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Abstract: The motion of pore water directly influences mechanical properties of soils, which are
variable during creep. Accurate description of the evolution of mechanical properties of soils can
help to reveal the internal behavior of pore water. Based on the idea of using the fractional order to
reflect mechanical properties of soils, a fractional creep model is proposed by introducing a
variable-order fractional operator, and realized on a series of creep responses in soft soils. A
comparative analysis illustrates that the evolution of mechanical properties, shown through the
simulated results, exactly corresponds to the motion of pore water and the solid skeleton. This
demonstrates that the proposed variable-order fractional model can be employed to characterize
the evolution of mechanical properties of and the pore water motion in soft soils during creep. It is
observed that the fractional order from the proposed model is related to the dissipation rate of pore
water pressure.
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1 Introduction

The motion of pore water directly influences the mechanical properties of soft soils,
which are composed of pore water and a solid skeleton. It has long been known that the
mechanical properties of soft soils change during deformation or loading (Ferry 1980).
However, until now, the relationship between the evolution of mechanical properties of soils
and the motion of pore water is still unclear. The main reason is the lack of a suitable method
to describe the change of soil mechanical properties. In hydraulic engineering and civil
engineering, creep, which is the tendency of a solid material to move slowly or deform
permanently under the influence of stresses, is the main mechanical process of soft soils. In
this paper, we mainly focus on the description of the evolution of mechanical properties of soft
soils during creep.

Fractional calculus has been considered one of the best mathematical tools for modeling
physical responses and has been applied in a number of fields. The use of fractional calculusis
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motivated in large part by the fact that fewer parameters are required to achieve accurate
approximation of experimental data. Previously, the creep response has been characterized
primarily with the Maxwell, Kelvin-Voigt, and standard linear solid models (Ferry 1980) for
the congtitutive relationship. Bagley and Torvik (1983, 1985, 1986) and Koeller (1984) have
developed models using fractional calculus. Other researchers (Padovan 1987; Shah and Qi
2010; Libertiaux and Pascon 2010; Lazopoulos 2006; Enelund et al. 1999; Enelund and
Olsson 1999; Eldred et a. 1996; Gaul et al. 1991) have examined various issues involved in
the numerica implementation of these sorts of models. Most of the fractional models
mentioned above are called component models, and are based on a linear combination of
elements, Hooke springs, and the fractional derivative Abel dashpot. Here, the fractiona
derivative Abel dashpot obeys the following expression:
d?e(t)
T 1)
where o and ¢ are the stress and strain, respectively; E and € are material constants;
tistime and o isthe fractional order, with 0< « <1. However, the component model is a
mathematical model, and it is merely used to describe the mechanical response and does not
consider the mechanical properties of materials. It is well known that the ideal solid obeys
Hooke's law, o(t)-£(t) , and that Newtonian fluid satisfies Newton's law of viscosity,
o(t)-de(t)/dt . Thus, if we regard the mechanical properties as a spectrum, one end of which
is pure easticity, with o« =0, then the other end is pure viscosity, with o =1. The fractional
order of Eqg. (1) can denote the location of a specific mechanical property on the spectrum,
which can help us distinguish the mechanical property of materials quantitatively. However,
we have found that some creep behaviors still cannot be simulated by Eq. (1). The primary
reason is that the constant fractional order in Eq. (1) implicates the invariability of mechanical
properties, while in the real world they change during the mechanical process. Therefore,
representing the evolution of mechanical propertiesis a chalenging issue in physical modeling
and phenomenological description.

The concept of fractional order calculus needs to be further generalized by a calculus of
varying order so that it is applicable to more complex mechanical properties of materias. Up
to now, a number of variable-order fractional calculus definitions have been proposed
(Coimbra 2003; Ingman and Suzdalnitsky 2004; Soon et al. 2005), and some of them have
been applied to many fields such as anomaous diffusion (Sun et al. 2009; Umarov and
Steinberg 2009), viscoelasticity (Ingman and Suzdalnitsky 2005; Ramirez and Coimbra 2007),
multifractional Gaussian noises (Sheng et al. 2011), processing of geographical data (Cooper
and Cowan 2004), and finite impulse response filters (Tseng 2006). However, variable-order
calculus has not been used to describe the evolution of mechanical properties of soft soils
during creep.

In our study, we attempted to describe the evolution of mechanical properties of soft soils

o(t)=E#”
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through variable order calculus, and then discussed the impact of pore water on the evolution
of soil mechanical properties.

2 Variable-order integral operator

Variable-order fractional integral operator definitions come from either direct extension
from fractional calculus or generalization from the Laplace or Fourier transform. In the direct
extension, the constant exponent in the fractional operator is replaced by a function. Lorenzo
and Hartley (1998) proposed a generalized linear Riemann-Liouville integration operator with
the form of

a(t,7)-1
_ t—7)
bt f ()= [
0™t ( ) .[O F[a(t,r)]
where «(t,7) is the fractional order operator, and it may have three different arguments,
i.e,at), a(r), and a(t-7). Based on the behavior of the operator for different f (t)
values, Eq. (2) can be stated as three expr onS'
(t-9""
O (t 7)dr o(t)>0 3
=100 o e (1 ©
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where the superscript before the derivative symbol indicates the arguments of «(t,7). Since
Egs. (4) and (5) involve the variable of integration within the exponent, they imply memory of the
fractional order, meaning that past states have a strong effect on the fractional order (Lorenzo and
Hartley 2002).
It is known that the current mechanical response of viscodlastic materials depends not only

f(r)dr  «a(t)>0 2

f(r)dr a(t)>0 (4

f(r)dr  «a(t)>0 (5

on the loading or deformation histories but also the change process of mechanical properties.
Thus, the variable-order operator definition applied to describing the evolution of a physical
feature should have the memory of not only the prior history but also the fractional order. We
therefore used Eq. (5) to characterize mechanica properties of soft soils during creep in
this study.

In order to use Eq. (5) conveniently, we discuss this definition for f (t)=c, where C is
aconstant:

3p-et)a— t (t - T)a(t_r)_l 17;:1 t /10!(/1)—1
0 Dt C Cjomdf CJ.O Wdﬂ’ (6)

If o(t)=a,where o denotesaconstant, we can rewrite Eq. (6) as
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We assume that the fractional order function «(t) in Eq. (6) is of a piece-wise constant
manner, taking the values of o, o, -+, ¢, for O<t<t, t <t<t,, -, t,_,<t<t,,
respectively. Based on Eq. (7), Eq. (6) can also be written as

gD(“("c:;[g(tk,ak)— g(tene)] O=ty<t <t <--<t, (8)

Because Eq. (8) is adiscrete form, which is more suitable for numerical approximation and
fitting of experimental data, we will use it to establish a variable-order fractional creep moddl in
the next section.

3 Establishment of variable-order fractional creep model

3.1 Variable-order fractional viscoelastic model

Coimbra (2003), Ingman and Suzdanitsky (2005), and Soon (2005) presented a
variable-order fractional viscoelastic model:
d“(‘)e(t)
ot)=X e 9
where X is considered a material parameter. Because the fractional order function is
involved in the dimension of X inEQ. (9), X hasan unclear physica meaning and can be
influenced by time resolution. Thus, there are some problemsin Eg. (9).
Considering the evolution of mechanical properties during the loading process, the
modified viscoelastic model (Yin et al. 2013) should be
) d”’“)g(t)
dta(t)
Obviousdly, Eq. (10) isadirect extension of the constant-order fractional model (Eq. (1)).

o(t) = Eg" 0<e(t)<1 (10)

3.2 Variable-order fractional creep model and its parameters

During creep, a(t):co, where ¢, is a constant and represents the constant stress,

Eg. (10) may be rewritten as
3 D—a(t)

__o G
e(t)== = 0<a(t)<1 (11)
Based on Eq. (8), Eq. (11) may be rewritten as
£(t) =Z[€(tkﬂk)—€(tk4ﬂk)] 0=t, <t <t,<---<t, (12)
k=1

According to Eq. (7), e(t,0,) isexpressed as

G %
eto)=—0——
() E6“ T'(1+ )

After substituting Eq. (13) into Eq. (12), we can obtain

<o <1 13
k
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Using Eq. (14) for t=t, and t=t, ,, and subtracting the second expression from the
first one, the following equation is obtained
G tlf(k _tIf(El

et )—e(t )= 0=t , <t <t, <..<t 15
(k) (k—l) Eﬁak 1—-(1+ak) 0 1 2 n ( )
When O<t<t;, Eq. (14) may be written as
G o »
e(t)= —— =nt™ 16
()= g Tiaray) " 19
G . .
where n=———=— Certainly, Eqg. (16) can aso be written as
T T (1ra,)E0" Y. Ea. (16)

Ing(t)=Inn+a,Int 17)
The coefficients 7 and ¢, can be obtained by the first several strain-time (e-t)
experimental data, whose Ine-Int curve can befitted as a straight line.
Because strain increases consistently and gradually approaches a fixed value g, in
plenty of creep processes, we defineit as

E=2 (18)
80

The reason for the strain reaching the fixed value is that materials exhibit elasticity during

creep. As mentioned above, the order corresponding to ¢, is zero, i.e, o, =0. Based on
Eqgs. (18) and the definition of 77, the coefficient 6 isstated as
1

e Jn

When the experimental data are substituted into Eqg. (15), we can obtain a sequence of
fractional orders, ¢, , and the order-time curve. Then, we can determine the evolution of
mechanical properties of materials on the basis of the relationship between the fractional order
and the mechanical property.

4 Evolution of mechanical properties of soft soils during creep

In this section, we will examine the evolution of mechanical properties of soft soils
during creep through the variable-order fractional creep model proposed in section 3.

A series of triaxial creep experiments on soft soils have been performed by Zhou and
Chen (2006) and Luo (2010). The corresponding experimental data are shown in Fig. 1. In
order to validate the variable-order fractional creep model, Eq. (12) was used to fit these
creep tests.

Fig. 2 shows that some Ing-Int curves of the creep test cannot be fitted with a straight
line, implying that the mechanical property of soils changes with time. Based on the variable-
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(a) Experimental data from Zhou and Chen (2006) (b) Experimental data from Luo (2010)

Fig. 1 Simulated e-t curves of soils at different stresses (VO denotes the variable-order fractional model, and
CO denotes the constant-order model.)
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Fig. 2 Ine-Int curves obtained by experiments at different stresses
order fractional method mentioned above, the o, -t curves were obtained, as shown in Fig. 3.
We observe from Fig. 3 that the fractional order declines with time, and that all the o -t
curves have an almost uniform shape.
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(a) Experimental data from Zhou and Chen (2006) (b) Experimental data from Luo (2010)

Fig. 3 Simulated r, -t curves obtained by variable-order fractional model at different stresses

It is of interest that the order-time curves in Fig. 3 can be split into three stages: in the
first stage, the fractional order is close to a constant, the second stage is a mutation stage of the
fractional order, and in the third stage the fractional order decreases slowly with time and is
even closeto zero.
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In terms of the relation between the fractional order and the mechanical property, we know
from Fig. 3 that, during the creep of soft soils, the mechanical property first remains unchanged
and exhibits a comparatively large viscosity. Then, a sharp decrease of the viscosity in soft soils
follows, and, finally, the material property changes dowly until the viscosity in soft soils fades
away. Further analysis is needed to demonstrate the credibility of the information
mentioned above.

It is known that soft soils belong to porous media, whose viscosity results from the
viscous motion of pore water and the viscous response of the solid skeleton (Schapery 1975).
During the initial period of creep, viscosity mainly comes from the discharge of pore water.
Thus, the fractional order of the first stage of creep is greater than that of the other two stages.
When pore water is excreted, the viscous response of the solid skeleton becomes the major
source of viscosity. Therefore, the viscosity of soft soils shows a sharp drop, which exactly
corresponds to the mutation stage of the -t curve in Fig. 3. Because the solid skeleton of
soft soils can only experience a limited and slow deformation, we think that the evolution of
mechanical propertiesin the third stage, described by the variable-order fractional creep model,
is aso rational. In short, the comparative analysis of viscous responses and simulated results
illustrates that the fractional order from the proposed fractiona creep model can be employed
to represent the evolution of mechanical properties.

The experimental data from Liu et a. (2008) were also fitted using the variable-order
fractiona creep model and the results are shown in Fig. 4. As mentioned above, the
mechanical properties reflect the pore water behavior. We therefore compared the variations of
the fractional order obtained by the proposed model and the pore water pressure u . It is
observed from Fig. 5 that, according to the dissipation rate of pore water pressure, the u-t
curve can be divided into three stages, which correspond to different stages of the «, -t curve.
We found that the fractional order is related to the dissipation rate of pore water pressure, and
that the larger the fractional order is, the faster the change of pore water pressure. When the
fractiona order is very small, the pore water pressure decreases slowly. We should also point
out that further research is required to quantify the relationship between the fractional order
and the discharge rate of pore water.

5 Discussion

From Fig. 2(a), it is observed that the Ine-Int curves for stresses of 25 kPa and 50 kPa
can befitted as straight lines, which implies that the corresponding experimental results can be
simulated using the constant-order fractional creep model. The simulated results of ¢, -t
curves obtained by the constant-order fractional model and variable-order fractional model are
shown in Fig. 6, respectively. It can be observed that when the creep response can be described
by both the variable-order and constant-order fractional models with sufficiently guaranteed
precision, the constant fractional order from the constant-order mode isat an intermediate point
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Fig. 4 &-t curve simulated with variable-order Fig. 5 Comparison between evolution of
fractional creep model and experimental mechanical properties and dissipation
datafrom Liu (2008) at stress of 80 kPa rate of pore water pressure

between those orders from the variable-order model, which vary dlightly during creep. This
illustrates that the mechanical properties of some soft soils, which can be characterized
utilizing the constant-order fractional model, are not necessarily fixed but may change slightly
during creep.

—— 25 kPa (VO simulation)
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Fig.6 o,-t curvesobtained by constant-order fractional model and variable-order fractional model

We need to point out that the focus of our study is on the characterization of the evolution
of mechanical properties of soils rather than on requiring fewer parameters to fit experimental
data. We believe that using a simple function to fit the order-time curve may hide the red
process of the evolution of mechanical properties of materials.

6 Conclusions

In order to describe the evolution of mechanical properties of soft soils during creep, we
presented a variable-order fractional creep model, in which the fractional order was expected
to represent the mechanical property of soils. The proposed model was realized on the creep
response of some soft soils. The simulated results show that the evolution of mechanical
characterigtics can be divided into three stages. A comparative analysis illustrates that the
evolution of mechanical properties, shown by the simulated results, exactly corresponds to the
motions of pore water and the solid skeleton. This demonstrates that the proposed
variable-order fractional model can be employed to characterize the evolution of the
mechanical properties of soft soils during creep. We observed that the fractional order from the
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proposed model is related to the dissipation rate of pore water pressure, and that the larger the
order is, the faster the dissipation of pore water pressure.

References

Bagley, R. L., and Torvik, P. J. 1983. Theoretical basis for the application of fractional calculus to
viscoelasticity. Journal of Rheology, 27(3), 201-210. [doi:10.1122/1.549724]

Bagley, R. L., and Torvik, P. J. 1985. Fractional calculus in the transient analysis of viscoelastically damped
structures. AIAA Journal, 23(6), 918-925. [doi:10.2514/3.9007]

Bagley, R. L., and Torvik, P. J. 1986. On the fractiona calculus model of viscoelastic behavior. Journal of
Rheology, 30(1), 133-155. [doi:10.1122/1.549887]

Coimbra, C. F. M. 2003. Mechanics with variable-order differential operators. Annalen der Physilk, 12(11-12),
692-703. [doi:10.1002/andp.200310032]

Cooper, G R. J,, and Cowan, D. R. 2004. Filtering using variable order vertical derivatives. Computers &
Geosciences, 30(5), 455-459. [doi:10.1016/j.cageo.2004.03.001]

Eldred, L. B., Baker, W. P, and Palazotto, A. N. 1996. Numerical application of fractional derivative model
congtitutive relations for viscoelastic materials. Computers & Sructures, 60(6), 875-882. [doi:10.1016/
0045-7949(95)00447-5]

Enelund, M., Mfhler, L., Runesson, K., and Josefson, B. L. 1999. Formulation and integration of the standard
linear viscoelastic solid with fractional order rate laws. International Journal of Solids and Structures, 36
(16), 2417-2442. [doi:10.1016/S0020-7683(98)00111-5]

Enelund, M., and Olsson, P. 1999. Damping described by fading memory - analysis and application to
fractional derivative models. International Journal of Solids and Structures, 36(7), 939-970. [doi:
10.1016/S0020-7683(97)00339-9]

Ferry, J. D. 1980. Viscoelastic Properties of Polymers. New York: John Wiley & Sons.

Gaul, L., Klein, P, and Kemple, S. 1991. Damping description involving fractional operators. Mechanical
Systems and Signal Processing, 5(2), 81-88. [doi:10.1016/0888-3270(91)90016-X]

Ingman, D., and Suzdalnitsky, J. 2004. Control of damping oscillations by fractional differential operator with
time-dependent order. Computer Methods in Applied Mechanics Engineering, 193(52), 5585-5595. [doi:
10.1016/j.cma.2004.06.029]

Ingman, D., and Suzdalnitsky, J. 2005. Application of differential operator with servo-order function in model
of viscoelastic deformation process. Journal of Engineering Mechanics, 131(7), 763-767. [doi:
10.1016/(ASCE)0733-9399(2005)131:7(763) ]

Koeller, R. C. 1984. Applications of fractiona calculus to the theory of viscoelasticity. American Society of
Mechanical Engineers, 51(2), 299-307. [doi:10.1115/1.3167616]

Lazopoulos, K. A. 2006. Non-local continuum mechanics and fractional calculus. Mechanics Research
Communications, 33(6), 753-757. [doi:10.1016/j.mechrescom.2006.05.001]

Libertiaux, V., and Pascon, F. 2010. Differential versus integral formulation of fractional hyperviscoelastic
constitutive laws for brain tissue modelling. Journal of Computational and Applied Mathematics, 234(7),
2029-2035. [doi:10.1016/j.cam.2009.08.060]

Liu, H. L., Hu, S. X., and Ali, H. 2008. Test study on creep characteristics of soft clayey soils under
consolidation by vacuum-surcharge combined preloading method. Rock and Soil Mechanics, 29(1), 6-12.
(in Chinese)

Lorenzo, C. F,, and Hartley, T. T. 1998. Initialization, Conceptualization, and Application in the Generalized
Fractional Calculus. Cleveland: Lewis Research Center, National Aeronautics and Space Administration.

Lorenzo, C. F, and Hartley, T. T. 2002. Variable order and distributed order fractional operators. Nonlinear
Dynamics, 29(1-4), 57-98. [doi:10.1032/A:1016586905654]

Luo, Y. 2010. Sudy on Creep Characteristics of Loess. M. E. Dissertation. Yanglin: Northwest A & F
University. (in Chinese)

Padovan, J. 1987. Computational algorithms for FE formulations involving fractional operators.

454 De-shun YIN et al. Water Science and Engineering, Oct. 2013, Vol. 6, No. 4, 446-455



Computational Mechanics, 2(4), 271-287. [doi:10.1007/BF00296422]

Ramirez, L. E. S,, and Coimbra, C. F. M. 2007. A variable order constitutive relation for viscoelasticity.
Annalen der Physilk, 16(7-8), 543-552. [doi:10.1002/andp.200710246]

Schapery, R. A. 1975. A theory of crack initiation and growth in viscoelastic media. International Journal of
Fracture, 11(1), 141-159.

Shah, S. H. A. M., and Qi, H. T. 2010. Starting solutions for a viscoelastic fluid with fractional burgers’ model
in an annular pipe. Non-linear Analysis. Real World Applications, 11(1), 547-554. [doi:10.1016/
j-nonrwa.2009.01.12]

Sheng, H., Sun, H. G, Chen, Y. Q., and Qiu, T. S. 2011. Synthesis of multifractional Gaussian noises based on
variable-order fractional operators. Signal Processing, 91(7), 1645-1650. [doi:10.1016/j.sigpro.2011.
01.010]

Soon, C. M. 2005. Dynamics with Variable Order Operators. M. E. Dissertation. Hawaii: University of
Hawaii.

Soon, C. M., Coimbra, C. F. M., and Kobayashi, M. H. 2005. The variable viscoelasticity oscillator. Annalen
der Physilk, 14(6), 378-389. [doi:10.1002/andp.200410140]

Sun, H. G, Chen, W,, and Chen, Y. Q. 2009. Variable-order fractional differential operators in anomalous
diffusion modeling. Physica A: Satistical Mechanics and Its Applications, 388(21), 4586-4592. [doi:
10.1016/j.physa.2009.07.024]

Tseng, C. C. 2006. Design of variable and adaptive fractional order FIR differentiators. Sgnal Processing,
86(10), 2554-2566. [doi:10.1016/j.sigpro.2006.02.004]

Umarov, S, and Steinberg, S. 2009. Variable order differentia equations with piecewise constant
order-function and diffusion with changing modes. Zeitschrift Fur Analysis Und Ihre Anwendungen,
29(4), 431-450.

Yin, D. S, Wu, H., Cheng, C., and Chen, Y. Q. 2013. Fractional order constitutive model of geomaterials
under the condition of triaxia test. International Journal for Numerical and Analytical Methods in
Geomechanics, 37(8), 961-972.

Zhou, Q. J., and Chen, X. P. 2006. Experimental study on creep characteristics of soft soils. Chinese Journal
of Geotechnical Engineering, 28(5), 626-632. (in Chinese)

(Edited by Ye SHI)

De-shun YIN et al. Water Science and Engineering, Oct. 2013, Vol. 6, No. 4, 446-455 455





