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ABSTRACT

We give a necessary and sufficient condition for amenability of the Ba-
nach algebra of approximable operators on a Banach space. We further
investigate the relationship between amenability of this algebra and fac-
torization of operators, strengthening known results and developing new
techniques to determine whether or not a given Banach space carries an
amenable algebra of approximable operators. Using these techniques, we
are able to show, among other things, the non-amenability of the algebra
of approximable operators on Tsirelson’s space.

1. Introduction

Let A be a Banach algebra and let X’ be a Banach space which is also an A-
bimodule. Then X is a Banach A-bimodule if there exists a constant M so that
la - z|| < Mal||z|| and ||z - al] < Mal||z]] (a € A, x € X). A (continuous)
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derivation from A to X is a (bounded) linear map D : A — X that satisfies the
identity
D(ab) = D(a)-b+a-D() (a,be A).
Every map of the form a — a -z —xz-a (a € A), where € X is fixed, is a
continuous derivation. Derivations of this form are called inner derivations.
If X is a Banach A-bimodule, then its topological dual, X'*, is also a Banach
A-bimodule under the actions

(- f)(x):=f(x-a) and (f-a)(x):=f(a-2) (aeA xelX, feX™).

The Banach algebra A is said to be amenable if, for every Banach A-
bimodule X, every continuous derivation D : A — X is inner.

For example, the group algebra, L*(G), of a locally compact group is amenable
if and only if the group G is amenable [13]; a C*-algebra is amenable if and
only if it is nuclear [4, 11]; and a uniform algebra on a compact Hausdorff space
) is amenable if and only if it is C'(2) [25].

In this note we shall be concerned with the amenability of the algebra A(X)
of approximable operators on a Banach space X, i.e., the operator norm
closure in B(X) of the ideal F(X) of continuous finite-rank operators on X,
where B(X) denotes the algebra of all bounded linear operators on X. (When
X has the approximation property, A(X) coincides with the ideal of compact
operators on X.) In this setting the main problem is to characterize amenability
of A(X) in terms of properties of X.

The study of amenability of A(X) goes back to [13], where it is shown that
A(X) is amenable if X = ¢, for p € (1,00), or X = C[0,1]. Further progress
in the study of amenability of this algebra is made in [9]. In this last paper
a geometric property, called property A, is introduced, and it is shown that
Banach spaces with this property carry amenable algebras of approximable
operators. Banach spaces with property A include all classical Banach spaces,
L,-spaces (1 < p < o0), spaces with a subsymmetric, shrinking basis, and
certain kinds of tensor product of Banach spaces with property A.

In this note we continue the study of amenability of the algebra A(X). Build-
ing upon ideas from [9] we shall develop new techniques that will allow us not
only to improve several results from [9] but also to answer some of the ques-
tions left open there. In particular, we will show that the algebra of approx-
imable operators on Tsirelson’s space is not amenable. An important fact that
should become apparent throughout these pages is that a full understanding
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of amenability of A(X) will necessarily rely on a good understanding of the
finite-dimensional case.

The paper has been organized as follows. In the next section, we have gath-
ered some terminology and basic facts we need. In Section 3, we give a necessary
and sufficient condition for amenability of A(X). Unfortunately, practical use
of this condition depends on our capability to find good estimates for the pro-
jective norm of certain elements called generalized diagonals. In Section 4, we
follow a different approach. The results of this section are to a great extent mo-
tivated by the notion of approximate primariness introduced in [9]. We explore
some of the ideas behind this notion, specially, its connection with factorization
properties of operators. Finally, in Section 5, we establish the non-amenability
of A(X) for every Banach space X in a certain family of Tsirelson-like spaces.
In doing this we shall rely on results from the previous sections.

2. Preliminaries

In this section we have gathered some notation and basic results that we shall
use throughout these pages.

To simplify the statement of the results, we shall denote by ¢, the linear
space, usually denoted by cq, of all bounded scalar sequences tending to zero.
Given a normed space X we denote by X* its topological dual. If X and Y
are isomorphic (resp., isometric) normed spaces, we write this as X ~ Y (resp.,
X 2Y), and denote by d(X,Y) the Banach-Mazur distance between them, that
is, the infimum of numbers ||T||||7~!||, where T is an isomorphism between X
and Y.

The adjoint of an operator T': X — Y is denoted by T and we write rg7T’
(resp., tk T') for the range (resp., rank) of 7. The identity operator on a normed
space X is denoted by Ix or just I if the space X is clear from context.

By the inversion constant of a surjective linear map, @) : X — Y, between Ba-
nach spaces we mean the operator norm of the inverse of the linear isomorphism
Q: X/kerQ — Y induced by Q, that is, |Q~1||. Given Banach spaces X, Y
and Z, a bilinear map ¢ : X x Y — Z will be said to be M-open if for every
z € Z there exist x € X and y € Y such that p(z,y) = z and ||z||||y|| < M]z]|.

We write || - ||a (resp., || - ||) for the projective (resp., operator) norm. If

two norms, || - |3 and || - ||2, on a linear space are equivalent we write this as
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[[ <1z ~ [ - |l2- Given a set of vectors {e; : i € I'} in a Banach space, we denote
by [ei]ier the closure of its linear span.

Let e = (e;) be a l-unconditional basis for the Banach space (E, || - ||), and
let (X5, - ]:) be a sequence of Banach spaces. We let

(@l Xi)e = {(.Z‘l) € 1:[Xi : zl: |l;||;e; converges in E},

endowed with the norm || (z;)|| := || 3, [|@ilie; |- It is well known that (B, Xi)e
is a Banach space. Moreover, if the basis e is in addition shrinking, then its
topological dual can be isometrically identified with the space (D, X;)e+, where
e* stands for the 1-unconditional basis of E* formed by the biorthogonal func-
tionals associated with e. When e is the unit vector basis of £, (1 < p < o)
we write (B, X;), instead of (P, Xi)e-

Given a Banach space E with a l-unconditional basis e = (e;) we denote
by E™ the space [e;]™,. If X is a Banach space we denote by E™(X) (resp.,
E(X)) the Banach space (@, Xi)e, where X; = X, 1 <14 < m, and X; = {0},
i >m (resp., X; = X for all 4). In particular, £,(X) (resp., £;'(X)) denotes the
¢p-sum of countably infinitely many (resp., m) copies of X. When appropriate,
we may for n € N identify E™(X) with E" @ X.

Given Banach spaces X and Y we write A(X,Y") (resp., F(X,Y)) for the
Banach (resp., normed) space of approximable (resp., finite-rank) operators
from X to Y. When appropriate we shall identify F(X,Y) with X* ® Y, so
that for 2* € X*, y € Y the rank-1 operator & — z*(z)y is denoted z* ® y.
When X =Y we simply write A(X) (resp., F(X)). Likewise, we shall use
tensor notation for operators E™(X) — E™(X) for a Banach space E with a
l-unconditional basis and an arbitrary Banach space X so that, for m,n € N
we identify A(E™(X), E™(X)) with A(E™, E™) @ A(X).

For any Banach space X and positive integers n > m, there is a natural
isometric embedding E™(X) < E™(X) which in turn induces an isometric
Banach algebra homomorphism A(E™(X)) — A(E™(X)). Letting m and n
vary we obtain a direct system of Banach algebras and isometric Banach algebra
homomorphisms. Its inductive limit is also a Banach algebra that we denote by
Ao(E(X)). Note that Ay(¢,(X)) = A(lp(X)), 1 < p < 0.

Recall that a Banach space X is said to have the A-bounded approximation
property, A-BAP in short, if there is a net (T,,) C F(X) of bound X converging
strongly to the identity operator on X. We write this as T — Ix. If, in
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addition, the T,’s can be chosen to be projections then X is called a my-space.
A Banach space is said to have the bounded approximation property, BAP in
short, if it has the A-BAP for some A, and is said to be a m-space if it is a
m-space for some .

Recall that a bounded net (e,) in a normed algebra A is called a bounded
approximate identity, BAI in short, for A if lim, eqa = lim, aeq = a (a € A).
A normed A-bimodule, X is essential, if A-X - A is dense in X. Clearly, if
A has a BAI, then this BAI is also a BAI for any essential A-bimodule. It is
well-known that the algebra of approximable operators on a Banach space X
has a BAI of bound A if and only if X* has the A-BAP [10, Theorem 3.3], [24].

Lastly, there is an intrinsic characterization of amenability that is particularly
useful in this setting. Precisely, a Banach algebra A is amenable if and only
if it has an approximate diagonal, i.e., a bounded net (d,) in A®.A such that
m(dy)a — a and ad, — dya — 0 (a € A), where 7 : ARA — A, a @b+ ab [14,
Lemma 1.2 and Theorem 1.3]. The Banach algebra A is said to be K-amenable
if it has an approximate diagonal of bound K. The smallest such K is called
the amenability constant of A.

Other definitions and results shall be given as they are needed.

3. Property A revised

Recall from [9] that a Banach space X is said to have property A if there exist
a constant K > 0 and a bounded net of projections (P,) C A(X) such that
i) Pa i> Ix;
i) P* 2 Iy,
iii) for each « there is a finite group G C F(X,) whose linear span is
F(Xqa) and such that maxpeq, ||T]| < K (where X, =rg P,,).
Property A was introduced in [9] in an attempt to explain amenability of
A(X) as a consequence of some sort of approximation property. Indeed, Ba-
nach spaces with this property must carry amenable algebras of approximable
operators [9, Theorem 4.2]. Though we believe the converse is unlikely to be
true, we do not know of an example of a Banach space X without property A
and that A(X) is amenable. The main result of this section, Corollary 3.3 below,
is a characterization of amenability of the algebra of approximable operators in
terms of a property analogous to property A.
We start with the following.
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PROPOSITION 3.1: Let X be a Banach space such that A(X) is K-amenable.
Suppose in addition that A(X) contains a bounded net of projections, (Py)aca,
such that P, = Ix and P} > Ix.. Then A(X) has an approximate diagonal
(0a)aca with the following properties:

a) limsup,, [[0alln < AK, where A = limsup,, || P.||;
b) 7(6a) = Pa (0 € A);
c) W-bq =10dq W for every W € P,A(X)P, (o € A); and
d) For every a € A there exists 3 = 3(a) € A such that

S € A(X)Ps @ Py A(X).

Proof. Let (d;);e; be an approximate diagonal for A(X) bounded by K. Since
P, 3 Ix and P 2 Ix-, we can assume, without loss of generality, that for
every i € I there exists 3; € A such that d; € A(X)Ps, ® Pg, A(X). Let z € X
and z* € X* be fixed vectors such that x*(x) = 1, and let (g,) be a net of
positive numbers converging to zero (¢, = 1/1k P, a € A, will do).

Given i € I, let ¢, : X*® X — F(X) ® F(X) be the linear map which is
defined on elementary tensors by ®;({* ®¢) :=a* ®¢£ - d; - & @ x. It is readily
seen that ®; is an F(X)-bimodule morphism.

For each o € A choose i(«) € I ‘big enough’ so that

(1) ’1—.1'* (7'[' (dz(a))x)‘ Sga,
and
) |Ri(e) (Pa) = Po - digay||, < €0

Since (7(d;)) is a bounded approximate identity for A(X), it is clear that (1)
holds for every i € I ‘big enough’. To see that the same is true about (2) note
that for every i € I we have

(R - REdi=1"REd R - REd;
=" @& (d Cer-er-d) (E€X, & eX).

This last equality, combined in the obvious way with the facts that P, is finite-
rank and that (d;) is an approximate diagonal, gives the desired conclusion.
Now define a new net (5,) € A(X)RA(X) b

Oa i= %aq)i(a) (Pa) (Oé € A),
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where s, = 1/2*(7(d;())r). We show next that (0,) has all required properties.
First note that

[0allr = 2al|Pia)(Pa)lln < #allPa - dig)lIn + #al|Pi(a) (Pa) = Pa - digalla
< || Pol| K 4 #aca,

and so, limsup,, ||04||n < AK, that is, (a) is satisfied.

That (0,) satisfies (b) follows immediately from its definition above and the
definition of ®;. As for (c), just recall that ®;(,) is an F (X )-bimodule morphism
so W -84 = 6 - W whenever WP, = P,WW. By our assumption about (d;), at
the beginning of the proof, it is clear that (d) is satisfied too.

Finally, since P, > Iy and P* % Ix-, we have that

W Ga— 00 W = (W—=PyWPs)0q+00- (PaWP,—W) >0 (W € AX)).

Obviously, (7(d)) is a BAT for A(X), so, (d,) is an approximate diagonal for
A(X).

Thus, if A(X) is amenable and has a net of projections as in the lemma, then
it has an approximate diagonal whose elements behave themselves like diagonals
in a sense that we make more precise in the next definition.

Definition 3.2: Let X and Y be finite-dimensional Banach spaces, and let A be
a subalgebra of F(X). We call an element A € F(Y, X)®F(X,Y) a generalized
diagonal (g.d. in short) for A, if

i) WA =AW (W € A); and

i) 7n(A)W =W (W € A).

It is easily seen that when A = F(X), an element A € F(Y, X)®F(X,Y) is
a generalized diagonal for A if and only if there exists an A-bimodule morphism
p:A— F(Y,X)®F(X,Y) so that mo p = I4 and p(Ix) = A. Furthermore,
if (zx))", and (y;)i, are bases of X and Y, respectively, then it follows from
this last observation, that A can be written as
(3) A= Zai,j Z(y; ® wp) ® (2], @ ¥i),

— :

for some scalars a;; satisfying >, a;; = 1, where, as is customary, the (T
(resp., the x}’s) denote the biorthogonal functionals associated with the basis
(yi)i—q (resp., (zr)j,). Conversely, it can be easily verified that every element
of the form (3) is a generalized diagonal for F(X).
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Now the main result of this section is merely a restatement of Proposition 3.1
in terms of generalized diagonals.

COROLLARY 3.3: Let X be a Banach space. Suppose A(X) contains a bounded
net of projections, (Py)aca, such that P, = Ix and P 2 Ix«. Set X, =
rgP, (o € A). Then A(X) is amenable if and only if there is a constant
K > 0 such that for every o € A there exists 3 = ((a) € A such that
F(X5, Xo)®F (Xa, X) contains a generalized diagonal for F(X,) of norm no
greater than K.

Proof. First suppose A(X) is amenable. By Proposition 3.1, A(X) has an
approximate diagonal, (04 )aca, satisfying (a)-(d) of the same proposition.
For each o € A, let 8 = B(a) € A be as in (d). Let Py (resp., P§) de-
note the corestriction of P, (resp., Pg) to its range, and let 7, : Xo — X
(resp., 13 : X3 — X) denote the canonical embedding of X, (resp., Xg)
into X. Then define A, € f(Xg,Xa)@?:(Xa,Xﬁ) by A, = ®,(04), where
D, AX)RAX) — F(X5, Xo)OF (Xa, Xp) is the linear map defined on ele-
mentary tensors by ®,(R® S) := P{R15® P5S1, (R, S € A(X)). It is easy to
verify that A, is a g.d. for F(X,) (o € A). The desired conclusion now follows
on noting that the family (®,),c4 is uniformly bounded.

Conversely, for each o € A, let A, € F(Xg, Xo)DF(Xa, X5) be a g.d. for
F(Xa) of norm < K, and let W, : F(X3, Xo0)RF (Xa, X5) — AX)DA(X) be
the linear map defined on elementary tensors by W (U ®@ V) := 1,UP§ @15V Py
(U e F(Xp,X,), Ve F(Xa,Xp)). Then (¥,(A,)) is an approximate diagonal
for A(X).

Remark 3.4: If X is not a m-space but still X* has the BAP, as must be the case
if A(X) is amenable [9], then we can argue as follows. First, we choose a net
of projections (P,) in F(X) such that P, > Ix and P¥ % Iy-. Such a net, of
course, would be necessarily unbounded. Then we choose a bounded net (T,,) in
F(X) such that P, T, = P, = T,P, forevery a, and set X, := rgT,. It can be
shown that A(X) is amenable if and only if there is a constant K > 0 such that
for every o € A there exists 3 = (o) € A such that F (X3, Xo)OF (Xa, X5)
contains a generalized diagonal for A, = Pu|X* A(X)Pys|x, (C F(X4)) of norm
no greater than K (here P,|x, and P,|X> denote the restriction and corestric-
tion, respectively, of P, to X,).
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Remark 3.5: Note that (iii) of the definition of property A guarantees the
existence of a diagonal (and hence a generalized diagonal) for F(X,) in
F(X4)®F(X4) whose norm does not exceed K, namely, |Gl | Yree, T®TL

Example 3.6: Let (ng) be an unbounded sequence of positive integers, and let
1 < p+# q < oco. It is shown in [9, Theorem 6.5] that the algebra A((D), (3*)q)
is amenable. It seems to be unknown whether or not this algebra has property
A. However, it is relatively easy to show that this algebra satisfies the condition
of Corollary 3.3. Indeed, fix i € N and let m = max{nq,...,n;,7}. The algebra
F (€7 (€rm)) has a diagonal A, of norm 1 (see the discussion below). (Fur-
thermore, note that A,, can be given explicitly.) As (ny) is unbounded, there
are positive integers k1 < ka < -+ < ky, so that m < min{ny, : 1 < j < m}.
Clearly, we can think of (@;:1 lp’)q =: X (vesp., £7'(€7")) as a 1-complemented
subspace of £7*(¢;") (resp., (@le lp")g =t Xp,,). Let Pp: £7"(07") — X; and
Py : Xy, — £;'(€") be the natural projections, and let v @ X; — £*(¢)")
and 1 : £*({}') — Xy, be the corresponding inclusion maps. It is easy
to see that the image of A, by the linear map F (¢ (£m))RF (£ (0m)) —
F(Xp, , Xi)®F(Xs, Xr,), R®S — PIRP, ® 1551, is a generalized diagonal
for F(X;) in F(Xy,,, X;)®F(X;, Xi,,) of norm at most 1. The rest is clear.

It can be shown that if X is a Banach space so that A(X) is K-amenable
then A(¢; (X)) is K-amenable for every 1 < p < oo and n € N. Indeed, let
‘H be the group of permutation matrices generated by a cyclic permutation of
the unit vector basis of £, and let G = {diag(t)o : t € {£1}",0 € H}, so
|é‘ dgcgd ® g~ ' is a diagonal for A(¢y) [9, Example 3.3]. Let (do) be an
approximate diagonal for A(X) of bound K, and choose for each d, a repre-
sentation Y~ Ua,j ® Vo j such that 3, ||Ua,;ll[[Va,j|| < K. Then the elements
0o 1= |é‘ 3 i000Ua ;)@ (g7 @ Vo) € A(L(X))RA(L (X)) form an approxi-
mate diagonal for A(¢} (X)) of bound K. Crucial in establishing this last is the
fact that the ¢g’s are permutation matrices, since it seems that £,(X) is rarely

ever a tight tensor product in the sense of [9, Definition 2.1]. This is better
exemplified through our next result, which extends Theorem 2.5 of [9].

PropoOSITION 3.7: Let E be a Banach space with a 1-unconditional basis
e = (e,). (Recall E™ = [e;]}.) Suppose there is K > 0 so that for each
m € N there exists n > m such that F(E", E™)®F(E™, E") contains a gener-
alized diagonal A,, with the following property: there exists a representation
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Zle Ry i @ Spi of Ay, such that Y, || R il Sm.il| < K and the matrix rep-

resentation of each R, ; (resp., Sp,;) with respect to the e;’s has at most one

non-zero entry in each row and column. If X is a Banach space such that A(X)
is M-amenable then Ao (E(X)) is KM-amenable.

Proof. Let (d,) be an approximate diagonal for A(X) of bound M. For each
do choose a representation »_, Ua,j ® Va,; such that 3, [|Ua |||Vl < M.
We show that the elements 0, := Zm.(Rm,i ® Uanj) @ (Sm,i © Vaj)
form an approximate diagonal of bound KM for Ay(F(X)). First, note that
Ry @ Uy, € A(E™(X),E™(X)) C Ao(E(X)) and for any set of vectors
r1,T3,...,T, in X we have

HRnL,i & Ua,j(z e ® JJ‘k) H = H ZRnb,i(ek) & Ua,j(-rk)
k=1 k

_ H S U@l R )
:

‘Zek(}@xk
k

where the second equality follows from the fact that there is at most one non-

<[ B, il [ Ul

Y

zero entry in each row and column of the matrix representation of R, ; with
respect to the e;’s. Thus ||Rp i@ Ua ;|| < | Rm.illl|Ua,;l|- Likewise, Sy i ® Ve ; €
A(E™(X), E™(X)) C Ag(E(X)) and [|Sm,i @ Vaill < |Sm.illllVa,;l|- Combining
these estimates we readily obtain that ||, o|n < KM.

In order to verify that 7(dy,o)W — W and W60 — O - W — 0 (W €
Ao (F(X)) it is clearly enough to look at operators W of the form E,; ® T where
E.s =ef®es and T € A(X). The procedures are standard, so we leave the
details to the reader.

An immediate consequence of the above is the following.

COROLLARY 3.8: Let (ny) be an increasing sequence of positive integers, let
1 < p,q < o0, and let X be a Banach space such that A(X) is amenable. Then
Ao (B, T (X))q) is amenable. In particular, if ¢ > 1 then A((P, lpx (X))q)

is amenable.

Proof. The space (D, £,*), satisfies all hypotheses of Theorem 3.7 (see Exam-
ple 3.6 above).
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Corollary 3.3 essentially reduces the study of amenability of algebras of ap-
proximable operators on 7m-spaces to the problem of finding the minimum among
the norms of all generalized diagonals for F(X) in F(Y, X)®F(X,Y) with X
and Y finite-dimensional. Here, of course, the main difficulty arises in esti-
mating the projective norm. In some cases, this task can be further simpli-
fied. For instance, let the basis (y;)7_; of ¥ be l-unconditional. Set p;,;, =
Youly; @) @ (z7 ®y;) (1 < 4,5 < n). Then, while looking for generalized
diagonals of minimum norm, we can restrict our attention to convex linear

combinations of the p;;’s. Indeed, in this case we have that
Z ;5 Piil| = H Z Qi Piil| = H Z laiq| pii
i.j A i A i

To see this, consider the linear operator

(4)

A

O F(YV, X)OF(X,Y) = F(Y,X)®F(X,Y), RoS 2" > RU;RU,S,
te{—1,1}»

where Uy, € F(Y) is defined by Ui(y,) := t;y; (1 < j < n). It is clear that

[@[| <1, and it is not difficult to see that ®(3_; ; a;,; pji) = >_; i, Pii, whence

the inequality. As for the equality, let A € F(Y) be defined by A(y;) := Ny,

where A\; = a;/|ai | (1 <i<mn), and let @5 be the linear map defined by

R®S—RoAS (ReF(Y,X), S e F(X,Y)).

Then @, is an isometry and ®a(a;; pii) = |aiq| pii (1 <i<n), so the equality
follows. The claim that we can restrict our attention to ‘convex’ linear combi-
nations now follows on combining (4) with the fact that the sum of the diagonal
coefficients in the representation (3) must be 1.

Remark 3.9: Tt is not hard to see that the sequence (p; ;) has the same basis,
unconditional and symmetric constants as the basis (y;).

It was asked in [9] whether or not the C), spaces of W. B. Johnson (1 < p < o0)
carry amenable algebras of compact operators. This question has an interesting
interpretation in terms of generalized diagonals. We consider the following more
general situation.

Let (X,) be a sequence of finite-dimensional Banach spaces dense in the
Banach—Mazur sense in the class of all finite-dimensional Banach spaces, and
let e be an unconditional shrinking Schauder basis. Define Ce := (B, Xn)e-
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It is readily seen from Corollary 3.3 that the algebra A(Ce) is amenable if and
only if there exists an absolute constant K with the following property:

For every finite-dimensional Banach space X there exists a finite-dimensional
Banach space Y so that F(Y, X)®F(X,Y) contains a generalized diagonal for
F(X) of norm at most K.

We do not know if one such constant can exist. However, if X is a finite-
dimensional Banach space with unconditional constant < A then, by a finite-
dimensional version of a well-known result of J. Lindenstrauss [19, Remark 4],
there exists a finite-dimensional Banach space Y with symmetric constant < A
such that X is a 1-complemented subspace of Y. Thus, F(Y)®F(Y) contains
a diagonal for F(Y) of norm < A, and in turn F(Y, X)®F(X,Y) contains a
generalized diagonal for F(X) of norm < A. As a simple consequence of this
we quote the following.

PROPOSITION 3.10: Let (X,,) be a sequence of finite-dimensional Banach spaces
with unconditional constant < A, dense in the Banach—Mazur sense in the
class of all finite-dimensional Banach spaces with unconditional constant <
A. Let e be an shrinking I-unconditional Schauder basis. Then the algebra
A((,, Xn)e) has property A.

We should like to end this section by noting that, there is an analogue of
Lindenstrauss’s result, due to Johnson, Rosenthal and Zippin, which states
that there is a universal constant C' (< 16'2) so that every finite-dimensional
Banach space is a 1-complemented subspace of a finite-dimensional space with
basis constant no greater than C' [17, Corollary 4.12(a)].

4. Amenability and equivalence of operator ideal norms

Unfortunately, the characterization found in the previous section is not very
helpful when it comes to determine if the algebra of approximable operators on
a given Banach space is amenable or not. In this section we take a different
approach.

Recall that a Banach space X is called approximately primary if, for every
projection P € B(X), at least one of the product maps

7 A(PX, X)®A(X,PX) — A(X)
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or
T A((I - P)X, X)®A(X, (I — P)X) — A(X)
is surjective. This notion was introduced in [9], where it was shown that if
A(X) is amenable then X must be approximately primary. Moreover, also in
the same paper (see the proof of [9, Theorem 6.9] and comments after it), it
was shown that none of the following spaces is approximately primary: £, @ £,
(1 < p,q < oo, p# qand neither p nor ¢ is equal 2), {1 B¢, (¢ > 2) and £, Bl
(p<2).
Essential to the proof of this last result were the following:

Fact 1: Given Banach spaces X and Y, if the space X @Y is approximately
primary, then at least one of the product maps m : A(Y, X)®A(X,Y) — A(X)
orm: AX,Y)RA(Y, X) — A(Y) is surjective.

FAcT 2:  For every Banach space X, the product map 7 : A(£),, X)®A(X, ly) —
A(X) is surjective if and only if the bilinear map ¢ : A((,, X) x A(X,{,) —
A(X) is open.

The results of this section are, to some extent, generalizations of these two
facts. We start by recalling some standard terminology.

Let F be the operator ideal of all finite-rank operators between Banach spaces
so, for every pair of Banach spaces (X,Y) we have F N B(X,Y) = F(X,Y).
Recall that an operator ideal norm on F is a function v : F — [0, oo[ that
satisfies:

a) V‘f(E,F) is a norm for every pair of Banach spaces F and F/;
b) v(Ic : C— C) =1;
c) if A € B(Y,)Yy), B € B(Xp,X) and T € F(X,Y) then v(ATB) <
Al (@) B]-
It is well-known that if ~ is as above then ||T|| < ~(T) for every T € F.
Moreover, if T'= f ® x then | T|| = || fl|l|z|| = v(T) (x € X, f € X*).

In the terminology of [6, §9] the operator ideal F endowed with an operator
ideal norm as in the above definition is a normed operator ideal. Of course, it
will not be ‘Banach’ (i.e., complete). The reason for doing things in this way
should become clear later on. Examples of operator ideal norms on F are the
restrictions of the classical operator ideal norms, like nuclear and w-summing
norms, to F.

Now the main result of this section reads as follows.
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THEOREM 4.1: Let X and Y be Banach spaces, and let v and T be operator
ideal norms on F. Suppose that

i) A(X) has a BAI of bound X;
ii) The multiplication 7 : A(Y,X)®A(X,Y) — A(X) is surjective with
inversion constant (3;

iii) « and T are equivalent on one of F(Y, X ) or F(X,Y), say ¢y < 7 < C#.

Then ~ and T are equivalent on F(X), specifically
BNy < T < CBEN.
Proof. Let F € F(X) and let (T,) be a BAI for A(X) of bound \. Note that

for any operator ideal norm  we have that lim, v(F — T,FT,) = 0. Indeed,
simply write F' = GH with G, H € F(X). Then

7(F - TaFTa) = 7((G - TaG)H + TaG(H - HTQ))
<G = ToGly(H) + M(G)|H — HT.||,

which tends to 0 as o« — oo.

Let G € F(X) with ||G]] < X and let L > 3. Choose > ,R; ® S; €
A(Y, X)®A(X,Y) so that >, R;S; = G and 3, || Ri|[|Si|| < AL. Then for
any F' € F(X) we have that

Zij V(RiSiFR;S;) < ~(F) ZJ |R:Sill| R Sj|| < (F)L2N%.
Moreover,

7( 3 RiSiFRij—GFG>

1<i,5<n
(s )e(SE ) s or (S
1 1 !
<| SRS - G||y(PIAL + IGIA(F)| > RS- d
1 1

which tends to 0 as n — oo. So, the series }, ; R;S;F'R;S; is unconditionally
~-convergent in F(X) to the sum GFG.
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Assume that v and 7 are equivalent on F(X,Y’). Then

V(GFG) < Y ey(RiSiFR;S;) < ) c|Rillv(SiF)| R; S|
— —

1,5
<Y RS (F)R; S| < L2N°r(F).
,J

Letting G = T, and a — oo we obtain cy(F) < L?X?7(F). Likewise 7(F) <
L2X\?>C~(F). A similar proof working with F'R; rather than S;F gives the result
in case v and 7 are equivalent on F(Y, X).

We now bring amenability into the picture. We start with the following
refinement of [9, Theorem 6.8].

PRrROPOSITION 4.2: Let X be a Banach space and let P : X — X be a
bounded projection. Set Y = rgP and Z = rg(I — P). If A(X) is K-
amenable then at least one of the maps m : A(Z,Y)RA(Y,Z) — A(Y) or
7o A(Y, Z)RA(Z,Y) — A(Z) is surjective with inversion constant no greater
than 4K || P|||I — P|lmax{|| P|]*, |1 — P|*}.

Proof. The proof is almost the same as that of [9, Theorem 6.8], one only needs
to keep track of the constants.

Set P, = P, P, = I — P, A= A(X) and Ay; = PAP; (i,j = 1,2). Let
A8 = m(Aj;;®A;;) with the norm || - ||° inherited from

A;i®@Ai [ (Aji®Ai; Nker )

via the natural isomorphism induced by the product map 7 (i,j = 1,2, i # j).
It is easy to see that ||a;al]|® < ||laul||llas | (e € A, af € A3, i = 1,2.
So Af, is a Banach Aj;-bimodule, and A;; is a Banach A$-bimodule, i =
1,2. Let A° = {a € A: PaP; € A5, i = 1,2} with the norm |a||® =
max{||PraP1||° [|PraPs||, | P2aPy |, || PeaPs|°} (a € A°). Then [aa®||® <
Mlla|llla®]|® and [Ja®al|® < M|al|l|a®||° (a € A, a® € A°) for some constant
M < 2max{|| P1||?, || P2||*}, so (A°, || - ||°) is a Banach A-bimodule.

The map D : A — A°, a — PiaP, — PoaPy = Pia — aPy is a bounded
derivation, and so, there is C' € (A°)** such that Da = aC — Ca (a € A).
Furthermore, we can choose C so that ||C||° < KM||D|| (see [14, Theorem 1.3]).
Let Cy; = P,CP; € (A3)** and let 1, : AS; — A;; be the inclusion map (i = 1,2).
It can be shown that a;; (27 Cii) = Miai = (177 Cii)asi (ai; € Ayp) for some \; € C
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(i =1,2). Moreover, Ao — A1 = 1 and if \; # 0 then A, = A;; and ¢7*Cy; = Cj;.
(See the proof of [9, Theorem 6.8] for details.)

As Ay — A1 = 1, at least one of A1 or Ay must have absolute value greater
than or equal 1/2. Without loss of generality, suppose |A1| > 1/2, so we have
A%, = Ayp and 13*Cyy = C1y. Let (eq) be a net in AS; bounded by ||\ Cyq|°
and weak-* convergent to A\]'Cyy. Since a$;(A\;1C11) = a$y = (A\['Ch1)ady, it
is readily seen that e,a$; — a$; and af;eq — af; weakly for every a9, € AY;.
A standard argument (see [5, Proposition 2.9.14 (iii)]) shows that A9, has BAI
of bound [|A;Cy1]l°.

Now let a;; € Ajp be arbitrary. It is easy to see that A;; is an essential
A$,-bimodule, so, by [5, Theorem 2.9.24], there exist ¢® € A, and b € Ay
such that aj; = e°b, [|e®]|° < [|A\;'C11||° and ||b]| < ||a11|. Thus,

lasa]l® < lle?I°fibll < AT Cull®flanl < 21C)°(law || < 2K M ||D]|||a.
As ||PiaPy — PyaPi||° = max{|PyaPsl|, || P2aPy |} < | Po|||P2lllla]| (a € A), we
find that | D|| < || P[] P=||, so
an|® < 2K M| Pi|[[|P2]llass]] (@11 € Air).

To finish the proof of the proposition, one just needs to note that the linear
isomorphisms Ay ®A19 — A(Z,Y)RA(Y, Z), R®S — R|;®S|Z, and A(Y) —
Aq1, T — TPy, where 1 : Y — X denotes the inclusion map, have norms no
greater than 1 and ||P;||, respectively. Combining these two last estimates
with those previously found, we finally obtain that the inversion constant of 7
cannot be greater than 2K M || Py ||| Pz|| max{|| Py, || P=||}, as claimed.

Combining Proposition 4.2 and Theorem 4.1 we obtain the following.

COROLLARY 4.3: Let v and 7 be operator ideal norms on F. Let X be a
Banach space such that A(X) is K-amenable and let P : X — X be a bounded
projection. Set Y =rg P and Z =rg (I — P). If v and T are equivalent on one
of F(Y,Z) or F(Z,Y), say ¢y < 7 < Cy, then we must have ck =2y < 7 < Ck?y
on one of F(Y) or F(Z), for some k < 4K?||P||||I — P||max{| P|*, ||I — P||*}.

Proof. By Proposition 4.2, at least one of the product maps
7 AY, 2)RA(Z,Y) — A(Z) or m:AZ,Y)RAY,Z) — A(Y)
is onto with inversion constant no greater than

AK||P||I = Pl max{|| P[>, I - P||*}.
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To fix ideas, suppose 71 : A(Y, Z)RA(Z,Y) — A(Y) is onto. As A(X) is K-
amenable it has a BAI of bound K, and so, A(Y) has a BATI of bound K||P||.
Now one just needs to apply Theorem 4.1.

The estimate for « given in the last corollary is very unlikely to be sharp.
However, to the effects of the present paper, the significant fact about it is that
it depends only on the amenability constant and the given projection. The
importance of this fact will be fully appreciated in Section 5 when we prove the
non-amenability of A(T) for T the Tsirelson’s space.

Following are some important consequences of Corollary 4.3.

In what follows, we denote by I', (1 < p < o0) the operator ideal of all
bounded linear maps between Banach spaces that factor through ¢, endowed
with the operator ideal norm

w(T: X =Y):=if{|R||S]: X 2, LY and RS=T).

Recall also that a Banach space X is said to be of cotype 2 if there exists a

constant C' such that, for all finite subsets {z1,xa,...,2,} of X, we have
1/2
(Shele) <o 3 [ St
i te{—-1,13n 1 i

COROLLARY 4.4: Let X and Y be infinite-dimensional Banach spaces with the
A-BAP. If none of them is isomorphic to a Hilbert space and if X* and Y are
both of cotype 2 then A(X @Y') is not amenable.

Proof. Since X* and Y are both of cotype 2, by Pisier’s abstract version of
Grothendieck’s inequality [22, Theorem 4.1], we have that B(X,Y) = T'2(X,Y),
and hence that ||.|| ~ v2 on F(X,Y). Suppose towards a contradiction that
A(X @Y) is amenable. By Corollary 4.3, either ||. || ~ vz on F(X) or || .|| ~ 72
on F(Y). Suppose |.|| ~ v2 on F(X), so, for some constant M we have
v (T) < M||T|| (T € F(X)). Let E C X be a finite-dimensional subspace. By
[6, §16.9, Corollary], there exists T € F(X) such that Tg(z) =z (x € E) and
ITe|| < A+ 1. Let 1 : E — X be the inclusion map. Then we have

2] ) =2(Tep) < %2 (Tp)llel < M||TEll < M +1).

This last holds for any E, so, supg 'yg(I‘E) < M(XA+1). By [20, Proposi-

tion 5.2], y2(I) < M(A+ 1), i.e., X is isomorphic to a Hilbert space, contrary
to assumption.
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Analogously, if ||. | ~ 72 on F(Y), we find that Y must be isomorphic to a
Hilbert space, contradicting the hypotheses once again. Thus, A(X ®Y") cannot
be amenable.

Let 1 < p < oo. The p-th James space, Jp, is the completion of the linear
space of complex sequences with finite support in the norm

m—1 1/p ) ]
la)lls, =sup { (D27 ai, =i ?) i mying o im €N,
m>2andi; <... <im}.

It is unknown if A(J,) is amenable for any p. However, as a consequence of
Corollary 4.4 we have the following.

COROLLARY 4.5: The algebra A(J, © J;,) is not amenable for any p € [2, ocl.

Proof. By [23, Theorem 1], J, has cotype 2 and neither J, nor J}, is isomorphic
to a Hilbert space. So we can apply Corollary 4.4.

Recall from [20] that a Banach space X is said to be an £y-space if it contains
a net (X,) of finite-dimensional subspaces, directed by inclusion, whose union
is dense in X, and such that sup, d(X,, é;ﬁm Xa) < o0.

Our next result generalizes [9, Theorem 6.9].

COROLLARY 4.6: Let X be an L,-space, and let Y be an L,-space, where
1 <p,qg <oo. Then A(X ®@Y) is amenable if and only if one of the following
holds:

a) p=q.

b) p=2and1 < q< 0.

¢) 1<p<ooandq=2.

Proof. Since the direct sum of two L,,-spaces (resp., of an £y-space with 1 < p <
oo and an Lo-space) is an Lp-space, and the algebra of approximable operators
on an L,-space is always amenable [9, Theorem 6.4], it is clear that if (a) (resp.,
(b) or (c)) is satisfied then A(X @ Y) is amenable.

Now suppose that none of (a), (b) or (c¢) is satisfied. We want to show that
A(X @Y) is not amenable. By [21, Theorem III(a)] and [9, Corollary 5.5], it
is enough to consider the following two cases: (i) p < 2 < ¢, and (ii) p < ¢ < 2.
The case (i) follows from Corollary 4.4 above since for p < 2 (resp., 2 < q)
an Ly-space (resp., the dual of an £,-space) has cotype 2. In dealing with the
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second case we use the following result from [18], that we state as in [6, §26.5.
Corollary 2]:

THEOREM: (Kwapien). Let 1 <p <r < ¢ < oo. Then B({y,¢,) =T (Lg,Lp).

Let p < g < 2 and let r € |p,q|. Using Kwapieri’s theorem and [21, Theo-
rem III(c)] it can be shown that there exists a constant M so that

sup{v,-(T|g) : E C Y a finite-dimensional subspace} < M||T|| (T € B(Y,X)).

By [22, Corollary 8.9], there is an L,-space so that B(Y,X) = 'y, (Y, X),
where T';, (Y, X) denotes the space of all operators from X to Y that factor
through L, with the norm

o, (T) = inf{|R|||S]| : X > L, 2 Y and RS = T}.

Assume towards a contradiction that A(X @ Y) is amenable. Then, by Corol-
lary 4.3, either vz, ~ ||.|| on F(X) or vz, ~ | .| on F(Y). We show that
none of these can happen. Indeed, suppose, to fix ideas, that v, ~ ||.| on
F(X). Then, by [21, Theorem 4.3], v,.(Ix) < 0o, and so, X is isomorphic to
a complemented subspace of an L,-space which, by [21, Theorem III(b)], must
be an L,-space. But this is impossible since p # r. Analogously, if v, ~ ||. ||
on F(Y), we find that Y is an £,-space as well as an L,-space reaching again
the same absurd. Thus, neither vy, ~ | .|| on F(X) nor vz, ~ ||. || on F(Y). It
follows that A(X @ Y) cannot be amenable and this concludes the proof.

Remark 4.7: Tt should be noted that the argument of [9, Theorem 6.9] can be
extended without difficulty to cover the more general situation of Corollary 4.6
when 1 < p,q < co.

We now turn our attention to the second fact mentioned at the beginning of
this section, namely, the equivalence between surjectivity of

Ay, X)RA(X, £) — A(X)
and openness of

Alp, X) x A(X, £,) — A(X).
It is not hard to see that the reason why this last holds is that ¢, = ¢,(¢,)
(1 < p < o0), or more precisely, because 7,, being a norm, must satisfy the

triangle inequality. In what remains of this section we look at this in more
detail.



146 A. BLANCO AND N. GRONBAK Isr. J. Math.

Let Z be an infinite-dimensional Banach space. Given any pair of Banach
spaces (X,Y) we let

vz(T) :==
inf {|[R|[|S]| : RS =T, S € F(X,Z) and R€ F(Z,Y)} (T € F(X,Y)).

In general, vz need not be a norm on F(X,Y). For example, let Z,, = £;; © (o
for some p € (2,00) fixed, let I : 612)" — Eg” be the identity map, and let P;
(resp., P2) be the natural projection onto the first (resp., last) n coordinates.
Then vz, (P1 + P») tends to oo with n while vz, (P1) + vz, (P2) = 2 for all
n. Indeed, suppose towards a contradiction that vz, (P; + P2) < C for some
constant C' independent of n. Then for every n there is £, C {; @& {2 and
a linear isomorphism T,, : (2" — E, such that ||T,[||T, "] < C. Let Q, be
the natural projection from E;} ® {5 onto 6;}, and let (z,;) be a basis for E,.
Without loss of generality, let Qpn(zn1),.. ., Qn(@nm) be a maximal subset
of linearly independent vectors from {Qn(xm) 1 < i< Qn}, som < n.
Taking linear combinations if necessary, we can pass to a new basis of E,,
Tnlys-- s Tnoms Yn,m+1s - - - » Yn,2n, in Which each y,, ; € €. Thus, E,, contains an
isometric copy of ¢4 and in turn 612," contains a C-isomorphic copy of /5. But
this last should hold for every n, which is impossible by [8, Example 3.1]. Thus,
for big enough n, vz, is not a norm.

Let us say that the Banach space Z has the factorization-norm property
if for every pair of Banach spaces, (X,Y), vz is a norm on F(X,Y). It is easily
verified that if Z has the factorization-norm property then vz is an operator
ideal norm on F. Also note from the example of the previous paragraph that
the factorization-norm property is an isometric property.

COROLLARY 4.8: Let X be an infinite dimensional Banach space such that
the algebra A(X) is K-amenable. Let P be a bounded projection on X. Set
Y =rgP and Z =rg (I — P). If both, Y and Z, have the factorization-norm
property, then at least one of the maps

oy F(ZY)xFY,Z)=FY) or ¢z:FY,Z)xF(Z)Y)— F(Z),
is M-open for some constant M < k?K?| P||||I — P|| with s as in Corollary 4.3.

Proof. Since A(X) is K-amenable it has a BAT of bound K. In turn, A(Y) has
a BAI of bound C' = K||P|| and A(Z) has a BAI of bound ¢! = K||I - P||. As
A(Y, Z) is an essential Banach left A(Z)-module and an essential Banach right
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A(Y)-module we have, by [5, Theorem 2.9.24], that vy < C||-|| and vz < ¢~ 1|-||
on F(Y,Z), so c¢yz < vy < Cvz on F(Y,Z). Thus, by Corollary 4.3, we
should have k2cyz < vy < k?Cvyz on at least one of F(Y) or F(Z) for some
constant k. To fix ideas, suppose k~2cyz < vy < k?Cryz holds on F(Y). Since
A(Y) is an essential A(Y)-module we have, once again by [5, Theorem 2.9.24],
that vy < CJ - || on F(Y). This last combined with x %cyz < vy gives
that vz < M| - || on F(Y), where M < k2C/c, as desired. The case where
m_chz <Ay < mQC"yZ holds on F(Z) is treated analogously.

It seems difficult, in general, to determine whether or not a given Banach
space has the factorization-norm property. It is well-known, for instance, that
any Banach space Z such that Z = (,(Z), in particular, any Banach space
of the form ¢,(E), where E is some Banach space and 1 < p < oo, has the
factorization-norm property (see [15, Proposition 1]).

The following proposition is analogous to [15, Proposition 1]. It gives a
sufficient condition for a Banach space to have the factorization-norm property.

PROPOSITION 4.9: Let Z be an infinite dimensional Banach space such that
for every finite-dimensional subspace E of Z and every € > 0 there exist finite-
dimensional subspaces F' and G of Z such that E C F, G is (14-¢)-complemented
in Z, and for some set of vectors {uy,us} forming a 1-unconditional basis of their
R-linear span we have that d(G, F®, F) < 14¢, where F®, F denotes the direct
sum of two copies of F endowed with the norm ||(z,y)| = ||||#]|z u1 + ||yl z uz||
((x,y) € F® F). Then Z has the factorization-norm property.

Proof. Of course, only the triangle inequality needs to be verified. For this,
let (X,Y) be a pair of Banach spaces, let 71,75 € F(X,Y), and let € > 0 be
arbitrary. Let S; € F(X,Z) and R; € F(Z,Y) be such that R;S; = T; and
|R:NISil < vz(Ti) +e (i =1,2). Set E = 51X+ SX C Z and let F and G
be finite-dimensional subspaces of Z as in the hypotheses. Let L : G — F &, F
be a linear isomorphism such that | L||||[L7Y| < 1+¢, and let Pg : Z — G be
a projection onto G of norm < 1 +e¢. Let S : X — G, x — L~ Y(S1z, Sa2z),
and let R: Z — Y, 2z — (R1Py + RoP>)LPgz, where P; and P, denote the
canonical coordinate projections onto the first and second components of F@,, F,
respectively.
It is easily seen that T} +T> = R .S, that

IS < IL7HI11S e + 1182 2]
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and that
IR < (14 o)L |[I[Rillui + | Raflus

Y

where uf,u} is the basis dual to u1,us. By [16, Main Lemmal, we can assume
that

1Sl + 1S llus|[ | | R llui + | Rellus|| = IR S1]l + [| Rl Sl|-
Then

z(Ty + T2) < |RIISI < (L4 &)*(|Ralll|Sall + [ Rl I1S2]])
< (1 +e)2(vz(Th) + 72 (T2) + 2e).

Since ¢ is arbitrary the desired conclusion follows.

All the following Banach spaces are easily seen to satisfy the condition of
Proposition 4.9 and hence have the factorization-norm property.

Example 4.10: Any Banach space Z with a 1l-unconditional Schauder basis
z = (z,) such that (i) liminf, d([z]7, [2:)2%,) = 1; and (i) | 22", @iz =
I Zf:l biz;|| for all scalar sequences ay,as, ..., as, and by, ba, . .., ba, such that
1320 aizill = I 00y bzl and | 3232,y aszill = 11 3221 bizill (n € N).
Example 4.11: Any Banach space of the form (€, Ek),, where z is as in the
previous example and E, = F (k € N) for some Banach space E.

Example 4.12: Any Johnson space in the sense of [1, Definition 3.1].

It is unclear, however, whether or not the factorization-norm property is an
essential hypothesis in Corollary 4.8. In fact, the following argument suggests
that the same conclusion or at least a similar one might hold without this
assumption.

Let 1 < p < oo and let X be an infinite dimensional Banach space such that
A(X) is K-amenable. Then A((,(X))(= Ao(¢,(X))) is K-amenable as well.
Let P: X — X be a bounded projection. Set Y =rg P and Z =rg(I — P). As
0,(Y) and £,(Z) have the factorization-norm property and || @i, P : £,(X) —
,(Y)|| = ||P| there is, by Corollary 4.8, a constant M, depending only on K
and P, so that, at least one of the maps,

P, (v) P Fp(2)6p(Y)) X F(p(Y), £p(Z)) — F(£,(Y)),
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or
Prp(z)  Flp(Y), 6,(2)) x F(lp(2),£,(Y)) — F(p(2)),
is M-open. To fix ideas, suppose ¢, (y) is M-open. Then

ey F(lp(2),Y) X F(Y, 4,(Z)) — F(Y),
is M-open too.

Remark 4.13: The fact that at least one of the maps ¢, (v) or ¢ (z) above is
M-open if A(X) is amenable, still holds for p = 1, but this case needs to be
treated separately as A(¢1(X)) # Ao(¢1(X)) (see Lemma 5.4 below).

Now let (T,) be a BAI for F(Y). Then, by the above, we have that for
every 1 < p < oo and every « there are operators Sy, @ Y — £,(Z) and
Rop i 0p(Z) — Y such that Ry Sap = To and ||Rapl|||Sa.pll < M||Ts|. The
fact that M is independent of o and p suggests the following might be true:

There exist £ € N and a positive constant M such that for every index «, there
are operators R, : @le Z —Y and S, : Y — @le Z so that R,S, = T,
and ||Rol|||Sall < M||T,||, that is, the product map

o F(@._ 2Y)x F(v.@._ 2) — F(v)

is M—open.

5. Tsirelson-like spaces

As announced earlier, in the final section of this paper we establish the non-
amenability of the algebra of approximable operators on the Tsirelson space.
In fact, we shall obtain this as a consequence of a more general result (see
Theorem 5.6 below).

We start with a definition. It is closely related to the old notion of crude
finite representability introduced in [12].

Definition 5.1: A Banach space Y is said to be M-crudely 7-finitely repre-
sentable in a Banach space Z if for every finite-dimensional subspace E of Y,
there exist a finite-rank projection P : Y — Y whose range contains F, and
operators S :Y — Z and R : Z — Y such that RS = P and ||R||[|S| < M.

This last definition is justified by the following.
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LEMMA 5.2: Let Y be a m-space and let Z be a Banach space. Then all the

following are equivalent:

a) Y is (M + e)-crudely w-finitely representable in Z for every € > 0.

b) F(Z,Y)x F(Y,Z) — F(Y) is (M + ¢€)-open for every ¢ > 0.

¢) For every € > 0 there exists in F(Y) a bounded net of projections,
(P.), converging strongly to the identity operator on Y, and such that
sup,, vz(Ps) < M + ¢, that is, such that Z contains P,Y ’s uniformly
(M + &)-complemented.

Proof. Tt is easy to see that (a) = (b) and (b) = (c¢). That (¢) = (a) follows
from [17, Lemma 2.4].

Remark 5.3: If we simply assume in the last lemma that Y is a my-space, then
still (a) <= (c) and (a) = (b), but (b) implies that Y is (AM + ¢)-crudely
m-finitely representable in Z for every € > 0.

Before passing to the main result of the section we need another result that
we collect as a lemma.

Let E, F be Banach spaces and let 1 < p < co. Recall that we have identified
¢, with the linear span of the first m vectors of the unit vector basis of £, so we
have a natural linear isometry A(¢}' (E), KI;(F)) — Al (E), %(F)), whenever
n>mand | > k. We denote by Ao (£,(E), (5 (F)) (resp., Ao(£5(E), £,(F))) the
inductive limit of the direct system formed by the spaces A(£)'(E), £5(F)) (m €
N) (resp., A(£3'(E),LE(F)) (k € N)) together with the corresponding isomet-
ric embeddings. There are also natural linear isometries Ao (€, (E), (5(F)) —
Ao(bp(E), 65(F)) and Ag(£7(E), £p(F)) — Ag((2(E), 6,(F)) (I = k, n > m).
We denote by Ag(¢,(E), {,(F)) the common inductive limit of the direct sys-
tems formed by {Ao(£,(E), £5(F)) : k € N} and {Ao(£(E), £,(F)) : m € N}
and their respective families of isometric embeddings. It is not hard to see
that Ag(¢,(E), {p(F)) is also the inductive limit of the direct system formed by
all spaces Ao (€7 (E), (s (F)) and the isometric embeddings A(((E), £E(F)) —
A(C(E), EL(F)) (n>m, 1 > k).

LEMMA 5.4: Let 1 < p < oo and let X be a Banach space such that A(X)
is K-amenable. Let P : X — X be a bounded projection. Set Y = rg P and
Z =rg (I — P). Then at least one of the maps

P11 Ao(lp(2), £p(Y) X Ao (6p(Y), £p(Z)) — Ao(lp(Y)),
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or
P2 1 Ao (Lp(Y), £p(2)) x Ao(£p(Z), £p(Y)) — Ao(£p(2)),

is (M + &)-open for every § > 0 and some constant M that depends only on K

and || P||.

Proof. Let X be a Banach space such that A(X) is K-amenable. Then A(¢} (X))
is K-amenable for every n € N and every 1 < p < co. Let P, Y and Z be as
in the hypotheses. As [|@} P : £3(X) — £3(Y)|| = || P|| (n € N), there exists,
by Proposition 4.2, a constant M = M (K, || P||) so that for each n € N at least
one of the product maps

(5) T D AW (Z), G (YV))SAG (Y ), 6(Z)) — AL (Y)),
(6) Tom D AW (Y ) G (2)BAG(Z),6,(Y)) — Al63(2)),

is onto with inversion constant no greater than M.

Without loss of generality, assume there is an increasing sequence of posi-
tive integers, (ny), so that m ,, is onto with inversion constant no greater
than M for all k. Fix k € N, let ¢ > 0 and let T € A({;*(Y)). There
is Y, R @ Si € A(UR(Z), 00 (Y)RAWR(Y), €3+ (Z)) such that Y, R;S; =
T and >, |R;[|||Si|| £ (M + ¢)||T||. Moreover, we can assume lim; | R;|| =
0 = lim, ||S;||. For each i € N, let P, denote the coordinate projection of
£,(£5+(Y)) onto its i-th summand, and let 2; denote the embedding of the i-
th summand into £,(¢;*(Y))). Let R = >, R;P; and S = };2;5;. Then
RS =T, |R[|* <> [|Ril|* (vesp., < max; [|Ri[ if ¢ = oo) and || S| < 32 [15:]”
(resp., < max; ||S;|| if p = oo). Furthermore, by [16, §2], we can choose the
R;’s and S;’s in such a way that ||R|||S| < (1 +¢)>_, || R:l|||Sil], and hence
IR|IIS] < (L +¢e)(M + ¢e)||T||. As this last holds for arbitrary e, the bilinear
map

Py, Ao(lp(2), 57 (V) x Ao(€p* (V), 6,(Z)) — A" (V) (k € N),

is (M + 0)-open for any ¢ > 0.

Now let 7 € Ay(¢,(Y)) and € > 0. There exists a sequence (T}) in
Ao(€p(Y)) such that Ty € A(L*(Y)) for every k, 35, T = T and ), [|T}]| <
[ 7] + . By the previous part, there exist Ry € Ao(€p(Z),€,*(Y)) and Sy €
Ao(6p+(Y), €,(Z)) such that Ry Sy, = Ty and || Rg ||| Skl < (M +¢)||Tk|| (k € N).
Let 7 denote the projection of ¢,(¢,(Z)) onto its k-th summand, and let
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denote the natural embedding of the k-th summand back into £,(¢,(Z)). Define
R = Zk Rym, and § = Zk 16Sk. Then RS = 7 and an argument similar to
the one of the previous paragraph shows that | R||||S|| < (14+&)(M +&)(||T || +¢).
As 0,(0,(Z)) = £,(2), it follows that the product

p1: Ao(lp(2), £p(Y) X Ao (6p(Y), £p(Z)) — Ao(€p(Y)),
is (M + 6)-open for any 6 > 0.

Remark 5.5: When p > 1 things are much simpler. Indeed, in this case the
claim of the lemma can be easily obtained from Corollary 4.8.

THEOREM 5.6: Let X be a Banach space with a l-unconditional basis (x;).
Suppose there exist § > 1 and 1 < p < oo such that

(i) For each n € N there is m € N so that if F C [2;]52, is a sub-
space spanned by n disjointly supported vectors then inf{d(F, E) :
E is a subspace ofép} <.
(ii) inf {d([z;]7,, E) : E is a subspace of £;,} — oc.
Then A(X) is not amenable.

Proof. Suppose towards a contradiction that A(X) is K-amenable for some
K >1. Let § > 1 and 1 < p < oo be as in the hypotheses. By Lemma 5.4, for
every m € N at least one of the maps

@1.m = Ao (Lp([ziloei1), Lp([a] 1)) ¥ Ao (o ([2:] 1), Lp([i]5e41)) — Ao (€p([2i]T)),

or

PY2,m : AO(EP([fEiHn)agp([zi]ferl)) x Ao (gp([xi]?erl)’gp([ziHn))
— Ao(fp([ximﬂ))’

is M-open, where M depends only on K and the norm of the natural projection
P, : X — [x;]",. But ¢2,, cannot be open since otherwise, by Lemma 5.2,
Cy([x3]55,1) would be crudely 7-finitely representable in £, ([x;]7") ~ ¢,, which
is impossible by (ii). Thus, ¢1,m is M-open and by Lemma 5.2, ¢,([z;]]") is
(M +1)-crudely n-finitely representable in £, ([x;]57, ). Note that, as || P, || =1
for every m, M is also independent of m. Thus, for every m € N and every
1 < n < m there exist operators

Smon t [Tilizg — ep([xi];irl) and Ry, p : ep([xi];?wrl) — @il
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so that Ry n Smn = Ijp,)» and 1R S]] < M + 1.
What remains follows closely the proof of [3, Prop. VI.b.3]. Let F,, , :=
Smon([zi]7). By [3, Prop. V.6], there are disjointly supported vectors

Y1,Y2,- -y~ in Lp([zi]5e, ) such that F, , is 2-isomorphic to a subspace
of F = [y;]¥. Clearly, we can assume that all the y;’s have finite sup-

port. Let P, be the projection of €,([z;]55, 1) onto its A-th summand. By
(i), there exists m so that inf {d([Pry;]}_,, E) : E a subspace of £,} < § for
every k € N. As F C (6, [Pkyj]]N:l)p, it follows from this last and the fact
that £, = (,,((,), that inf {d(F, E) : E a subspace of £,} < §, and in turn that
inf {d([z;]7, E) : E a subspace of £,} < 26C, contradicting (ii). Thus A(X)

cannot be amenable.

We apply Theorem 5.6 to a class of ‘Tsirelson-like’ spaces introduced in [7],
which contains the dual of the original Tsirelson’s space as a particular case.

Let us recall briefly the definition of the dual of Tsirelson’s space, T, as
given in [7, § 2]. Let (¢,) denote the unit vector basis of cgo (the space of
scalar sequences with finite support). If F, F' are finite, non-empty subsets of
N, we write F < F to mean that max £ < min F. For any £ C N and any
T =) auty € coo, define Ex := ) _pant,. Set |.|lo := ||.[l¢ and, for
m > 0, define

k
2] mtr = mao({|yc||m,2_1 max {Z HEJJCHm} } (x € coo),
j=1

where the inner maximum is taken over all possible choices of finite subsets
Eq,Es, ..., E) of N, such that: {k} < By < Ey <...< Ej. It is easily verified
that || . ||, is a norm on ¢y for every m, and that, for each x € cyo the sequence
(Il - |l) is non-decreasing and majorized by ||z||l¢,. Thus we can define

||| := lim [|z|lm (2 € coo).
m—00

The latter is a norm on cog. The dual T* of Tsirelson’s space is defined as the
completion of cgp in the last norm. It is well-known that the sequence (¢,,) is a
normalized 1-unconditional basis for 1.

For 1 < p < o0, T® is defined as the set of all z = Zn ay,t, such that
> o lon|Pt, € T*, endowed with the norm

Z |an|ptn
n

' (x € T®),

lall) = \
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When 1 < p < oo, TP is the so called p-convexified Tsirelson’s space.
Clearly, T™ is nothing but T* itself.

Many important facts about T%(= T)) are shared by the p-convexified
Tsirelson’s spaces. Among them we have the following:

a) Each T®) is reflexive (actually, they are all uniformly convex for p > 1);
b) Each T®) contains ¢7’s uniformly (1 < p < c0);
¢) No T?) contains an isomorphic copy of £, (1 < r < o).

Moreover, for every p > 1 the norm on T®) satisfies

1

_1 k P
D ol =max{llllo, 2 swp [ 185y ] "} @ e 70

where the inner supremum is taken over all choices of finite subsets of N,
Ey, Es, ..., E), such that: {k} < E; < Ey < -+ < Ej. Property (b) above
follows easily from (7).

We need one more fact about these spaces that we collect in the next lemma.

LEMMA 5.7: Let 1 < p < oo. Then T?) is not crudely finitely representable in
.

As explained in [3, VL.B], this follows on combining results of Lindenstrauss
and Pelczynski [20], and Lindenstrauss and Rosenthal [21]. Precisely, it follows
from [20, Remark after Prop. 5.2] (see [22, Corollary 8.9] for a proof of this) that
if X is a Banach space complemented in its bidual such that for some 1 < p < oo,
sup{7p(Ig) : E a finite-dimensional subspace of X} < oo, then X is isomorphic
to a complemented subspace of an L,(u) space. On the other hand, if X is a
complemented subspace of an L, (i) space, which is not isomorphic to a Hilbert
space, then it must be an £, space [21, Theorem III(b)], and hence it must
contain a complemented subspace isomorphic to ¢, [20, Proposition 7.3]. Thus,
if 7(®) (1 < p < o) were crudely finitely representable in ¢, then it would
embed complementably in some L,(x). But T®) contains ¢;’s uniformly, and
so it would contain a complemented copy of ¢, which is an absurd.

COROLLARY 5.8: The algebra A(T™®)) (1 < p < c0) is not amenable.

Proof. We simply note that T) satisfies conditions (i) and (ii) of Theorem 5.6
(1 < p < o). Indeed, (i) is an immediate consequence of [2, Proposition 7.3]
and (7) above, while (ii) follows easily from Lemma 5.7.
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Remark 5.9: By [9, Corollary 5.5], A(T) cannot be amenable either.
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