46)
KxK KXNUM M'x1

47



where

A, = AP c RE*F (2.47)
B, = & diag{W' (W) W2(W)F, . V(W) e RENA (9 48)
f;

£, = | | erM (2.49)

Ny
fi

and (Z'), contains the global indices of the all the state variables that must be re-
constructed online as determined from Z based on nodal connectivity. The reduced

Jacobian of the nonlinear term is:

f » f F . T
J r = Br J 2,(2/)9('@(2/)9117,, t, [,l,) (I)(i’)g (250)
RXNUM M'x1
Ny B AT

Note that both A, and B, can be constructed during an offline stage as described
in Section 2.1.3. Including the complete nodal information does not incur any ad-
ditional computational cost from the original DEIM approximation with the same
number of interpolation points because all IV, components of the nonlinear term at a
given node must be computed as long as one of them is required. Therefore, the N, M
components of f; are computed at the same cost of computing just M components.

In (2.46), the compuational cost of the matrix-vector multiplication B,f; is a
factor of NV, higher than the original POD-DEIM ROM in (2.25). A similar increase in
computational cost can be seen in the online evaluation of Jf, by (2.50). Such increase
is typically moderate when the total number of variables N, is small. For problems
with large N,, instead of employing one set of POD modes for each variable, one may
group the variables with similar orders of magnitudes and use one scalar-valued POD
basis for each of these groups. This however, requires some prior knowledges of the

problem.
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Chapter 3

Limit Cycle Oscillations in a

Tubular Reactor

This chapter applies the original and modified POD-DEIM model reduction method-
ologies presented in Chapter 2 to a 1-D tubular reactor model which exhibits limit
cycle oscillations (LCO). The problem set-up is described in Section 3.1.1 while the
numerical method used to solve the governing equations forward in time to obtain
time-asymptotic outputs such as LCO amplitudes and equilibrium positions is pre-
sented in Section 3.1.2. In Section 3.2, two reduced-order models of the system are
derived using the original and modified POD-DEIM model reduction approaches.
The performances of these two reduced-order models are assessed in Section 3.3 via
two test cases. In the first one, the full-order system with equal magnitudes in both
unknown variables is considered, whereas the second test case involves unknown vari-

ables with disparate magnitudes.

3.1 Full Order Model

In [43], Heinemann and Poore investigated the dynamics of a 1-D non-adiabatic tubu-
lar reactor with a single A — B reaction and axial mixing. In particular, they dis-
covered multiple regions in the input parameter space that exhibit Hopf-bifurcation

and limit cycle oscillations.
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3.1.1 Governing Equations

The coupled system of time-dependent convection-diffusion-reaction (CDR) equations
that governs the dynamics of the tubular reactor described above can be expressed

in dimensionless form as follows:

oy 1 0% Oy

—:——___Df(y>9)>
Or Peds? Os s€(0,1), 7>0 (3.1)

Or Peds?® Os

with Arrhenius type nonlinear reaction term: f(y,6) = ye’ 9. s and 7 are the non-
dimensional length and time respectively. y and 6 represent the non-dimensional
concentration and temperature respectively. Pe is the Péclet number. ~, B, [ and
0y are known constants of the system. D is the Damkohler number which controls
the dynamics of the system as will be seen. For this work, we have introduced an
additional scaling parameter p which controls the relative magnitudes between the
concentration and temperature variables — when p = 1, the two state variables have
equal magnitude of O(1). Derivation of the system above from the dimensional form
and its detailed analysis under parametric variations can be found in [43]. Robin
boundary condition is imposed at the left boundary (s = 0) while the Neumann
condition is given at the right boundary (s = 1):
Iy
0s
00
Os
Ay
0s
00
ds

= Pe(yl,_g — 1)

= Pe(f],_ = 1)

y(S,’T = 0) = Yin, 9('9’ T = O) = eina s € [07 1] (33)



Note that in this problem, the Damkohler number D acts as an important control pa-
rameter for the system response. In particular, it is shown in [43] that when Pe =5,
v =25 B =05 0=25and 0, = 1, the system exhibits a Hopf-bifurcation with
respect to D in the range D € [0.16,0.17]; that is, there exists a critical Damkdhler
number D* = (0.165 such that for D < D* the unsteady solution eventually converges
to a non-trivial steady state, as shown on Figure 3-1(a). For D > D*, as shown on
Figure 3-1(b), the system will tend towards a stable limit cycle, oscillating about a
non-trivial equilibrium position, the amplitude of which is controlled by D. In this
work, we take the LCO amplitude to be the amplitude of the temperature oscillation
at the reactor exit: 6(s = 1,¢). Such system responses can be summarized by a bifur-
cation diagram as shown on Figure 3-2 where a Hopf-bifurcation about D* = 0.165

can be observed.

Note that to generate such a response curve, the governing equations (3.1), (3.2)
and (3.3) must be solved forward in time so that time-asymptotic outputs such as
LCO amplitudes and equilibrium solutions can be obtained. In the next subsection,

we present the necessary numerical methods for solving this system of equations.

1.25

|—D:o.1g ' |—D:o.1jl

1.2
= ™
— 1.1 —
b} b}

1.15

1'01) 10 20 30 1'10 10 20 30
T T
(a) D < D* (b) D> D*

Figure 3-1: Time histories of exit temperature in the steady-state regime (a) and
LCO regime (b)
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1.05576 0.165 0.17

D

Figure 3-2: Bifurcation diagram of the tubular reactor model with respect to the
Damkohler number D for Pe =5, v =25, B=0.5, § = 2.5 and ¢y, = 1. The LCO
amplitude at a given D value is the difference between the maximum exit temperature
(green diamond) and the equilibrium position (blue asterisk). For D < 0.165, the
maximum exit temperatures and the equilibrium positions coinside, signifying steady
state solutions. For D > 0.165, stable oscillatory solutions with increasing LCO
amplitudes are obtained.
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3.1.2 Solution Method

1

Nt where

The problem is discretized in the spatial domain with a resolution As =
N is the number of interior grid points. Furthermore, a discretized state vector w
containing the concentration and temperature evaluated at the interior grid points is

defined such that

where y;(1) = y(s;,7) and 6;,(1) = 0(s;,7), with s; = iAs. To approximate the
diffusion and convection terms, second-order centered difference is applied in the
interior of the domain. Second-order forward and backward difference schemes are
used for the inflow and outflow boundary conditions respectively. The semi-discrete

form of the governing equations can be written as follows:

Ccll_:-b =Au+b+ F(u;D) = R(u, ;D) (3.4)
where
A= AP — A° 0 c R2Vx2N
0 AP — A€ 31
with _ -
AL Al
1 -2 1
1
AP = ——— RNV
Pe(As)? ©
1 —2 1
i AN N1 AJ[\)CN_
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AT AS,
—1 0 1
1
AC_ ]RNXN
2As <
-1 0 1
] Afn-1 AR ]
4 4
AP =~ 9 Y —
LI 34 2PeAs L1 3 4 92PeAs
1 1
AP — 4 A = —— — 1
1,2 34 2PcAs | 1,2 3 + 2PeAs
2 4
A]%,N—l = g AJCV,N—l = g
2 4
Ag,N = 3 A%,N = 3
bopt bo
b 0 )
b= | '| eR™M with b= | | RV b= ﬁ'o e RVX1
bg . .
0 B
and b — 2 4+ PeAs
* 7 As(3+2PeAs)
f(ylv 91)
_Df(u) INx1 . . Nx1
F(u)= eR ,  with  f(u) = : e R™Y
E2f(u)
f(yN> QN)

SR

and f(yl, 92) = yiev_

Note that AP}, APy, AN n_1, AR N. ATy ATy, AS v_1, AX . and by arise due to
one-sided finite-difference approximations at the two boundaries. The system of ordi-
nary differential equations (ODESs) (3.4) can be integrated forward in time using any

time-marching schemes. In this work, the explicit fourth-order Runge-Kutta (RK-4)
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method with a constant stepsize A7 is used:

i~

n—+

(SIS

n—l—%
Up+1

Up+1

where

Starting with the initial conditions

1 _
U, + §ATRn+%

1 ~
u, + §A7—Rn+%

1 _ R
u, + éAT[Rn 2R, 1+ R, 1)+ R

Rn+1

R(u,,nAT)
R (u,”;, (n+ %)Af)

R (an+%, (n+ %)Af)

R (11, (n+ 1)AT).

(3.9)
(3.10)

(3.11)

(3.12)

(3.13)

the solution is time-integrated until the time-asymptotic behaviours such as steady

states and LCO solutions are suitably established. To that end, a convergence crite-

rion is imposed such that the absolute differences between the last and the second-last

peaks as well as the last and third-last peaks of the exit temperature history is be-

low a certain tolerance erco. For this study, ezco = 1073 is used. Note that the

semi-discrete system (3.4) is of dimension 2N and that to evolve the solution forward

in time using the RK-4 scheme, the nonlinear residual must be evaluated 4 times at

each time level.
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3.2 POD-DEIM Reduced Order Model

In this section, we apply both the original and modified POD-DEIM model reduction
methodologies to the full-order model (FOM) in Section 3.1.2. Note that the POD-
based reduced-order models (ROM) of this particular tubular reactor system have
previously been studied by Beran et al. in [10] using the POD-Galerkin approach
and Kalashnikova and Barone in [47] using POD with the best point interpolation
method (BPIM).

3.2.1 Original POD-DEIM methodology

In this section, the offline-online model reduction strategy outlined in Section 2.1.3
is applied to the semi-discrete form of the governing equations (3.4), employing the
original POD-DEIM approach. Firstly, the snapshot matrices U = {u;};2; for the
state and F = {F;}!", for the nonlinear term are formed by performing the FOM
simulations at selected values of the Damkohler number within its range of varia-
tions D € [Din, Dmaz]. Using the POD method presented in Section 2.1.1, the state
basis vectors ® = {¢;}X, are computed from U and the nonlinear basis vectors
U = {4}, from F, in which K, M < 2N are determined based on their respec-
tive prescribed ‘relative omitted energy’ tolerances, as shown on (2.17). Next, the

T are computed using the point selection

M interpolation indices Z = [z, ..., 2ym]
procedure described in Algorithm 1 in Section 2.1.2. The corresponding M’ indices
of Z € RM*! for the state are then derived from Z based on nodal connectivity of
the problem. In this particular problem, the nonlinear reaction term at a given grid
point depends on both state components at that point. Therefore, M’ < 2M. The
equality holds only when all of the M interpolation points reside on different grid

points. To construct the ROM of the system, the state u is first approximated as a

linear combination of its basis functions:

u ~ Pu, (3.14)
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where
D =[P, Oy, ..., 05 € RV*Ew, = [0y, 7, ..., Ux] € RE* (3.15)

Substituting the approximation above into the FOM (3.4) and apply Galerkin pro-
jection, the POD-Galerkin ROM is obtained as follows:

du

WUy HT T T )
=2 AA(I) u, + @b b+ ®"F(®u,; D) (3.16)
T r F'r

where A, = ®'A® ¢ RE*K b, = &Tb ¢ RE*! and F, = ®'F(®u,; D) € RE*1,

The initial condition (3.13) is also projected onto the reduced basis:
(1 =0) = ®"uy (3.17)

To obtain an efficient ROM, we further approximate the reduced nonlinear term
using DEIM as shown in (2.23). The POD-DEIM reduced-order model can then be

expressed as:

du,
Y A, u, +b,+ B, Fy(®zu,D) (3.18)
dt N~~~ ~—~~ N——
KxK KxM M’'x1
N———
Mx1
where
B, = ®"vw_ ! ¢ RFM (3.19)

and F'z is the nonlinear term evaluated at M interpolation points specified by Z, ¥
contains the corresponding M rows of W. ®z contains M’ rows of ® specified by
Z'. Given a particular Damkéhler number D, the ROM (3.18) can be time-integrated
forward using the explicit RK-4 method described in Section 3.1.2. Note that the
parameter independent matrices A, and B, are both formed in the offline phase,
immediately after the ®, ¥ and Z have been computed from the snapshots. The online
computation of the reduced nonlinear term involves the evaluations of M out of a total

of 2N components of the full-order nonlinear term. To do so, M’ components of the
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state solution must also be reconstructed online. Since K, M, M’ < 2N, the online
evaluation of the K-dimensional ROM (3.18) constructed with the original POD-
DEIM methodology can be performed efficiently at a computational cost independent
of the FOM dimension.

3.2.2 Modified POD-DEIM methodology

A different ROM can be constructed using the modified POD-DEIM methodology
outlined in Section 2.2 with scalar-valued POD modes and DEIM over-sampling.
The snapshot matrices for the state (U) and the nonlinear term (IF) can be populated
in the same manner as discussed in the previous section by simulating the FOM.
U and F are then separated into 2 smaller scalar-valued matrices for each unknown

variable:

UeR¥xn 5 Y U e RV (3.20)

FeR*V*m s  FY F? ¢ RV (3.21)

Scalar-valued POD modes for the state and the nonlinear term are generated from

these snapshot matrices using the POD method:

U — YRV U @ c RV (3.22)

FY +— WeRVM  F o @ c RVMo (3.23)

where the numbers of POD basis vectors for the state (K, and Kjy) and the nonlinear
term (M, and Mpy) are all determined by their respective ‘relative omitted energy’
criterion (2.17). The state w as defined in Section 3.1.2 can be approximated as

follows:

u ~ du, (3.24)
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where

® = diag{®, ®'} € RV*K (3.25)
u? .

u, = 9 c REx! (3.26)
u?“

and K = K, + Ky. To formulate an efficient approximation of the nonlinear term,
the DEIM interpolation point section algorithm from Section 2.1.2 is applied to each
scalar-valued POD basis for the nonlinear terms ¥ and ¥’ generating two sets of

interpolation indices:
U o 7, e R w0 s 7, ¢ RMex! (3.27)

Using the ‘node-based’ selection method described in Section 2.2.2, we require both
components of the nonlinear term at a particular node to be selected as long as one
of them is selected by either Z, or Zy. Therefore, the interpolation indices for both

variables of the nonlinear term are:
2 =17, )7y € RV (3.28)

where M, My < M < 2N , resulting in more sample points than the number of POD
modes within each variable of the nonlinear term. The nonlinear term F' can then be
approximated under the over-sampling framework (Section 2.2.2) as follows:
P _[wwyr] [ewy o (e
F = A = (3.29)
7|7 e E 0o W] |F
Substituting the approximations (3.24) and (3.29) into the FOM (3.4) and performing
Galerkin projection, the modified POD-DEIM ROM with scalar-valued POD modes
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and over-sampling is:

du,

= A, u,+b.+ B, Fi(®4),u,;D) (3.30)
dr ~~ =
KxK Kx2M M’ %1
21\;><1
where
A, = AP cREXK (3.31)
B, = & diag{W¥ (W)t B(WY)T} e RE¥2M (3.32)
b, = & beREX (3.33)
FY i
F, = ; € R2Mx1 (3.34)
F7,

and (2'), € RM'*1 contains the global indices of the all the state variables that must
be reconstructed online as determined from Z based on nodal connectivity. Note that
in this problem, both components of the nonlinear term at a given node are only a
function of the two state components at that node. Therefore, M’ = 2M. The cost of
the online evaluation of this ROM is a function of K, M < 2N. This ROM is to be
compared with the original POD-DEIM ROM (3.18) derived in the last subsection.
In the next section, we compare the performances of the two ROMs for problems with

equal and disparate magnitudes in the two unknown variables.
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3.3 Numerical Results

In this section, both the original and modified POD-DEIM methodologies derived in
Section 3.2 are applied to perform model reduction on the nonlinear CDR system
described in Section 3.1. Two test cases are considered here. In the first case, the
ROM is constructed for a system with equal magnitudes in both unknown variables
(u=1). In the second test case, the scaling parameter y is set to 10™*, making the
temperature variable () four orders of magnitude larger than the concentration (y).

In both cases, the system parameters Pe =5, v =25 B=0.5,§=25and f, =1
are held constant while the Damkoéhler number D varies in the range [0.16,0.17]. The
spatial domain is discretized into 100 equal intervals, resulting in the FOM dimension
of 2N = 198. A constant step-size of ATpor = 2.5 x 10™* for the FOM is used for
the RK-4 time-marching scheme, in order to maintain numerical stability.

The accuracies of both ROMs are quantified by comparing its outputs of interest
— the LCO amplitudes and equilibrium positions with those of the FOM. To that

effect, we compute the absolute relative error as:

gROM o gFOM
| | (3.35)

where ¢ denotes an output of interest.

3.3.1 Unknown variables with equal magnitudes (u = 1)

The ROMs (3.18) and (3.30) are constructed with two sets of snapshots obtained by
simulating the FOM at the two extreme points of its parameter domain: D = 0.16
and 0.17. For each unsteady simulation, the FOM is time-marched using the RK-4
scheme at Atpoy = 2.5 x 1074 until the solution converges to either a steady state
or a stable limit cycle. The snapshots of the state and nonlinear term are stored at
every 1000 time steps. For the original POD-DEIM ROM, a tolerance on the relative
omitted energy €, = 107! is imposed for the state while e; = 107 is given for the

nonlinear term, resulting in the inclusions of K = 10 state POD modes and M = 10
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POD modes for the nonlinear term. For the modified POD-DEIM ROM, the relative
omitted energy levels imposed for the scalar-valued POD modes of the state and the
nonlinear term are: € = ¢ = 107" and ¢} = €} = 107'%. Asaresult, K, = 8, Ky = 7,
M, =10, and My = 10. A ‘D-sweep’ is performed in which the FOM and the ROMs
are solved at 20 equi-spaced D values in the interval D € [0.16,0.17]. Note that due to
the truncation of high-frequency modes, a larger stepsize of ATroa = 1.0 x 1072 can
be used in the time-integration of the two ROMs. Figure 3-3 shows the maximum exit
temperatures and equilibrium positions at each D value computed using FOM and the
original POD-DEIM ROM. A Hopf-bifurcation can be observed around D* = 0.165.
For D > D*, stable oscillatory solutions are obtained. The LCO amplitude is the
difference between the maximum exit temperature and the equilibrium position. The
FOM and ROM results are observed to be in excellent agreement for all points within
D € [0.16,0.17], even though the ROM is generated only with snapshots taken at
D = 0.16 and 0.17. Figure 3-4(a) shows that all outputs except for the two closest
to the bifurcation point are computed with relative errors below 10~*. The errors are
slightly higher around D* = 0.165 because the convergence towards a stable limit cycle
at these points takes many thousands of time steps to achieve, giving rise to long-time
integration errors in the ROM. The ROM constructed using the original POD-DEIM
methodology reduces the computational time by two orders of magnitude from the
FOM, as shown on Figure 3-4(b). Note that the ability to use a larger step-size
(ATpom = 40ATroy) for the explicit time-marching scheme is a major contributor
to the speed-up in this problem. The speed-up effected by the reductions in system
dimensions (2N = 198 in FOM vs. K = 10 in ROM) is less significant as the FOM
dimension is already rather small.

Note that in this test case, both ROMs yield the same order of accuracy with the
modified POD-DEIM ROM having marginally lower speed-up factors. For simplicity,
only the comparison results between the FOM and the original POD-DEIM ROM are
shown here. We defer the comparisons involving the modified POD-DEIM ROM for
the next test case in which the difference in performance between the two ROMs is

more apparent.
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Figure 3-3: Comparison between the bifurcation diagrams computed using the FOM
(u = 1) and the original POD-DEIM ROM (K = 10, M = 10) for the tubular reactor
system with Pe =5, v =25 B=0.5, 8 =25and 6y =1, in D € [0.16,0.17]
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Figure 3-4: Relative error and speed-up over FOM (u = 1) in computing the LCO
amplitudes and equilibrium positions, using the original POD-DEIM ROM with K =

10 and M = 10.
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3.3.2 Unknown variables with different magnitudes (u = 107%)

In this test case, the scaling parameter p is set to 10™*, resulting in four orders
of magnitude difference between the temperature and concentration variables. The
snapshots are collected in the same manner as described in the previous test case.
The numbers of POD modes for the state and the nonlinear term for both ROMs
are also the same as the first test case. The degradation of accuracy in the original
POD-DEIM ROM is shown on the bifurcation diagram on Figure 3-5 where signifi-
cant discrepancies between the FOM and ROM results are apparent, especially in the
predicted equilibrium positions. Comparing the accuracy of the original POD-DEIM
ROM in the equal-magnitude case (u = 1) in Figure 3-6(a) to the u = 107* case
in Figure 3-6(b), it can be observed that the relative errors increase two orders of
magnitude due to the disparate magnitudes between the temperature and concen-
tration. The speed-up factors are the same as the first test case (see Figure 3-4(b))
since the same step-size and numbers of POD modes are used. On the other hand,
the results obtained using the modified POD-DEIM ROM are in excellent agreement
with those of the FOM, as shown on Figure 3-7. The relative errors, as shown on
Figure 3-8(a) are all of O(10™*) — the same order as the equal-magnitude case. Fig-
ure 3-8(b) shows that the speed-up factors of O(10?) are achieved for all points tested,
only marginally lower than the original POD-DEIM ROM (see Figure 3-4(b)). This
test case demonstrates that the modified POD-DEIM ROM with scalar-valued POD
modes and over-sampling is more robust for problems in which disparate magnitudes

exist among unknown variables.
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Figure 3-5: Comparison between the bifurcation diagrams computed using the FOM
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Figure 3-6: Relative errors in computing the LCO amplitudes and equilibrium posi-
tions using the original POD-DEIM ROM for the equal-magnitude case (x = 1) and
the different-magnitude case (u = 107%)
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Chapter 4

Aeroelastic Limit Cycle

Oscillations

This chapter applies the modified POD-DEIM model reduction methodology devel-
oped in the Chapter 2 to an aeroelastic system that exhibits limit cycle oscillations
(LCO). The problem set-up and governing equations are described in Section 4.1.1.
An implicit time-integration scheme is presented in Section 4.1.2 to solve the equa-
tions of motion to obtain time-asymptotic values such as the LCO amplitudes and
equilibrium positions. In Section 4.1.3, the ‘direct flutter computation’ is introduced
to obtain the flutter points via eigen-analysis of the aeroelastic system. Section 4.2
applies the modified POD-DEIM model reduction approach to reduce the compu-
tational costs of the two aforementioned tasks. Finally, numerical results involving
systems with fixed parameters, as well as one, two and three parameters are presented

in Section 4.3.
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4.1 Full Order Model

To simulate the aeroelastic LCO behaviour, a simplified aero-structural model con-

sisting of a rectangular cantilevered plate in quasi-steady supersonic flow is considered

in this work. Figure 4-1 shows a schematic of the model. The rectangular plate has

a uniform thickness of h, a width (chord length) ¢ and a length (semi-span) L in

the x and y directions respectively. The incoming supersonic flow is along the = di-

rection. This is the same model that has been considered in the works by [32] and [75].

Figure 4-1: Cantilevered plate in supersonic flow
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4.1.1 Governing Equations

The equations of motion that govern the out-of-plane displacement w of a thin plate

are [29]:
0w 12D 0*w 0*w 0*w
pshW—I—DV‘lw = 7 (€xx+VEyy)w+2(1—l/)€xym+(5yy+l/€xx)a—y2 —l—paem
(4.1)
0 Oe,
%(&m +vey) + (1—v) 8yy =0 (4.2)
0 Oey
a—y(eyy +vey) + (1 — V)a—:cy =0 (4.3)

where p, is the density of the plate, D = ERh3/(12(1 — v?)) is the plate rigidity, £
is the modulus of elasticity, h is the plate thickness, v is the Poisson’s ratio, puero is
the external loading exerted by aerodynamic pressure, and €,,, €4, and e,, are the
internal strains. As discussed in Section 1.1, for the system to exhibit LCO behaviour,
nonlinearities in the flow and/or the structure must be present to limit the growth
of vibrational amplitude after an initial disturbance. In this model, such nonlinear
mechanism is represented by the von Karmén strains in the plate which couple the

in-plane and out-of-plane deformations as follows:

ou 1 [ow\?
o 1 [ow\?>
1/0v Ou Owow\?
Sy = 5(%*@*%@) (4.6)

where u, v and w are displacements in the x, y and z directions respectively.
The aerodynamic pressure pue., is modeled by the linearized supersonic piston

theory originally formulated by Ashley and Zartarian in [3]:

. 2pooUo20 a_w + 2pooUoo(Mo20 B Q)a_w
Paero = /7M§o —1 ox (Mgo _ 1)3/2 Ot
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where po., Us and M, are freestream flow density, velocity and Mach number respec-
tively. Spatial discretization using the finite element method results in the following

system of nonlinear second-order ODEs:
Mii+ Csi+ f(u) = foero(u, @) (4.8)

where the plate is discretized into triangular elements. Each node on the computa-
tional grid contains 6 degrees of freedom (DOF). Therefore the generalized displace-

ment vector is organized such that

where u’ € RV*! and N is the number of finite element nodes. Note that for
the generalized displacement, these 6 DOF's correspond to the displacements from
undeflected position in the x, y and z directions and the rotations about the x, y and
2 axes. In particular, for the i-th DOF, u’ contains the generalized displacement of
that DOF evaluated at all A grid points. Within each triangular element, the in-plane
response is modeled by the linear strain triangle (LST) while the out-of-plane bending
response is modeled by the discrete Kirchhoff triangle (DKT). Thus discretized, M
is the resultant consistent mass matrix, C is the structural damping matrix. In this
structural model, proportional damping is assumed such that Cy = g, M, where [,
is the structural damping coefficient. f(wu) is a vector of nonlinear internal forces
due to the von Karman strains which couple the in-plane stretching and out-of-plane
bending responses as shown in (4.4)—(4.6). It is assembled as a global vector from A

nodal forces in the same manner as the state u:

fl
f _ c Rﬁ/\/’xl (4.10)
f6
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where f € RV*!. The 6 DOFs of f correspond to the forces in the z, y and z

directions and the moments about the x, y and z axes.

The aerodynamic pressure force vector faero(w, ) can be approximated from

(4.7) as:

faero(uv U) - WA:DU - (Mgo — 1)3/2 Atu (411)
~—— ~~ -
K(leT'O CGETO

where A, and A; are matrices that approximate the gradient and time derivative
terms in (4.7) at the center of each triangular element and distribute the integrated
pressure at each node. Moreover, K., and C.., are defined as the aerodynamic
stiffness and damping matrices. Substituting (4.11) into (4.8), the equations of motion

can be expressed as:

Mii + (Cs + Cero)t + Koerou + f(u) =0 (4.12)

The above equation of motion was used in the design-for-reliability study by [75] to
model the same supersonic plate problem in which the incoming flow was assumed
to be parallel to the undeformed plate. This numerical model can be extended to
include the effect of a steady angle of attack® (a,) by the addition of the following
constant aerodynamic forcing term:

fo=-K% o (4.13)

aero—0

where K7, is a matrix that projects the aerodynamic forces onto the vertical axis
through an angle a,. Note that the angle of attack here is assumed to be small
and that f_ is a constant forcing vector at a given a,. The equation of motion of
a nonlinear cantilevered plate in supersonic flow inclined at a small steady angle of

attack is:

Mii + (C;s + Clero)t + Koero + f oo + f(u) =0 (4.14)

2initial angle of attack of the undeformed plate
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It is worthwhile to point out the functional dependence of the terms in the equation
above on various flow and structural parameters. First, we introduce the following

non-dimensional parameters:

2 ooU2 3

N = Pl (4.15)
Dy/M2 —1
2P0

p o= P=C (4.16)
psho

where A\ is the non-dimensional dynamic pressure parameter and y is the mass ratio.
Note that D, = Eh3/(12(1—v?)) is the plate rigidity defined based on a fixed baseline
uniform plate thickness h,. Using these non-dimensional parameters, the functional

relationships of different terms in (4.14) can be expressed as follows:

M, C, = .f(hap&ﬁ) (417)
Kae'r'o, Caero = f(Mooa )\7 K, C) (418)
flu) = f(D,u) (4.19)

Note that the nonlinear internal force f(u) is a function of both plate rigidity D and
state u. The latter is in turn dependent on all other flow and structural parameters.
As will be shown in the following sections, the LCO amplitude of the plate is a function
of the \ parameter. In particular, when all other system parameters are held constant,
there exists a critical dynamic pressure A\*, also known as the Hopf-bifurcation point
or the flutter point, which marks the change of stability. For A < A\*, the ensuing
oscillation after an initial disturbance will eventually damp out to a steady state,
establishing a static equilibrium. For A > A\*, the system will tend towards a stable
limit cycle, the amplitude of which is controlled by A. In this work, we take the LCO
amplitude to be the amplitude of the vertical deflection dw at the trailing-edge tip
node. Figure 4-2 shows a typical time history of such LCO behaviour.

Note that to compute the LCO amplitude at a given A, the equations of motion
(4.14) must be integrated forward in time. In the next subsection, we present the a

‘generalized-a’ time-marching scheme for this purpose.
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Figure 4-2: Time history of the vertical displacement of the trailing-edge tip node
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4.1.2 Solution Method

To solve for the long-term dynamics of a structures problem such as (4.14), time-
integration methods with numerical dissipations are typically required to eliminate
the high-frequency modes so as to maintain numerical stability. To that end, a
popular family of methods for structural dynamic problems is that of Newmark [60].
However, Newmark algorithms are known to be too dissipative for low-frequency
modes and therefore only first-order accurate. In this work, we use instead the second-
order accurate, unconditionally stable generalized-o method formulated by Chung
and Hulbert in [27]. Let u,, @, and i, denote the generalized displacement, velocity
and acceleration vectors at time level n respectively. Between the time levels n and
n—+1, the equations of motion can be expressed at the ‘generalized mid-point’ n+1—ay,

as follows:

Mﬁ/n—i—l—am + (Cs + Caero)il'n-i-l—oem + Kae'r'oun—i-l—am + fa + fn—i—l—am (un—i-l—am) - 0
(4.20)

where the ‘generalized mid-point’ displacement (w,11-q,), velocity (t,41-q,), accel-

eration (@y+1-a,,) and nonlinear internal forces (f,11_q,(Un+1-a,,)) are:

Uni1-a;, = (1= ap)tp +aju, (4.21)
Unyi—a;, = (1= ap)lnyr+ apty, (4.22)
Upi1a, = (1= am)ln+ aniy, (4.23)
Friroy (st an) = (1= ap)f(unis) + ayflun) (4.24)

Expressing the displacement ,,; and velocity i, as functions of a single unknown

w11 via the Newmark approximations [60]:

. - 0. -2
. 1 1 . 1-206..
Unt+1 = W(un—i—l - Un) — 5Atun - 23 U, (4.26)



Substituting (4.25) and (4.26) into (4.22) and (4.23), the generalized mid-point ve-
locity and acceleration can be expressed in terms of the values at time-level n and
n+1:

1- 1—ap)y— 1— —2

i’fnJrlfam = ( thfw (unJrl - un) - ( aé)’y Bﬂn - ( afgg‘)/ B) Atun (427)
1-— m 1-— m) e 1- m 2 .

,i';"ﬂ"'l—ozm = /BT(:Q(,LL”-’_l — un) — ( ﬁAO[t )’U,n — 0425 Bun (428)

where o, af, f and v are algorithmic damping parameters, which can be derived
in terms of the spectral radius p of the amplification matrix arising from stability

analysis of the algorithm as follows:

om = 221 ;11 (4.29)
P
_ P
1

B = Z(l—am+af)2 (4.31)
1

= g amto (4.32)

It has been shown in [27] that «,,, oy, § and v which satisfy the above relations
produce optimal algorithmic damping with low dissipation on low-frequency modes
and high dissiplation on high-frequency modes. In this work, p = 0.2 is used. The
generalized-a method thus constructed is second-order accurate and unconditionally
stable. For detailed analysis of this method and the derivations of these relations,
the readers are referred to [27]. Substituting (4.27), (4.28), (4.21) and (4.24) into
the governing equation (4.20), the equation of the residual which is nonlinear in the

unknown displacement u,,,; is obtained:

R(un11) = Aupy + (1= ap) f(ung) + Q(un) = 0 (4.33)
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where

I (1 —ay)y
A = WM + W(CS ‘l— Cae'ro) ‘l— (1 — O{f)Kae(r.o (434)
Quy) = (1— )M [ BitQ (—twy — Atdi,) — %an} + o Mii,
+(1 - af)(Cs + Cae'r'o) |:ﬁ_—ztun - 1 ; 5’11,” - i gﬁ25Atun:|
+af(Cs + Caero)il'n + afKaeroun + aff(un) + fa (435)

Note that @ is a function of w,, only and is therefore a constant matrix at time-level
n+ 1. A is a constant matrix throughout the simulation. The nonlinearity in the
residual is due to the internal force f(u,y1). At time-level n+1, to solve the nonlinear
residual for the unknown displacement u,,, 1, we use Newton’s method. The Jacobian

of the residual must then be computed:

_ OR(u)

J(u) S = A+ (1—ap)df(u) (4.36)
where
Jf () = ag(uu) (4.37)

and J7 is the Jacobian of the nonlinear force, also known as the tangent stiffness
matrix in computational mechanics. Knowing the displacement at time level n, one

can solve (4.33) iteratively for u,; using Newton’s method as follows:

J(ufzﬂ)(uﬁill - 'U'Z-irl) = _R(ufu-l) (4.38)

p=0

where p denotes the number of sub-iterations. At p = 0, an initial guess for u;

is required. In this work, we use the solution at the previous time step such that

uflﬂ = u,. Furthermore, the sub-iterations are terminated when the magnitude of

the residual R has been reduced by a specific order of magnitude from its initial

value, such that:
IR, )l

IR~ (4.39)
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where € is a small number between 107 to 107!° depending on the desired level of
convergence.

Note that at each time level, to solve the nonlinear residual equation (4.33) via
Newton iterations (4.38), the nonlinear force f(u) and Jacobian J(u) must be formed
multiple times. At each sub-iteration, the Jacobian matrix must also be inverted
to solve for u? . ,. For large-scale problems in which long-term dynamics must be
simulated, this can be very computationally intensive. If the effects of parametric
variabilities are to be studied, it becomes a computationally prohibitive task. In
Section 4.2, we apply the POD-DEIM model reduction approach presented in Section
2.2 to alleviate such computational burden.

To start the time-integration, the initially undeflected plate (w,—o = 0) is given

an updwards velocity ,—¢. The initial acceleration i,—y can be computed as:
’un:O - _M_l [(Cs + Caero)il'nzo + Kaerounzo + fa + f(un:0)] (440)

The solution can then be time-marched forward by solving (4.33) iteratively. The
time-integration proceeds until a stable limit cycle is fully developed for the trailing-
edge tip vertical displacement. To that end, a convergence criterion is imposed such
that the absolute differences between the last and the second-last peaks as well as the
last and third-last peaks of the displacement history (see for example, Figure 4-2) is

below a certain tolerance eco. For this study, e,co = 1072 is used.
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4.1.3 Direct Flutter Computation

The generalized-a method presented in Section 4.1.2 can be used to integrate the
equations of motion forward in time to obtain time-asymptotic informations such as
the LCO amplitude and equilibrium positions. Another crucial characteristic of the
system that is often of interest for aeroelastic designs is the Hopf-bifurcation point or

the flutter speed.

The generalized-o method can be used to bracket the flutter point within a small
interval by solving the unsteady governing equations at discrete A values. However,
if the flutter point must be predicted at high accuracy, this method becomes ineffi-
cient as simulations near the true flutter point may take extremely long to converge.
Therefore, to predict the flutter point, a direct method which does not involve time-
integration is desired. In this section, we present a direct flutter computation method

via eigen-analysis of the system based on the works of [76] and [59].

The flutter point (A*) or Hopf-bifurcation point is a point above which the aeroe-
lastic system loses stability to infinitesimal disturbances, resulting in time-dependent
responses such as LCO instead of settling back to an equilibrium position. Mathe-
matically, such ‘exchange of stability’ which occurs when A is increased beyond the
flutter point, is due to a pair of complex conjugate eigenvalues of the system (4.14)
crossing the imaginary axis of the complex plane. That is, at the flutter point, a single
pair of complex eigenvalues becomes purely imaginary while all other eigenvalues of
the system have negative real parts. In particular, define () such that it is the real

component of the eigenvalue with the largest real part:

7(A) = max(Re(f;)) (4.41)

where f3; is the j-th eigenvalue of the system. The task of predicting \* is then
equivalent to solving for «(A*) = 0 such that the eigenvalue associated with the least

stable eigenmode has a vanishing real part. To that end, Newton’s method can be
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used to solve for \* iteratively:

Iv(A")
P))

(A™1A) = —y (A" (4.42)

where A"\ = A1 — \" and A" is the non-dimensional dynamic pressure at the
n-th step. To improve convergence, a relaxation parameter wyq,¢ = 0.8 is used in the
Newton update:

AL = A" 4 W p AN (4.43)

To examine the stability of the aeroelastic system at a given A value and compute the
associated eignvalues, the equations of motion (4.14) are re-written in the first-order
form as follows:

INXN 0 U 0 _INXN u 0

0
Ll v 4 + =0 (4.44)
o M| |i M ero Cs4 VACooro| | f(u) fa

where Iy, is the N x N identity matrix and A is factored out of the aerodynamic
stiffness and damping matrices such that K,.., = 2K aero and Clerp = \/Xé’aem.

Furthermore, define:

q= = | (4.45)

The first-order equations of motion (4.44) can then be expressed as follows:

Aq=Bq+ f(q) (4.46)
where
Iy, 0 0 Inyn 0
A — NxN , B = - ~ Y f(q) =
0 M _)\Kaero _(Cs + \/Xcaero> _fa - f(u)
(4.47)

The generalized eigenvalue problem associated with this system is:

BP; = 3,AP; (4.48)
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where

- 0 1 0 0
B-= . e + (4.49)
_>\Kaero _(Cs + \/Xcaero) _Jf(ueq) O

and P; is the right eigenvector corresponding to the j-th eigenvalue 3; and J¥ (u,,) is
the Jacobian of the nonlinear force (as defined in (4.37)) evaluated at the equilibrium
solution u.,. Take the derivative with respect to A on both sides and multiply by the
left eigenvector Q; associated with the j-th eigenvalue j;:

0B

00;

The derivative of the j-th eigenvalue with respect to A can be expressed as:

98, QjEP,

= 4.51
N QTAP, (45
where the term %—? can be derived analytically:
0B 0 0
» g G (4.52)
_Kaero - 2V

Let the eigenvalues 3; be arranged in the order of descending magnitude of their real

parts such that Re(;) > ... > Re(fan). The gradient term in (4.42) is simply:

Oy(A") 9Bj=1(A")
7(% = Re (T) (4.53)

Equations (4.42), (4.43), (4.48) and (4.53) can then be used in tandem to solve for
the flutter point A\*. Specifically, starting from an initial guess A=, the generalized
eigenvalue problem of the system (4.48) is solved for 3,1, P;-; and Q,_, with which
the gradient term of (4.42) can be evaluated via (4.53). The Newton update (4.43)
is then computed and the process repeated until A\ converges to a certain prescribed
tolerance €y, such that A" \| < e;,. Note that as A" — A"*! in Newton iterations

(4.42), the equilibrium position (u.,) is non-trivial for plates at non-zero angles of
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attack (a, # 0), and varies from one iteration to another. Therefore for each A, a
new equilibrium position must be established in order to update the tangent stiffness
matrix J/ in (4.49). To that end, the following nonlinear equilibrium equations must

also be solved iteratively at each step n using Newton’s method for w.,:
NK gerott + fo, + f(u) =0 (4.54)

with the corresponding Jacobian:

J(u) = N'K gero + JF(u),  JF = (4.55)

The solution of (4.54) involves multiple evaluations and inversions of the 2N x 2N
nonlinear Jacobian in the same manner as the inner iterations of generalized-a method
presented in Section 4.1.2. This process and the solution of the generalized eigenvalue

problem (4.48) can both be computationally intensive for large-scale problems.
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4.2 POD-DEIM Reduced Order Model

As discussed in Section 4.1.2, to time-integrate the equation of motion (4.14) using the
implicit generalized-a algorithm, the resultant nonlinear system of equations at each
time step must be solved iteratively by Newton’s method. For large-scale systems, this
is typically a computationally intensive task and therefore precludes any multi-query

tasks such as uncertainty quantifications and optimizations.

To alleviate the computational burden, we apply the POD-DEIM methodology
described in Chapter 2 to construct a reduced-order model (ROM) from from the
system (4.14), the full-order model (FOM).

This model problem possesses the three challenging features discussed in Section
1.3. Firstly, the nonlinear term has a noncomponentwise dependence on the state. In
particular, each grid point is surrounded by 6 triangular elements. The 6 DOF's of the
nonlinear force at a particular node are computed not only using the 6 generalized
displacements at the same node but also using the 36 generalized displacements at
the 6 adjacent nodes. In addtion, the 6 DOF's in the nonlinear force f(u) have vastly
different orders of magnitude in both the initial transient and the quasi-steady regions
of the simulation as shown on Figure 4-3(a) . Note that DOF 3, which represents
the dominant out-of-plane bending response is at least 6 orders of magnitude larger
than the DOF 6, the moment about the z-axis. Furthermore, the singular values
corresponding to each DOF do not decay in the same manner. This is illustrated by
Figure 4-4, in terms of the ‘omitted energy’ in (2.17). The dashed line shows that
to achieve the same level of accuracy across all 6 DOFs, different numbers of POD
modes must be used for the DOF's of the nonlinear term. On the other hand, the
difference in the magnitudes of the state DOFs are much more moderate as shown
on Figure 4-3(b).

In Section 2.2, two modifications to the existing POD-DEIM methodology are
developed to address the abovementioned challenges. Firstly, to construct the ROM,
we use vector-valued state POD modes and scalar-valued ones for the nonlinear force;

that is, a single, ‘globalized’ set of modes is used for w while the one set of scalar-
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Figure 4-3: Evolution of the magnitudes of different DOFs of the nonlinear term and
state over time
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Figure 4-4: Omitted energy in each DOF of the nonlinear term as a function of the
number of POD modes

valued POD modes is used for each of the 6 DOFs of f.

As outlined in Chapter 2, we first approximate the state solution as a linear

combination of state POD basis vectors:

u~ du, (4.56)
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where

D =[P, Py, ..., 05 ERVE = [y, y,...,ug] € REX! (4.57)

Substituting the expansion into the FOM (4.14) and project it onto the reduced

space using the POD-Galerkin procedure outlined in Section 2.1.1:

M., i, + C,u, + Kiu, + f + f,.(Pu,) =0 (4.58)
where
M, = ®"M® c RE*K (4.59)
C, = ®7(C,+ Coupo)® c RFE (4.60)
K*° = ®'K,,,»cRK (4.61)
fo = ®Tf eREX (4.62)
fo(u,) = ®Tf(®Pu,) c RE! (4.63)

The inefficiencies of the POD-Galerkin ROM due to the online computation of the
reduced nonlinear term (4.63) and its Jacobian have been discussed in detail in Section
2.1.1. To recover the ROM efficiency, we apply the DEIM approximation to the
nonlinear force term. Furthermore, we employ the two modifications to the POD-
DEIM methodology presented in Section 2.2; that is, we use scalar-valued POD modes
as well as DEIM over-sampling for the nonlinear term. The resultant ‘modified POD-

DEIM’ ROM is as follows:
Mr,ur + Cr’l:l/r + K?erour + f?f —I— BTfi(Q(Z’)gur) = 0 (464)
where

B, = ®"diag{@"(¥)" W@t WV (W)T} e RENM (4 65)

£, = [£}.62,.. . £V e RN (4.66)

Z9 "7
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and N, = 6 in this problem, for the 6 DOF's of the generalized nonlinear force at
each grid point. ¥ is the scalar-valued POD mode for the i-th DOF of the nonlinear
force . fi and W contain the corresponding M rows of ! and W' specified by the
interpolation indices z € RMx1, (2'), contains the M’ global indices of the all the
state variables that must be reconstructed online as determined from z based on nodal
connectivity. This reduced system of equations can now be integrated forward in
time using the implicit generalized-a method outlined in Section 4.1.2. The resultant

n+1

nonlinear residual equation that must be solved at each time step for w] ™" is:

R (upt) = A + (1 - ap)B, (@), wt) +Q(u)) = 0 (4.67)
N—_—— ——
KxK M’XK
N—_——— —
6M x1
where
1 —am (1 —ay)y
A = ——M, +— "~ 1—ap) K 4.
= e, Bl s -0k (4.65)
Q) = (1—ap)M, | —— (—u — Atar) — 2= 2Pin| 4 0 M
T - Qm r ﬁAt2 T r 2ﬁ T Qm r=r
— Y=B.. 7—28,..
1—ay)C, n— n— Atu”
Hi - a0, | Tl - T - 1 B v
oy Crtt, + ap KXw! + ap fo(uw)) + f7 (4.69)

The reduced system of nonlinear residual equation can be solved using Newton’s
method:

T )| - ) = R ()] (4.70)

pt+1

where the reduced Jacobian of the residual is:

Jr(’u,;H_l‘p) = Ar + (1 - Oéf)Br in,(i’)g((ﬁ(i’)g ’U,:,H—l}p) (ﬁ(z/)g (471)

(.

-~

6M x M’

Note that systems (4.67) and (4.71) are simply reduced formulations of (4.33) and

(4.36) respectively. However, as will be shown by numerical results for various test
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cases in Section 4.3, such formulations result in substantial computational savings
over the FOM. This is largely due to the fact that M < N which means only a
small fraction of the triangular elements in the computational domain needs to be
reconstructed online for the necessary rows of f; and in(zl)g. Also, as K < N, the
inversion of J, in each Newton iteration can be performed much more rapidly than

its FOM counterpart.

Finally, to efficiently monitor the convergence towards a stable limit cycle, the
time history of the vertical displacement in the trailing edge tip node is computed
on-the-fly via an inexpensive partial state reconstruction u,- = ®..u,, where z* is

the index corresponding to the desired state DOF.

The POD-DEIM model reduction methodology can also be applied to the equa-
tions that need to be solved in the direct flutter point computation presented in
Section 4.1.3. In particular, the reduced-order version of the generalized eigenvalue

problem (4.48) of the aeroelastic system is

B, P} = fA,P] (4.72)
where
1 0
A = |TFF (4.73)
0 M,
- 0 1 0 0
B, = ~_aero KXK~aero + (474)
-AK, " —(C:+VC, ) —J¥(u?) 0

and Ik is the K x K identity matrix, P is the right eigenvector corresponding to
the j-th eigenvalue 3/ of the ROM and J7, is the reduced Jacobian of the nonlinear
force:

J7(u) = Brsz,(zf)g(‘I’(zf)guﬁq)'i’(zf)g (4.75)
To obtain the equilibrium solution u¢?, the reduced version of (4.54) that must be

T
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solved for each A" value during the Newton iterations (4.42) is as follows:
NK, w4 FY 4+ B (6,u,) =0 (4.76)
with the corresponding reduced Jacobian:

=~ aero

Jo(u,) = N"K, "+ I (u,) (4.77)
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4.3 Numerical Results

In this section, the modified POD-DEIM methodology is applied to perform model
reduction on the aeroelastic system described in Section 4.1. A total of four numerical
test cases are considered here. In the first test case, the ROM is constructed for a
system with fixed parameters. The second test case considers the same system with
the non-dimensional dynamic pressure A as the sole input parameter while the plate
thickness h is introduced as an additional input parameter in the third test case.
Finally, the last test case considers the system with three input parameters: A, h,

and steady angle of attack a,.

4.3.1 Problem Setup

In all cases considered in this work, the time-integration of the equations of motion
is performed using the generalized-a method with a time step of 0.001s. The time-
dependent aeroelastic response is initiated by prescribing an upwards velocity initial
condition as described in Section 4.1.2, simulating a sudden gust encounter. For
the spatial discretization of the FOM, 49 spatial grid points are used in both z and
y directions, resulting in 4608 triangular finite elements and a total of N = 14112
unknowns.

Table 4.1 below summarizes the fluid and structural parameter values that are

used in all four test cases in this section:

‘ Parameter ‘ Symbol ‘ Value ‘
chord c 0.3m
semi-span L 0.3m
nominal plate thickness ho 0.001m
plate density Ps 2800kg/m3
modulus of elasticity E 70GPa
Poisson’s ratio v 0.3
structural damping coefficient Bs 20
mass ratio I 0.2
freestream Mach number Mo 2.0

Table 4.1: Flow and structural parameters for the aeroelastic system
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The accuracy of the ROM is quantified by comparing its outputs of interest —
LCO amplitude and flutter point with those of the FOM. In particular, for solutions
in the LCO region as well as the direct flutter point computations, we calculate the

absolute relative error as:
| ¢ROM _ gFOM|

|€rel| - |€FOM| (478)

where ¢ denotes an output of interest. For LCO amplitudes that are damped out to
trivial solutions (cases with a, = 0°), absolute error is computed instead to avoid

divisions by small numbers:

‘€| — wROM . gFOM‘ (479)

4.3.2 Fixed Parameter Case

In this section, we apply the modified POD-DEIM methodology presented in Sec-
tion 4.2 to an aeroelastic simulation with fixed input parameters. The dynamic
pressure parameter A which controls the LCO amplitude is set to 90. The plate is
cantilevered with zero steady angle of attack (a, = 0) while its thickness is held at
the nominal value of 0.001m. The goal of this exercise is not to merely reproduce
the results of a single time-dependent FOM simulation, but rather to benchmark this
modified POD-DEIM methodology for the simplest model reduction task and com-
pare its performance against ROMs constructed using the orignial POD-DEIM and
the POD-only® methodologies.

As shown on Figure 4-5, FOM solution converges to a stable limit cycle in 0.46
seconds, producing 460 snapshots for the state and nonlinear force. These snapshots
are used to construct the modified POD-DEIM reduced-order model following the
prodecures outlined in Section 4.2. The ROM is then evaluated at the same set of
intput parameters to reproduce the FOM result. K = 25 vector-valued state POD
modes are used, corresponding to the relative omitted energy €, of 6.1 x 10712 in

the approximating the state snapshots. A tolerance of e; = 107 in relative omitted

3POD-only methodology: refers to the POD-Galerkin method presented in Section 2.1.1 with no
special treatment for nonlinearity
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energy )y is imposed on all 6 scalar-valued POD modes for the nonlinear term. As
a result, the nonlinear term and its Jacobian at M = 79 out of a total of 2352
nodes on the computational domain must be evaluated on-line from the M’ = 2200
reconstructed state components (out of a total of N = 14112 components). Figure 4-5
shows that the time histories of the vertical displacement of the trailing-edge tip node
computed using the FOM and ROM are in excellent agreement. Furthermore, the
LCO amplitude is computed at a 0.24% relative error with the ROM. The speed-up

of the ROM over the FOM in performing the same simulation is a factor of 40.

It is possible to trade off speed-up for higher accuracy by imposing more stringent
tolerance values €; on the relative omitted energy of the POD modes for the nonlinear
term, as shown on Figure 4-6. The previous result is the left-most data point on this
plot with e; = 107%. By decreasing the tolerance to e; = 107!, marked by the right-
most point on the plot, it is possible to reduce the relative error in LCO amplitude
by a factor of 10 at the cost of a lower speed-up factor of 28. At this point, M =114
and M’ = 3138.

Note that f and J are assembled by their corresponding elemental force vectors
and Jacobian matrices. To evaluate selected rows of f and J in the DEIM approxi-
mation, all triangular finite elements directly adjacent to the the required nodes on
the computational domain must be evaluated. Therefore the number of elemental
vector and matrices that must be evaluated online directly affects speed-up of this

POD-DEIM ROM, as shown on Figure 4-6.

The advantage of the modified POD-DEIM methodology over the original POD-
DEIM and POD-only methodologies is demonstrated by Figure 4-7. The existence
of disparate magnitudes in different DOFs of the nonlinear term as well as its highly
oscillatory nature in this problem makes the nonlinear term and its Jacobian difficult
to approximate using the original DEIM methodology. As a result, a large number
of interpolation points must be used — so large that almost all the components of
the nonlinear term and all of the state components must be evaluated in the online
process (i.e. M ~ N, M' = N). This reduces the efficiency of the original POD-DEIM
methodology to that of the POD-only approach whose limitations in the presence of
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nonlinearities are discussed in Section 2.1.1. Consequently, both approaches only
achieve a speed-up factor of approximately 3 over the FOM. In comparison, the
modified POD-DEIM methodology with e; = 10~ achieves speed-up factors between

25 to 30 for all six dimensions of the ROM examined, as shown on Figure 4-7.

X 10

—FOM|
—ROM

0.5

Figure 4-5: Time history of the vertical displacement of the trailing-edge tip node of
the plate
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4.3.3 1-Parameter Case: Variable Dynamic Pressure \

In this section, we examine the performance of the modified POD-DEIM ROM on the
same aeroelastic system with a single input parameter A, which is allowed to vary in
the interval A € [60,120]. All other parameters are the same as the fixed-parameter
case. It is of particular interest to assess the efficacy of the ROM at ‘intermediate
points’ within this range of variation at which no snapshots have been collected during

sampling.

As discussed before, if ) is above the flutter point A*; it controls the LCO ampli-
tude. For all A < A\*, the solution will eventually damp out to a trivial equilibrium

solution for a,, = 0, after an initial transient.

The ROM is constructed with 3 sets of snapshots obtained by simulating the FOM
at A = 60,90 and 120. For each simulation, the time-integration is performed until ei-
ther the steady state solution or a stable limit cycle has been established. A tolerance
on the relative omitted energy e, = 107'2 is imposed, resulting in the inclusion of
K = 31 state POD modes. For the scalar-valued POD modes of the nonlinear term,
ey = 1077 is imposed. As a result, M =96 and M’ = 2904, requiring the evaluation of
9.4% of all the triangular elements in the online stage. A ‘A\-sweep’ is then performed
to solve both FOM and ROM at A values in the interval [60,120] at increments of
AX = 5. A bifurcation diagram showing the thickness-normalized LCO amplitudes
at each A value are plotted on Figure 4-8. Excellent agreement is obtained between
the FOM and ROM results. It can also be observed from the figure that a bifurcation
or flutter point exists between A = 65 and A = 70. This flutter point is solved by the
direct flutter computation using both FOM and ROM as outlined in Sections 4.1.3
and 4.2 respectively and plotted on Figure 4-8 (A5gy = 69.02, Aoar = 69.05). The
relative errors in LCO amplitudes for A > A\* is plotted on Figure 4-9(a). Note that
for all points far away from the flutter point (A > 70), the relative error is O(1073).
The error is high at A = 70 because it is very close to the Hopf bifurcation point.
The convergence to a stable limit cycle at A = 70 takes over 1500 time steps for both

FOM and ROM. The accumulation of approximation error during such long-time in-
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tegration process results in high ROM error. Since A = 60 and A = 65 correspond to
damped trivial solutions, the absolute errors are computed and plotted on Figure 4-
9(a) instead to avoid division by near-zero numbers. Indeed, ROM correctly predicts
these damped solutions. Figure 4-9(a) also shows that between the LCO and damped
solutions, the flutter point is predicted at a relative error below 10~3. Finally, Figure
4-9(b) shows that the ROM in this case is a factor of 30 to 40 times faster than the

FOM in computing the LCO amplitudes at various A values.

15= I r
* FOM LCO Amp.
© ROM LCO Amp.
) x FOM Flutter Poin
S ¢ ROM Flutter Point
2 10 .
o L °
& ®
< L
@) .
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@) .
_I ®
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Figure 4-8: Comparison between the bifurcation diagrams with respect to the non-
dimensional dynamic pressure A, computed using the FOM and the modified POD-
DEIM ROM (K = 31, M = 96, M’ = 2904) via time-integrations. Also plotted are
the flutter points computed using the FOM (X, A5, = 69.02) and ROM (o, X =
69.05) via the direct flutter computation
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Figure 4-9: Error and speed-up over the FOM in computing LCO amplitudes, using
the modified POD-DEIM ROM with K = 31, M = 96, and M’ = 2904
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4.3.4 2-Parameter Case: Variable Dynamic Pressure A and

Plate Thickness h

In this section, we introduce a second input parameter — the plate thickness h and
allow it to vary £15% from the nominal thickness h,. A varies between 60 and 120 as
before while all other system parameters remain the same as the fixed-parameter case.
At different plate thicknesses, the flutter point \* shifts, forming a flutter boundary,
as illustrated on the 2-D input parameter space on Figure 4-10. The tasks for the
ROM in this case are to efficiently compute the bifurcation diagram with respect to

A at various h values as well as predicting the flutter boundary.

The ROM is constructed by 9 sets of unsteady solution snapshots uniformly spaced
in the parameter domain, marked by the blue crosses on Figure 4-10. A tolerance
on the relative omitted energy of €, = 1073 is imposed, resulting in the inclusion of
K =49 state POD modes. For the scalar-valued POD modes of the nonlinear term,
¢; = 107" is imposed. As a result, M =198 and M’ = 5544, requiring the evaluation
of 19.6% of all the triangular elements in the online stage. A\-sweeps at three thickness
values: h = 0.9h,, 1.0h, and h = 1.1h, are performed using both FOM and ROM in

which they are solved at A values in the interval [60, 120] at increments of A\ = 5.

For each thickness value, the thickness-normalized LCO amplitudes at each A value
are plotted on Figure 4-11. Note that for all three thickness values, the bifurcation
diagrams computed using the ROM are in excellent agreement with those computed
by the FOM. Errors in LCO amplitudes in the three cases are presented on Figure
4-12(a). As in the 1-parameter case, relative errors are computed for LCO solutions
while the absolute errors are computed for the damped trivial solutions. Note that
for the thin-plate case (h = 0.9h,), all 13 points correspond to LCO solutions, since
A* < 60 at this thickness. The relative errors for solutions far away from the flutter
points are all O(1073), the same as the l-parameter case. Larger errors are again
observed near the flutter points of the h = 1.0h, and h = 1.1h, cases, as marked on
Figure 4-12(a), due to long-time integration. Figure 4-12(b) shows that the speed-up
over the FOM for all three thickness values are mostly between 13 to 20 times — half
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as high as the 1-parameter case. This reduction is a result of having to integrate
over twice as many triangular elements online than the 1-parameter case (9.4% vs.
19.6%).

Next, the same ROM is applied to compute flutter points at different thickness
values in the range [0.85h,, 1.15h,]. The resultant flutter boundary is plotted on
Figure 4-13 with the FOM results and are observed to be in excellent agreement.
Figure 4-14(a) shows that the relative errors in predicting all the points on the flutter
boundary are just below 10~*. The speed-up over the FOM at these points are all
around 130 times. The speed-up is significantly higher than all other cases considered
thus far because the plate is held at zero steady angle of attack. Consequently, the
equilibrium solution required at every iteration of the direct flutter computation is
always a trivial one (u., = 0) and the solutions of the nonlinear equilibrium equations
(4.54) and its ROM counterpart (4.76) are not necessary. That is to say, once the
ROM is constructed, the ensuing root-finding problem (4.42) solving vy(A*) = 0 is
linear with respect to the state and therefore the online complexity is only a function

of K =49 < N and not of M or M.

1200 % T -
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~< 80
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Figure 4-10: Flutter boundary in 2-D input paramter space. The locations of the 9
sets of unsteady solution samples used to generate the ROM are marked by the blue
crosses
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Figure 4-11: Comparison between the bifurcation diagrams with respect to A at three
thickness values: h = 0.9h,,1.0h, and 1.1h,, computed using the FOM and the
modified POD-DEIM ROM (K = 49, M = 198, M’ = 5544) via time-integrations.
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Figure 4-12: Relative error and speed-up over FOM in LCO amplitude at three
thickness values using the modified POD-DEIM ROM (K = 49, M = 198, M’ =

5544)
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Flutter Boundary in 2-D Parameter Space
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Figure 4-13: Comparison of the flutter boundaries computed by the FOM and the
modified POD-DEIM ROM (K = 49, M = 198, M’ = 5544) via the direct flutter
computations. The locations of the 9 sets of unsteady solution samples used to
generate the ROM are marked by the blue crosses
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Figure 4-14: Relative error and speed-up over FOM in predicting flutter boundary
using the modified POD-DEIM ROM (K = 49, M = 198, M’ = 5544)
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4.3.5 3-Parameter Case: Variable Dynamic Pressure \, Plate

Thickness h and Steady Angle of Attack «,

In this section, the third input parameter is added to the system — the steady angle of
attack o, of the plate. It is allowed to vary between 0° and 0.3°. The plate thickness
h is allowed to vary between h, and 1.15h,. The range of variation for A remains
the same as the 2-parameter case, namely A € [60,120]. Figure 4-15 shows the 3-D
parameter space. The variations of the three input parameters are confined within

the gray box.

To construct the ROM, 12 sets of unsteady snapshots are obtained by simulating
the FOM until the convergence to a steady state or a stable limit cycle is achieved.
The locations of these 12 sets of samples are marked by blue crosses on Figure 4-
15. A tolerance on the relative omitted energy e, = 107'* is imposed, resulting in
the inclusion of K = 55 state POD modes. For the scalar-valued POD modes of
the nonlinear term, ¢; = 107 is imposed. As a result, M = 160 and M’ = 4566,

requiring the evaluation of 15.8% of all the triangular elements in the online stage.

An a,-sweep is performed at constant dynamic pressure (A = 110) and plate
thickness (h = 1.05h,) in which both the FOM and ROM are solved at 11 equi-
spaced «, values in the interval [0°,0.3°] at increments of Aa, = 0.03°. The results
are plotted on Figure 4-16. Note that the response also exhibits Hopf-bifurcation
with respect to the variations in «,. For «, > 0.185° the solution damped out to
a non-trivial equilibrium (static aeroelastic deflection), whereas for a, < 0.185°, the
solution oscillates on a stable limit cycle about a non-zero equilibrium position. For
the equilibrium positions, the FOM and ROM results are in excellent agreement.
For the LCO solutions, noticeable discrepancy for the maximum tip deflection exists
between the FOM and ROM results at o, = 0.18° — the closest of the 11 test points to
the bifurcation point, due to the long-time integration problem discussed in previous
test cases. As shown on Figure 4-17(a), all other points are computed by the ROM
at relative errors of O(107®). Note that the equilibrium position corresponding to

a, = 0° appears to have a high relative error, which is due to the division by the
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FOM result that is almost zero. The absolute error at this point is O(1077). The

speed-up over FOM, as shown on Figure 4-17(b) is between 14 and 22 times.

Next, the ROM is applied to predict the flutter boundary at various «,. Note that
at increasing a, values, the flutter boundary shifts towards higher dynamic pressures,
forming a curved surface as shown on Figure 4-18. The flutter boundaries computed
by the FOM and ROM are observed to be in good agreement within the parameter
bounds represented by the gray box. Indeed, Figure 4-19(a) shows that for a, < 0.2°,
the flutter boundaries are predicted with O(1072) relative error. The errors for large
a, cases are higher and the discrepancies between the two surfaces are observable
on Figure 4-18. This is because the flutter points (A*) at higher «, values are much
higher than the maximum A of 120 considered in constructing the ROM. As a result,
when attempting to converge to these flutter points, the ROM must operate outside
the pre-defined parameter bounds. The state and nonlinear terms at these points
are less likely to be in the spans of their respective POD modes, giving rise to large
approximation errors. The speed-up factors over the FOM for all o, cases except
for a, < 0.3° are found to be between 12 and 14. The speed-up factors achieved
by the largest a, case is lower because it takes more iterations for these points to
converge under the influence of high approximation errors. Note that in this case,
unlike the 2-parameter case, the nonlinear equilibrium equations (4.54) and its ROM
counterpart (4.76) must be solved at each iteration of the direct flutter computation.
The online complexity depends not only on K but also on M and M'. Consequently,

the speed-up is similar to the bifurcation case involving time-integration.

Note that in this study, the maximum steady angle of attack considered is only
0.3°. The need to restrict to such a small range is mainly due to the thinness of the
plate — 1/300-th of the length and the width of the plate. At larger «, values, the
plate deflections are too large for the linear supersonic theory in the aerodynamic
forcing as well as the plate equations to be valid. If one uses a thicker plate, one may
then widen the range of a, and obtain characteristically similar responses in both
bifurcation and flutter boundary as shown above. However, for thicker plates, the

absolute tip displacements of the plate are again too large for the aerodynamic and
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structural models to be valid. A more sophisticated aero-structural model is required

to examine thicker plates with larger angles of attack.

1
40 095 %h
[0)

Figure 4-15: 3-D input parameter space. The locations of the 12 sets of unsteady
solution samples used to generate the ROM are marked by the blue crosses
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Figure 4-17: Relative error and speed-up over FOM in computing LCO amplitudes,
using the modified POD-DEIM ROM with K = 55, M = 160 and M’ = 4566
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Figure 4-18: Comparison of flutter boundaries in the 3-D parameter space, computed
using the FOM and the modified POD-DEIM ROM (K = 55, M = 160 and M’ =
4566) via the direct flutter computations
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~

M’ = 4566)

105



106



Chapter 5

Conclusions and Future Work

5.1 Summary of Results and Contributions

The work presented in this thesis is focused on model order reduction for nonlinear
dynamical systems with parametric uncertainties. In particular, an important class
of such systems — one which exhibits limit cycle oscillations (LCO) is considered.
LCO problems possess complex nonlinear dynamics such as autonomous periodic so-
lutions and Hopf bifurcations which are known to be sensitive to input parameters.
High-fidelity LCO simulations are typically a computationally intensive task owing
to the large systems of nonlinear equations that must be solved at each time step
and the long-time integrations required to fully establish the time-asymptotic system
responses. Such challenges are intensified when the system is studied under a proba-
bilistic setting, taking into account the effects of the uncertain input parameters.
The model reduction method used in this work is a projection-based approach, in
which the proper orthogonal decomposition (POD) is used to derive the reduced basis
while the discrete empirical interpolation method (DEIM) is employed to approximate
the nonlinear term such that the repeated online evaluations of the reduced-order
model (ROM) are independent of the full-order model (FOM) dimension. To address
the new challenges introduced by the LCO-type nonlinear problems considered in
this thesis (namely, vector-valued PDEs having highly oscillatory nonlinear terms

with noncomponentwise dependence on the state), two modifications to the original
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POD-DEIM methodology are proposed. The first involves the use of scalar-valued
POD modes both for the state and the nonlinear term. The second replaces the pure
interpolation of the DEIM approximation with a regression via over-sampling of the

nonlinear term.

Both original and modified POD-DEIM methodologies are applied to model the
LCO behaviour of a nonlinear tubular reactor problem with an uncertain Damkohler
number. The results show that when the unknown variables are of approximately
equal magnitudes, the ROMs constructed by both methodologies accurately predict
the FOM response. In particular, uncertain dynamics over the entire range of varia-
tion of the Damkohler number are accurately characterized by the ROMs at relative
errors of O(107%) via the bifurcation diagram, even though only two sets of samples,
one at each end of the 1-D input parameter domain, are used in constructing the
ROMs. Furthermore, the ROMs reduce the computational time for each unsteady
simulation by two orders of magnitude from the FOM. In the case with disparate
magnitudes among unknown variables, it is demonstrated that the ROM constructed
by the modified POD-DEIM methodology using scalar-valued POD modes and DEIM
oversampling is capable of maintaining its accuracy and speed-up while the original
POD-DEIM ROM suffers significant degradation in accuracy due to its biase towards

large-magnitude variables.

The second application considered in this work is the LCO of an aeroelastic sys-
tem which consists of a nonlinear cantilevered plate in supersonic flow. This problem
is challenging in that the nonlinear internal force term due to aerodynamic forcing
is highly oscillatory in both space and time with noncomponentwise dependence on
state. Furthermore, up to 3 uncertain input parameters are considered (dynamic pres-
sure, plate thickness and steady angle of attack). The numerical results demonstrate
that while the original POD-DEIM ROM requires such a large set of interpolation
points that its efficiency is reduced to that of the POD-Galerkin approach, the mod-
ified POD-DEIM ROM yields accurate results with substantial speed-up over the
FOM. In particular, the modified methodology is capable of predicting the LCO re-
sponse and flutter boundary with relative errors of O(10™%) — O(1073) and speed-up
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factors between 10 to 40 over the FOM for all cases considered.

5.2 Future Work

A number of extensions of the POD-DEIM model reduction methodology presented in
this thesis are envisioned to further improve its versatility and efficiency in addressing
nonlinear dynamical problems.

Firstly, a more advanced sampling strategy in forming the snapshot matrices can
be used in conjuction with the model reduction methodology developed here. In this
work, uniform sampling is used in all test cases which is not necessarily optimal in
that it does not concentrate sample points in important regions of the parameter
space. For example, in the aeroelastic LCO test case, it is observed that the number
of the requisite DEIM interpolation points to maintain satisfactory output accuracy
of the ROM is driven by its poor performance in the high angle-of-attack region of
the parameter space. Therefore, to improve the accuracy of the ROM, the placement
of sample points should be biased towards this region. This can be achieved by
replacing the uniform sampling with a more advance sampling technique such as the
model-constrained sampling method proposed by Bui-Thanh et al. in [18] in which
the computations for the sample locations in the parameter space are formulated as
an optimization problem.

Secondly, the scalar-valued POD modes can be generalized to include multiple
unknown variables (and the corresponding nonlinear terms). Currently, a set of
scalar-valued POD modes is derived for each unknown variable. For systems with
large numbers of unknowns, such as chemical reaction problems which may involve
tens or even hundreds of species, having one set of POD modes for each unknown
variable reduces the efficiency in both offline and online phases of the methodology.
Instead, one may group the variables with similar orders of magnitude and use one
scalar-valued POD basis for each of these groups. To that end, how to perform such
‘clustering’ without assuming prior knowledge of the full-order system is an important

research question.
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In addition, we note that the DEIM approximation is not a similarity transform
in that the resultant reduced matrices do not preserve the stability properties of
their full-order counterparts. In the aeroelastic LCO problem, although the tangent
stiffness matrix of the FOM is positive definite (as it should be, since the plate is
dynamically stable without aerodynamic forcing), it is observed that when insuffi-
cient number of DEIM interpolation points are used, the reduced tangent stiffness
matrix fails to remain positive definite. This manifested in non-optimal search di-
rections when the nonlinear system at each time level is solved by Newton’s method
and quickly results in convergence problems. Therefore, in addition to maximizing
accuracy of snapshot approximations, the derivation of DEIM interpolation points
should also be made with preserving the stability properties of the system in mind.
To that effect, Petrov-Galerkin projection and the structure-preserving model reduc-
tion techniques presented by Carlberg et al. in [21] may be used in conjunction with

the current methodology.

Finally, it is important to note that although appreciable reductions in compu-
tational times are achieved in the aeroelastic LCO problem, each unsteady evalu-
ation of the ROM still requires several minutes on a dual-core (2.67GHz per core)
desktop. This precludes the ROM from being used for probabilistic analyses with
sampling-based uncertainty quantification (UQ) methods in which the model must
be evaluated many thousands of times to obtain time-asymptotic statistics. Stochas-
tic spectral methods using polynomial chaos expansion (PCE) constructs efficient
representations of the solution in the random domain of the problem, fully replac-
ing sampling-based UQ methods. Although the spectral expansion on each element
of the state vector results in a much larger system of expansion coefficients to be
solved forward in time, such computation only needs to be performed once before
the time-dependent statistics can be recovered. In particular, Le Maitre et al. [53]
recently developed a PCE formulation with asynchronous time integration (A-PCE)
which has been shown to be a promising technique in characterizing uncertain oscil-
latory dynamics. An interesting future direction to explore is the hybridization of the

POD-DEIM and A-PCE methods whereby the spectral expansions of the A-PCE are
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applied to the vector of reduced unknowns of the POD-DEIM ROM instead of the full
state vector. Such hybrid would inherit the strength of A-PCE in that the expansion
coefficients need only be solved once before essential time-dependent statistics can
be extracted. At the same time, the resulting expansion of the system dimension is

also likely to be moderate owing to the low-dimensional representation of the state

achieved by the POD-DEIM.
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