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STATEANDDEVELOPMENTOFFLUTTERCALcmTIolT*

ByA. Tdchmann

1.FUNDAMENTALOFAFTROACHTOTBEPROBLEM

A. GeneralTreatment

Schwarzmann‘se~sitlonsshowedtheflutterWOblemtobe of
suchoutstsmdingimportancethatthelargesmountofworkforyears
expendedonitseemsmorethanJustlfied.Nevertheless,theqpestlon
arisesofwhetheritisnotsufficienttoelhxl.natethedangerof
flutterby simplyobeyinga nuniberofshnpleand generally known
rules forthe~design,forinstanceavoldlngrearwardpositionsof
thecenterofgravity,Identifyingtheseparatenaturalfrequencies
ofaerodynsmlcsllyessentialcwnpone’ntsystems,obtainingrigidcon-
structionsfreeflmmplay,etc.

Thestrictobservanceofsuchrulesfordesigncauses,however,
a Inmay ways,structural.llmltatlonsuhlcharebynomeansnecessary.

Figure1 shows,forinstance,thecriticals~edofa wingasa
functionofthenaturalfrequencyofthecontrolsurface.According

w totheruleofdesign,equalityoffreqyencfesbetweencontrolsurface
andwing (~ = q) oughtabsolutelytobe avoided.However,this
wouldbe Justifiedonlyforthemodelattherightoffigure1,“model
Inthesenseofthetwo-dimensionalyoblem,” whereasforthe“actual
ting”attheleftthereisnoobjectionwhatsoevertoequalityof
frequencles,sincethecriticalspeedthereshowsonlyaninsignlficant
reductioncomparedtothecaseofvanishingcontrolstiffnesswhich
mustbetakenintoaccount,~.

.
Ontheotherhand,however,therealsoexiststhepossibili~of

flutteroccurringinspiteofoptimumobservanceofthedesignrules.
Figure2 showsthecriticalspeedofa power-controlledauxlliary-
control-surfacearrangementasa functionofthepositionofthe
control-surfacecenterofgravity.Evenformass-balancedcontrol
surface,andallthemoreforforwardpositionsofthecenterof
gravity,thissystemfluttersata relativelylowcriticalvelocity,

● *“StandundEnlxicklungderFlatterberecbnung.” Lilienthal-GeselJmchaft
I& LuftfahrtforschungBericht135,pp.11-20.(Thispaperwas
presentedattheconferenceonwingandtail-surfaceoscillations,

. March6-8, 1941.)
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althoughthefin-bendingfrequencyis32percentabtietheauxlllary-
control-surfacefremncyj andjustforrearward positionsofthe
centerofgravitythesystemefiibitsa - insignificant,butstill
existing-regionfreefromflutter.

Examplesofthetypementioneddemonstratethenecessityof
undertakinganindividuallypreparedinvestigationofitsflutter
characteristicsforeveryairplanedes@n.

B.IndividualTreatment .-

Inevaluatingsuchindi.vldualinvestigations,i-tmustbenoted
thatformostparametersonwhichthefluttercharacteristicsofan
airplanedesigndepmd,reliablenumericalvaluesarenotavailable.
Thisappliesespeciallytocontrolstiffnessesandcontrolmasses,-.
totorsionalstiffnessesofwingandfins‘which~–accordingto
preloadingandcorrespo@ingdistortion(orwriddi~)j aboveall,
however,Itapplies,tothe~smetersintheair-forcelawandto
thestructural-meniberdsmping.

Moreover,theseparateconstructiondataforanairplanedetiiti
-e repea+=fly,particularlyattheinitial.stagewheretheflutter

, Investigationmuststartifitistoaffecttheconstructionatall.
Lateron,too,nuinyconstrictionparametersfluctuateconsiderably
duetotolerancesortosubsequentmodificationsastheyarerequired
accordingtoflighttests,thatis,changesInthetailsurfaces,
lengtheningofthefuselage,displacementof the control-surface
centerofgravity,variationsofaerodynamiccontrol-surfacebalance,
etc.

Ontheotherhand,onemustconsiderhowabruptlya construction
mEYwss froma flut~r-safetoa flutter-d~erowstatew~n a
parameterischanged.(Seefig.3.) Accordingly,itwouldbe~da-
mentallywrongto“tailor”a flutterinvestigationoxilytoonepartic-
ularccmibinatlonofindividualdesignparameterswithoutconsidering
whetkrperhapsa parametercm?ibinationwithdfstincflyunfavorable
fluttercharacteristicsIsapproached.A meaningfulflutterinvesti-
gationmustthereforecomprehend,onprinciple,the=nt”irer@e6— -
withinwhichtheuncertaindesignparametersmY Wsslblylie. ‘“

Ofcourse,such“variationalconsiderations”arenecessaryalso
whenitiEIa qpestionof findingtheoptimumdesign&rrangement,for
instancetheoptimumpositionofsplittailsurfaces,theoptimum
degreeofcontrol-surfacemassbsllance,ort% mostsuitable&rrange-
mentofanaerodynamiccontrol-surfacebalance.
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t Inviewoftheworkexpenditureona conscientiousflutterinvesti-
gation,researchershaveprobablyponderedbeforewhetheritwouldnot
beadvisabletosetupdetailedcurvetablesfromwhfchtotakequickly
thefluttercharacteristicsofanyconstruction.

Unfortunately,thereislittleprospectofreellzingan“atlasof
graphs”ofthatkind- evenforquitespecialeystanewithtwotofour
degreesoffreedomthefluttercharacteristicsdependon10to36freely
disposablepsmmeters.Besidesjevenifsuchatlasesdidexist,ex-
tensiveindividualinvestigationswouldstillbenecessary-merely
theclassificationofa certainsingleconstructionwithinsuchan
atlaswouldrequirethedeterminationofdecisivecharacteristicsof
thatdesign,whichisanessentialpertofanindividualsinglein-
vestigation.

Theuncertaintiesintheformulationfortheairforceseemto
suggest,forflutterinvestigations,thatallcalculationsbe omitted
andallproblemsbe insteadclqifiedbyuseofwind-tunnelmodels
sWIW toairplanes.However,onemaycallsuchtestssuperiorto
calculationsonlyifthemodelhastoa sufficientdegreetheaero-
-c propertiesaswellasthespring-mass,andstructural-meniber
dampingcharacteristicsoftheactualsystem.Thisrequires,onone
hand,performanceofthetestsatthecorrectMachnunibers,onthe
other,aninternalmodelstructurewhichisessentiallysimulatedto
theactualsystemandthusrendersthelatter’scomplicatedbending,a torsional,andcemberchs3acteristics- a mdernairplaneconstruction
isusuallynotreplaceableby a stickwithstraightelasticaxis.
Also,themodelmustnowhereshowhigherstructural-meniberdamping*
coefficientsthanthosecorrespondingtotheactuelsystem.Inview
ofthetechnicaldifficultiesinevenapproximatelysatisfyingsuch
requirementsandguaranteeingtheirfulfillment,theconstructionof
sucha modelprogressesonlyslowly,accordingtoallexperiences.
Consequently,thewind-tunneltestwithcorrectlysinmilatedmodels
cannotbeusedforconstructivedecisionsconcerningtheflutter
problematthedesignstageofanairplane,andsuchdecisionscan
thereforebemadeInpracticeonlyaccadingtocalculations.

Testswithcorrectlysimulatedmodelsareintrinsicallysignifi-
cantinthattheymakea conclusivecheckingofthefluttercharac-
teristicspossible,buthereagainfrequentlyextensivecalculations
arerequired,eitherbecause,afterall,intheendsanemodeldata
deviatefromactualconditionsandthusrequire”anadditionalcalcu-
lationforevaluatingthesedeviations,or”becauseunexpectedresults
perhapsmakea toohighdampingofthemodelorotherdiscrepancies
seemprobable- asidefromthefactthattheMachnunbersofsucha8 testmostprobablywillnotagreewiththoseforactualconditions.
Ofcourse,theseobjectionsdonotrefertomodeltestsofthefunda-
mentaltype,suchasarenecessaryforobtainingdatafordetailedw
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calculations;suchbasictestsdonotdependonthemodel’sactually
reproducingone~icular airplane. 8

Theconsiderationsaboveweremeanttoshowfromwhatviewpoints
theDVLatpresenttreatstheproblemsoffluttercalculations.In
closestcollaborationwiththeairplaneindustry,theattitudeofthe .
DVZprovedtoberight.Onlyinexceptionalcases,singleproblems -
encounteredbytheIndustrycouldbecluifiedimmediatelyfrom

A.-
empiricalfacts,
requiredforthe

diagrams,etc;usuallyindividualcdxmlationswere .
ultlmatedecision. -.-.

II.NAm OFTHEFLUTTERCAICUIATION

A.ModeofConsideration .
.-

Becauseoftheadditionoftheairforcestotheinertia,spring,
anddampingforcesoftheairplanestructure,a fluttercalculation
mustnecessarilybemorecomplicatedthantheotherwiseknownoscilla-
tioncalculations.Furthermore,modernairplane“structuresrepresent
complicatedcombinationsofframeworkandmonocoquestructureswith
cut-outs,hingedcontrolsurfaces,andauxiliarycontrolsurfaces,
locallyconcentratedsinglemasses,etc.Suchstrucfhrescanno
longerberepresentedsoastobe surveyableaseasilyas,forinstance,
stickswithstraightelasticaxisandwell-definedbendingandtor-
sional’stiffness.Accordingly,settingupdifferentialorintegral
equationsoftheflutterprocessgenerallydoesnotbyanymeansimply
a satisfactoryanswertothetechnicalproblem.

.—
.-

.
—

-.,

Sinceitistiperatlvetointroduceasfew“unbowns”aspossible
intotechnicalcalculations,itwouldnormall.ybeinexpedienttoIn--
dividuellyregardasunknown,forinstance,allel~”ntsofmotion
(paths,torsions,variationsincti”~)requiredIna completedescrip- ~
tlonofthefluttercondition.Ratherittillbeadvisabletocon-
centrateonlyona fewparticularcombinationsdfallmotionelements
(cmnparefig.4), thatis,certain“elementaryforms”Fk(X,z);~=
tillbe saidbelowontheirselection(X,Z= spacecoordinates).The
unknownsthenwouldbethescalesak atwhichtheseelementary
fornisFk mustbe superimposedononeanother,inoI’dertodescribe .m~
approximatelytheactblfluttercondition5(x,z;t).At first,these
scalesak ere,ofcourse,unlnmwnfunctionsak(t) oftime.However,
itshouldbenotedthatina motionaccordhgtoformsFk prescribed
Inthismannera stateofdynamicequilibriumcanbeestablishedonly “’i “’
whenonetakesintoconsiderationtieadditionalforceswhichwould
havetoattackatthesystemifItactuallyshouldcaifyoutthisforin ..
ofmotion.Hence,Itisadvisabletouseformulation%stemmingfrom f;—
theprincipleofvirtualdisplacementsforincaseof”displacementsIn .
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8
thesenseofanyforms*herestraintforcesdo
dropoutofthemathematicalformulation..The

5

notproduceworkandthus
equationsofmotionfor

calculationofthethe-dependentau~rtipositionscalesak(t)ofthe
separateelementaryformsFk thenmaybedtiectl.ysetupfor&llyin
theformofIagrange’seqyations.

Thedifficultyinthistreatmentistheselectionofappropriate
elementaryforms.Thenaturaloscillationmodesofthesystemand
modessomewhatsimilartothemaregivenpreferenceinthisrespect.
AsBorkmannhasshownrecently,a groupof n suchmodesF canbe
exs&nedastoitssuitabilityby determinationoftheati-force,dis-
trlbutionswhichwouldpertaintooscilh.tionsaccordingtoevery
singleoneofthesemodesFj the questionthen1Swhetheritis
possible,Inturn,toapproximatetheseair-forcedistributionsby
superimpositionoftheass-d n modesF.

Unfortunately,qyltea nuniberofsuchgroupstillusuallybe
foundappropriateaccordingtotheaboveproceduresot~t thereis
practicallynowayotherthantoperformseveralfluttercalculations
withdifferentchoiceofelementarymodesuntiltheminimumcritical
velocityisrellabIydetermined.Thelowernaturaloscillationmodes ,
withfewnodelines=e, ofcourse,themostInterestingones,since
forthemtheinternaldampingIssndlcomparedtotheabsorbable
air-forceenergy.

b Instartingthedestgn,oneIsInterestedftistinwingsand
finswithoutcontrolsurfacesinordertonmkesurethatthe“basic

●
structure”is“aU.right”withregardtoflutter.Ne&, theeffects
ofcontrolsurfacesandauxiliarycontrolsurfaces,ofcontrolsand
variousfinedetails,areofinterest.

Themanipulationoffluttercalculationswouldbemadeunneces-
sarilystillmorecomplicatedifoneshould,foreachsepratecalcu-
lation,rigorouslytakeIntoconsiderationthatthescalefactorsak(t)
sre,atfirst,own functionsofthe. (Ccunparefig.4.) Hence,itis
advisablealsotointerpret“theindividualscalefactorsak(t)in
turnassu~rimpositionsofa seriesofprescribedfunctionsQ=(t),
with g=l,2, . . . . (Comparefig.4.) Theunknownsinthe
mathematicalformulationthenare,ultimately,theindividualsuper-
impositionscalesa= ofthesetimefunctionsO@(t). Thereqtired
determiningequationsaresuitablysetupforndl.ywiththeuseof
Gauss’principleofminimumconstraint.

a Concerningthegyestionofwhichtimefunctionssretobe con-
sideredfora technicalfluttercalculation,a generalindication

v
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results,first,fromthepwsicallytrivialfactthat,forsufficiently
smallrelativeairspeed,everyoscillationoriginallyisnecessarily
damped,thatthereforethetransition.toanexcitedoscillationmust
takeplaceovera purelyperiodicintermediatestate~”Itcanbedemon-
stratedthatusuallyseveralsuchIntermediatestatesbetweendamping
andexcitationorviceversaexistfora system.For-thetimebeing,
onlythelowestoftheseintermediatestatesIsoftec~icalinterest,
thusa statewhichleadsfromtheoriginaldampingtothsfirstexcita-
tion.1-Inpractice,thisintermediatestateismentionedasa hsrmonic
State; tht i~, cosmt and sinut areselectedas@escrlbedtime
functions~(t) andaresuitablyinterpretedascompmentsofthe
complexexpressione~m. Itis,however,absolute~”tobeexpected
thatinthefuturehigherharmonicoranydiminis-hingorincreasing
timefunctions,respectively,willalsobeincludedintheformulation.

Theadvantagesofa purelyharmonicoscillationformulationcan
ofcoursebeutilizedonlyunderthepresuppositionthatharmonicforces
pertaintoharmonicmotions.Howfarthisisadmissiblewithrespect
totheactualairforcesandtothestructuralmember”damphgforces
is,atpresent,forwantofsystematictests,anopenquestion.Eow-
ever,itcertainlyinvolvesconsiderablearbitrariness%inthecaseof
systemscontaininga springwithinitialtension,thatis,ofpower-
control.ledcontrol-surfacemechanismsandofsystemswithfreeplay.

.-
—

—
.
.

-—. .

3

B.FlutterEquations
● ~.

Afteralltheserestrictionsinposingtheproblem,theflutter
equationsmaybesetupformallyaslineareqyationsystemsforthe
unknownsuperimpositionscalesak ofthese~ate elmn~
modesFk (compareflg.5)j thenl%e itiequation,forinstance,
expressesthefollowlng:TheInternalandexternalforceswhich
wouldap~arinflutteraccordingtoa linearconiblnationofall
elementarymodesFk alltogethermustnotproducew6rkifthe
systemisassumeddeformedinthesenseoftheelementarymode Fi.
CorrespondinglytheseparatecoefficientsBik oftheflutterequa-

-. k-
.-

--
.— .m

.-

.

tionssreintegrale~ressionsoverproductsoftheforcesofa —
state“k”andthemotionsofa state“i”;theyarethusanalogous
tothecoefficientsoftheso-calledelasticityequations,which

.

arefamillarto-body workinginstaticsresearchj@ey canbe divided
Intohertia,spring,air,anddampingmaibers.

:

l-Thereinthesimplifyingassumptionsonwhichtheair=forceformulation
isbasedmaycausecertaindifficulties;moredetailsonthisare ~:
containedina researchreportbyLeisssoontobepiblished.
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b Borkmannrecentlywroteanexhaustivetreatiseonthenatureof
theseindividualcamponentterms(comparefig.5) andtheirdetermi-
nationfromcalculationsandteats.Hetherewithprovidedthelong-
neededcontinuationofvarioustrainsofthought,indicatedbythe
authorintheLuftfahrtforschung1939. A. Borkmanncallstheseparate
components“m.ss,spr’ing,”airforce,anddampingcharacteristics.”

Nomlly themasssurfacedistributionwillbeknown.Thedetermi-
nationofthemasscharacteristicsthenoffer’snodifficultieswhatsoever.

Determinationofthespringcharacteristics,however,islesss@lej
ths qyantitypkF enteringthere(coqarefig.5) isthsloadingwhich
wouldhavetoattackontheairplaneinordertoforceupon}texactly

F issimplestwhn thethedefOI’matiOnFk. Determinationof ~
elementarymode Fk ispreciselya naturaloscillationmodeofthe
system,becauseinthatcase%F equalstheproductofmasssurface
distribution,amplitudedistributionFk,andthesqpareofthenatural
circ~ fre~ncy ~ ~rtainingto Fk.

I.npractice,however- above,allinvariationalconsiderations-
theelementarymodesselectedoftenwilJ_dSViatefireorlessfromthe .
naturaloscillationmodes.Thenitisexpedient,first,todetermine
separatelythedeformationspertainingtoa seriesofloadconditions,

● andthentosuperimposetheloadconditionsinsucha mannerthattheir
resultantdeformationagreesaswellaspossiblewiththeelementary
mode Fk. Theformersu~rtiposedloadingthenispracticallythe

● requiredloading~F.

Ofcourse,thespringcharacteristicsthusfoundarereliableonly
ifintheir&termination”thepreloadlngexistinginflutterwhichis
producedbythesteadyliftoftheairplanealsoistakenintoconsidera-
tion,forthepreloadingdetermines,amongotherthings,thewrinkling
andmaythuscauseconsiderablevariationsoftheelasticproperties.

Withthemasscharacteristicsknown,thespringcharacteristics .
maybedeterminedalsofromthenatural-oscillationconditionsofthe
airplane,inpractice,forinstance,onthebasisofgroundoscilla-
tiontestswhichhavetobeperformed,ifnecessary,witha preloadlng
withsoftsprings.Forthispurpose,theindividualnatural-oscillation
modefirstissplitupapproximatelyintocomponentsequaltotheelemen-
tarymodesused.Theresultingcomponentcoefficientsoftheindividual
constituentsareinsertedinthe“staticoac3JJ.ationequations”asknown

a amplitudesa,inordertothendeterminefromthemthespringcharac-
teristicscontainedinthem.Correspondingly,onemayofcoursedeter-
minethemasscharacteristicsifthespringcharacteristicshavebeen

w determinedotherwise.
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Borkmann,inhisaforementionedtreatise,callsthemethqdsin-
dicated“,superlmposlngandsplitting-upmethods.” fildetailscon-
cerningtheirnatureandthemanifoldpossibilitiesfortheiruse
aresystematicallytreatedinthatreport;ufspecialinterestare
thepossibilitiesdiscussedthereinforusi~ themethodsfordeter-
minationoftheair-forcecharacteristicsfromoscillationtestsin
theairstream,inasmuchasthemassandelasticcharacteristics
havealreadybeenfoundInanother~. Aboveall,suchtestsare
significantInthattheymsybeusedforgeneralstatementsonthe
air-forcelawsoftheoscillatingwing.Naturally,simplemodels
maybeusedtowhlchtbinitiallymentionedrestrictionsregarding
theapplzcabllityof@e modeltestdonotapply.

.—
—

—
.

Fluttercalculationsoftodeyarecharacterizedbythelinearized —

air-forceformulationsfortheharmonicallyoscillatingwi~ stripin
the- stripwisetwo-dhensional

.-
- flowofm Idealfluidsuchaswere

.-

firstdevelo~dbyKiiesnersmdlateronextendedacting tovarious
u

viewpointsandadaptedtopracticalusebyTheodorsen,Ellenberger, —
Schwarz,S6hngen,andDietze.Theformulasatpresentreadyforuse ““
deal,aboveall,withmotionsinbrokenandseparatedstraightlines
suchasthoseshowninfigure6. TheImaglnerymodelsIndicated
thererepresentvariousinterpretationsregardingtheeffectofa
whg stripwithcontrolsurfaceandapplylikewlsetoadditional
auxiliarycontrolsurfaces.

.
Alsoitisnotdifficulttoinsert,if

necessary,curvaturesIntotheformofmotion.Dietze’sexpositions
containsomeideasontheselectionofthesfitable-S modelIn ““”‘.-
theindividualcase.

Incalculationswiththeseair-forcef“atfoxisexecutedat #
theDVL,itpruveddestiabletobeabletoobtainallentering ..

functionsdirectlyframcurvetables.ThustheDVLrecentwiri-
stigated,formaximumtimesaving,thepreparationofsuitablecurve
tablesuniformforallfunctionsreqyiredinallinterpretationsof
thewI% withcontrolsurfaceandatiliarycontrolsurfaceshown
infigure6.

Thefewtestswhich,sofar,giveinformationonthevalidityof -“- ,
thecustomaryair-forceformulationsshowthatforsystemswithcontrol”
surfacescertainmodificationsarenecessaryevenforsmallestMach
nuzibers. ThusVoigtrecommends,accordingtohlsfluttertests,
certainreductionsofthecontrol-surfacechordratioused.

ItIsquitecertainbynowthatthecustomaryair-forceformula-
tionsnolongerapplyincasesofhigherMachnumbers;therefore,modern

%ietze,F:Vergleichsrechn~enzumaerodynamischenRuderinnenausgleich.~
Lilientha14esellsche,ftBericht135,PP.70-74.

w-
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-+ fluttercalculationsshouldtak the
consideration,allthemoresosince

compressibili~oftheairinto
thkformulationsforMach

9

numbers~ 0;7 setupbyPossiocanbedirectlyappliedtoarbitrary
imagir.w’ymodels.Itistruethatthenforanyha@narymodelthat
happenstobe inuse,thenumericalevaluationof& complicated
integraleqyationbecomesnecessarywhichexpressestheadaptation
oftheflowvariationtothedimensionsandpeculiaritiesofthat
hnaginarymodel;thisnumericalevaluationmustbemadeinsuccession
forallreduced&equencies~ =$; andMachnuuibersinquestion
(m= circularfiequemy,v

..
= relativeairspeed,2= wingchord).

Possiohasalreadycarriedouttheevaluationtoa largerextent.for
thewing,stripwithoutcontrolsurface. ‘

Ofcourseitwouldbevaluableifonecouldsomodifytheformula-
tionscustomarysincethattimefromtheassumptionofanidealfluid
thattheycanserye“as”xuansgeebleapproximateformulasforcompressible
fluidsj suchattemptshavebeenmadeoccasionally,forinstancew$ththe
useofPrandtl’sruleforsteadyflow.& farasisknown,however,
theseendeavorsfailedorcouldnotbegeneralized.

Itisalsosureatpresentthattheassumptionofstripwisetwo-
dlmensionalflowmayfailtoworkj accordingtotestsandcalculations
byCicala,forinstance,incaseofso-calledreducedfieqyencies

.9 L< 1.().. %v2 Hereelsoitis,formoreaccuratecalculations,a

questionofnumericallyevaluatinganintegralequationforev~
individualcaseandforeveryre@red reducedfrequency.Herealso9 itwillbe correcttousefirsttheformulationsneglectingaslittle
aspossibleandtoturntostiplificationsonlyaftertheiradmissi-
bilityhasbeengrooved.Accordingly,K&sner’sandPossio’sformula-
tionssrethefirsttobe consid~ed.Here,too,itwould,ofcourse,,
bevaluableifonecouldsomodi~theewressionsfgrstripwisetwo-
dimenstonalflownowinusethattheywouldrepresentmanageableapproxi-
mateformulasforconsiderationoftheinduction.

IndependentoftheseanalyticalpossibilitiesforPerfectingthe
air-forceformulationsforfluttercalculations~itis~ofcourse,
imperativetocheckanddeveloptherebymeansoftests.Thisincludes,
amongotherrequirements,a carefulclarificationoftheirlinear .
additivity.

Thusitwouldbe idealiftheinterferencemethoddevelopedby
Zobelwouldsoonbemadedisposableforair-forcemeasurementsonthe
Oscimtingwing.a indirectair-force

Independe&ofthat,theDVLintendstoexpedite
determinationfrommodeloscillationtests,

.



10 NACAm 1297

characterizedpevlouelyinthediscussionofthe oriceptions“super.
3im~~ingandsplitting-upmethods.” Voigtreports ontests of t~t t~

Farmoreuncertainthaneventhebasikfortheair-forcecharac-
teristicsarethedatasofaratdisposalfortheformulationofthe
dampingcharacteristics.Atthethe Itisnoteven.knownwhether
Itisatallpermissibletolinearlysuperimpxeononeanotherthe
dampingcomponentscorrespondingtodifferentmotioncomponents.
Dotitsconcerningthisfactarisefromthe”obvioueccunpariaonof
structural-maiberdemplngswithfiictlonforceswhichstielyplaya
roleinIt;forfrictionforces,a linearsuperimpositioncertainly
isnotpossible. .

Thus,whento- itIsstillregardedfrequentlyasa rule,on
principle,toneglectthestructural-meniberdampinginfluttercalcu-
lations,tblsfactmaybe#ustlfiablebecausethisneglectwill
usuaUyamounttoameasureonthesafesideunlessthedamping
causes,exceptionally,a veryfar-reachingchangeip*hecoupling
relationships.However,withtheneglectofthestructural-metier
damping,theactualnumericalrepresentationofthecriticalvelocity
isbasicallyruledout,andthefluttercalculationmerelypermits
separatingtheavailabledesignsintoflutter-safest-ficturesand
intos~tures withflutterrisk.Especially,recentlytherearose
repeatedlythenecessityofmakinguse ofstructural-menderdamping,
possiblyevenartificialdampinginordertoJuetifisensitivecon=
structlons.Takingsuchcasesintoconsideration,BoelkandSchmidt
~formed~riments regardingtheproblemofdampingyearsago.
Systematicirmestigationofstructurakuexiberdampingoftenhasbeen
contemplatedattheDVZ. Thefirsttaskwillbetodeterminecertain
minimumvaluesforthedampingcoefficientswhichincaseofneedmay
unhesitatinglybeusedincalculation.

III.RATIONALIZATIONOFTHECAK!UIATION

A.SimplifiedAir-ForceCharacteristics

Inviewoftheuncertaintyofanydeterminationofcharacteristics,
theexpenditureoffluttercalcuhtionsIsinanunfsworableproportion
totheirreliabill@.Incalculationwiththeair-forceformulations
customeryatpresent,a considerablepartoftheworkisspentonthe
numericalevaluationofinte~alexpressionsoftheform

p’”‘Fw’l‘z
%olgt,H.: Messunginstation&erLuftkr’&e.Llllenthal-

GesellschaftBericht135,pp. 90-93.
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(z = coordinateh directionofwidth,m = circularveloci~,v = rel-
V ativeairspeed,2(z)= wingchordatpointz);forthese”e~resslons

mustbecomputedfor“numerousvaluesoftheratio& (Comparefig.7.)
AsBorkmannhasshownintheafore-mentlonedreport,thisevaluation
mayunhesitatinglybeshortened,if‘thetranscendentfunctionsappearing
in theintegrand

sreapproximately

[1~u) 2(z)
?2

replacedbyan-expression

.

oftheform

sincethenonlythespacefunctionD(z)whichisindependentof m/v
remainsundertheintegralsign.

Idss went evenfurther
fundamentalconsiderations-

.
byconstsntamounts.Itwas

whenhereplaced- orlghallyonlyfor
thefunctionsmentioned

m~cl)z(z)
V2

shownthatinthismanner,too,practical
fluttercalculationscanstillbeperformed;however,itis-thenadvls-

8 ableforssfe~ reasonstointersperseoccasionalspotchecksaccording
tomoreaccuratecalculationsIntoeveryseriesofvariationsofthe
parametersofinterest- inthesespotchecksBorkmannTssAmplifications
mayofcoursebeused.Tigure8 showsdependencecurvescalculated
accordingtohiss’simplificationandinterspersedwithnmerousspot
checks;we figuregivesanideaoftheeffectof Ieiss’a~roximatton.
Naturally,onlytheagreementattheheatilydrawnsectionsofthe
lowerlimitingcurvesof’theflutterregionIsofpracticalinterest.

WithLeiss’simplificationanda spotcheckaccordingtoBorlmmn’s,
theexpenditureofa variationalconsiderationwiththreedegreesof
freedom,forinstance,meybereducedfrom47to 16days(underthe
presuppositionthatallspringandmasscharacteristicsareprescribed).

B.MethodofCalculation

. Theothemreasonforthelargeworkexpenditure
I.atlonsliesinthesearchfohthecriticalveloci~

m

offluttercalcu-
afterthematrix
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.
●

oftheflutterequationshasbeendetermined,theelementsofwhichm?e
.-.

knowntocontatithecriticalvelocityvcr ~ tieflutterfreW~cY%r” “ .

TheDVLwasrepeate~facedwiththenecessityofdecldlngonthe
fastestmethodofdeterminingtiecritic~~~s v) ~ wi~t t~~ -.- -
intoconsiderationcloselyrelatedsecon~ problems,asforInstance
theincreaseoftheflutteramplitudesafterthecriticalvelocityhas
beenexceeded.

Ononehand,thecriticalstate~ befoundfromtheflutter
determinant(itthenpractical-amountsto~erlmentationtofind
atwhichvaluesof v,m thedeterminantdisappears);ontheother
hand,hwever,thecriticalstatemaybedetermineddirectlyfromthe
flutterequations;thenitispractica~smatterofobtaidngby
iterationtheflutterformandtherewiththecriticalvelocity.

Thetrea12ientofthedeterminantmayconsistInfimt splittingit
upintoa realenda purelyimaga componentA’ and A“ end then
plottingtheamountsofthecomponentdeteminantsfordifferentpairs
ofvaluesof v,0.

Foranothertreatmentofthedeterminant,onemayusethereal
notation. —

Besidestheseprimitivemethods,specialones~“be used,butonly
insofarasnaturaloscillationformsareselectedasdegreesoffreedom,
orassuitabletransformationsareperformedfirst(whichisprobably
impossibleatthe.outsetInvariationalcom”iderationsofthe,type
initiallydescribed);furthermore,thesemethodsrequirethatthedamphg
beneglected.

Wewillfirstnemea promisingmethod,suggestedbyBorkmanntn
hisefore-mentlonedreport,asoneoftheconceivablepossibilitiesof
arrivingatthepairofcriticalvaluesv,u directlyfromtheflutter
equations;itconsistsinstep-by-stepImprovementofa componentsystem
selectedfromthefluttermatrixbyadequateuseofallflutterequations.
AnotherpossibilityistoImproveenassumedf tterformjbymeansof

%repeatedlycarryingthroughtheenergybalance. .

Ina report,asyetunfinished,Mayerhasmadeestimatesregarding
theworkexpenditureforsuchmethods.ThepointsInfigure9 showa
preliminaryresult;oneisatlibertytodoubleorhal~ theindicated
workperiods.Thecurvesshowntherearevalidforcalculationswith
formationofthecustomaryair-forcelawsandnegle:t._oftiestructural
memberdamping.Onenoticesfirstofallthegreatadvantagetheiteration
methodspromiseformore then fivedegreesoffreedom.Unfortunately
thisadvantageiscounterbalancedbytheftitthat(duetotheentering

%ompsreTeichmann,Luftfahrtforschung(AviationResearch)1939.
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ofthetwoperimetersv and u) ItisquiteuncertainIntheIndividual
casewhetherthemetlmdtillconvergetowardthegroupv,u ofminimm
velocity,orperhapstowardsnothergroupwhichisofnotechnical
interest,butwouldthenpossiblyberegardedasthedecisivepairof
values,Forthisreason,anentireregionfortheiterationmethodshas
beenplottedinfigure9. Itslowerllmitingourvesamevalidfora cal-
culationwitha certa3ninttlalsystembycsrryingthroughtwoiteration
processes;itsupperlimitingcurveshowswhattheexpenditurewouldbe
if,asa precaution,threedifferentinitialsystemsweretried out.

Thequestionofwhethertheminimumcriticalvelocityofthesystem
underconsiderationisactuallyfoundInthismannerremainsopen,of
course;besides,sofarthereexistsnoevidencewhetherandunderwhat
circumstancestheiterationmethodsfortheflutter~roblemconvergeat
all.Inviewofthepresentstateofknowledgeoneshouldforegothe
useofiterationmethods,Iftherearenoreliable,comparisonsavailable.

Themoreinvolvedmethodswhichstartdtiectlyfromtheflutter
determinantarefreefromthesedisadvantages.h case.oflessthansix
degreesoffreedom,itIsthereobviouslyadvisable(=corm b fig. 9)
to. splitthedeterminantintoitsrealandimaginarypart;formore
degreesoffreedom,however,theuseoftherealnotationscanstobe
moreadvantageouswithrespecttotime.

Asfigure10shows,splittingupofthedeterminantintoa real
andanimaginarypartisadvisablealsoincaseofmorethanstidegrees
offreedomwhenLeissrsamplificationoftheair-forceformulation(for
InstanceT’=T’‘= O)isused.

Figure11showthemrk ~nditure ifthecalculatorusesinstead
ofthecustomaryair-forceformulationsairforcesdetermined,forhstance~
bymeansofexper-ntsothatvarioustheoreticalrelatiouadonotenter.
Itisinterestingthat,Inthiscase,useoftherealdeterminantismore
e~edientthanuseofthedetermhsntsplit~ intoreed.,andimaginary
parts.

Atpresent,itisstillnecessarytorepresentthecombtiedeffect
ofa largernumberofdegreesof freedombyseparatelyconsideringnumer-
ouspartialsystemswithlnmorthreedegreesoffreedomeachwtththe
expectationthatoneofthemsufficetoess~ntiallydescribetheflutter
characteristicsoftheentiresystem.In.somecases,thismightbemore
orless,justifiablebyevaluationofthecoupllngrelationshipexisting
Justthen.Inmanycases,however,somepotntsremainunclear;tierefore,
suchaprocedureshouldbeusedonlyasa lastresort.Thisunfavorable
situationcanbechangedonlybyconsiderablyrestrictingthecomputation
timesindicatedinthefigures.Inpractice,nothingatallisgainedby
suggestingthatthesetimesbereducedby20orevenX percent;rather~
ItwilJbenecessarytoreducethemto’l/10or1/20oftheamountsgiven
inthefigures.
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Thisispo~slbleonlywhenautomaticcalculationdevicesareused
suchasarealreadyemployedforotherpurposesinAmericaandEngland.

In.flutterproblemssuchdevicesmustaccomplishtwotasks:Onone
hand,theymustdetenntiethecharacteristicswhichrequiresaboveall
thefomingofmultit~rmproductsums;ontheotherhand,theymustsolve
theflutterdeterminantor,respectively,theflutterequationsforthe
desiredparametersv and u. Zusenowisdevelopinga devicewhichis
tobesuitableforboththesetasksandmanymore.Hisdevicediffers
frm thoseknownsofarbythefactthatitexpressesallnumericalvalues
inyes-nocombinationsoftelephonerelays;thecourseofthedesired
operationsisthencontrolledbya preparedperforatedtape.TheDVLhas

—

.
—

—

takenoverthedevelopmentofthisdevice.
—

DISCUSSIONTOTHELl!XUREOFA.TEICHMAHN .-

~.. Itseemstome thatoneofthemostimportantviewpointsIS
thatthelecturerperformshiscalculationswithconsiderationofdffferent ._
parametervariationsandthusfindsoutwhichcombinationsofdesigu
parametersareunfavorable.Forintheconstructionofalrplsmemodels

.—

theindividualp~smetersarenotabsolutelyfixedbutvarysomewhat
fromspecimentospecimensothatavoidanceof.suchunfavorableparameter
combbtionsiS@ortant.

Furthermore,I deemimportanttheeffortstowardrestricthgthe
calculatione~enditure,bymechanizationofthecalculation,sogreatly
thatonemayintheprojectstageobtainrea~ usablesurveysofthe
criticalvelocitiesasspeedilyaspossible.

Quessel.-Teichmannmentionedinhislecture,amongotherthings,
thesensitivityofthecriticalvelocitywithrespecttothedesign
parameters;therefore,I shouldliketostateouropin,iononthisproblem,
andillustrateitwitha fewexmples,inparticular,Justontheexample
givenbyTeichmann.We aredealingherenotwithlawsofnaturebutwith
conclusionsfroma calculationexperiencewhich,ofcourse,admits
exceptions.

a
—-..

=,.

A sensitivityofthecrLticalvelocityappearsordinarilyonlyin
thefollowingcases: .r

1.Wheninadditiontoa stubbornflutterpossibility,a hamless
flutterpossibilityexists. :..

Bya stubbornflutterpossibility,weunderstandonethatishard ,
toeliminate,bya harmlessflutterpossibil,i~$incontrast,onewhich
caneasilybeelhinatedbyrelativelysimplestructuralmeasures.The

u
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w conception“harmlessflutterpossibility”hasnoconnectionwiththe
conceptionof“benign”flutter.Theharmlessflutterpossibilitymust
beeliminated,asa rule,becauseItcausestoolowcriticalvelocities.
Thenthestubbornflutterpossibilitywithhighervaluesofcritical
velocityremainswhichordinarily1snotsensitivewithrespecttothe
constructionparameters.Thus,a sensitivitynolongerexistsafter
thereqpiredchangesconcerningtheflutterpossibilityoftheairplane
havebeencarriedtit.

I shouldliketotake,asanexample,thecasenemedbyTeichmann
forillustrationofthesensitivity;weinterpretitsomewhatdifferently.
Figurel(a)shuwsthevariationofthecriticalvelocity,calculated
withthreedegreesoffree&mnbending-torsion-controlsurface,asa
functionofthecontrol-surfaceuribalancewitha sensltlvl~ofthe
criticalvelocitywithrespecttotheaileronunbalanceforreerward
positiona,asshowninTeichmann’slecture.(Isketchedthefigure
frcunmemory.)Figure2(a)showsthediagrsmasitwouldappear
accordingtoouropinionifthedashedpartofthecurvewereleft
out,andthelhitationtominimumvaluesofcriticalvelocitydropped.
Onerecognizesthatonedealsherewithtwodifferenttypesofflutter:
first,theharmlessbendin&Qutterwhich,duetotheagreementbetwaen
flutterandbendingfkewmY, showslowvaluesofcriticalvelocity
anda limitedrangeofexcitationandcaneasilybeeliminatedby
dampfngormassbalanceofthecontrols~facejsecond,thestubborn
orintractabletorsionalflutterwhichremainsaftereliminationof
thebendingflutterandshows,duetotheap~oximateagreement
betweenflutterandtorsionalfrequency,highervaluesofcritical
velocityandnolimitedrangeofexcitation.Tblssecondtypsof
fluttermayhardlybewhollyellmlnated,Isinsensitivewithrespect
todesignparameters,andthereforeordinarilypermitsonlya moderate
IncreaseIncriticalvelocitybystructuralmeasures.

2.Whenthecriticalvelocityisveryhighand,consequently,its
dependenceona changeinconstructionparametersisnotofInterest.

We takeas an examplethe dependenceofthecriticalvelocityon
thema~scouplingforawingwlthflxedailerons(fig.s(a))which
showsa sensitivityofthecriticalvelocitywithrespecttothemass
couplingintheregiona -b. Sinceflutterofthree-d-nsional
wingswithfixedaileronordinarilysetsin-evenforthemost
unfavorablevalueofmasscoupling- onlyatsufflcientihigh
velocities,thissensitivl~isnotofinterest.

3. WhenonedealswlthaphysicallyImpossiblecalculationresult
which,duetothelm~rfectionoftheassumeddeformationlines,occurs
ina regionsensitiveforcalculation.
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Wetakeasanexamplethedependenceofthecrit~calvelocity,
calculatedaccordingtothepowercriterion,onthebendingfrequency”
fora three-dhnsionalwingwiththedegreesoffreedombendlng-
torsion-controlsurface(fig.4(a)).Intheregionofcurve2,one
couldspeakofa sensitivityofthecritic=velocity-,wlthrespect
tothebendingfre~ncy. As I e~lainedIndetailinmycontribution
tothediscussionofDin@er’slecture,thecriticalvelocltyierois-
impossiblefora three-dimensionalwingif”evenonesingledegreeof
freedomiselastic.Inordertoeliminatecurve2,onewouldhaveto
~rformaniteration,whichisverytroublesome.Weintroducedmaterial
damping.Itwasfoundthata verysmallvalueofmaterialdampingwas
sufficiembtoeliminatecurve2. .

Thusa sensitivityofthecritical’velocitywithrespecttothe
constructionparameters- thethingthatmatters- willhardlyoccur.

Teichmannexpressedtheopinionthatitisnotofimportanceto
calculatea singlecriticalvelocitybuttoevaluatethesafety
againstflutterwithina largerscopewhichismadepossible,among
otherexpedients,by~iationofdifferentcobstructionparameters.
Furthermore,Teichmannpointedoutthatthenumberof~ranwrtersis
veryhigh.Weareabsolutelyofthesameopinion; therefore,we
alwayscarryoutvariationsoftheconstructionparamryters.In
selectingtheparameterstobevaried,wefavorthosewiththe
followingckracteristics:

1.
critical

2.

39

.

.-
*-

r.-

—

. .

—
..

—
.-

.

.

Theconstructionparameterhasa greatinfluenceonthe
velocity.

..

.
Thedetermination,oft~ parameterisunreliable.

.
.-

Variationoftheparsmeterisconvenientwithres~ctto
calculationtechnique.

,
Inthismanner,we arriveata restrictednuniberofvariations

inconstructionparametersandthusata tolerableworke~nditure.

TheintentionoftheDVLtofolluwuptheproblemofmaterlal
•1

dsmpingisverycommendable.Forthetimebeing,onei%dependent
onthetestscompiledby~tisner.Thesetestsresultina minimum
valueofthematerialdampinga = 0.03.Thenumberofairplanes

.-

Investigatedisnotsufficientlylarge,mostofthemarenotall-
metalairplanes,andallofthemareoldmodels.Althoughthe“

.—--

materialdampingusuallydoesnotamounttomuch,knowledgeofa “
~

reliableminimumvalueofmaterialdampingisverydesirableforthe
followingreasons: * .:
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1. Iflargemassespartici~teinthemotion,theInfluenceof‘% internaldampingmaybecomedecisive.

2. Incertainfieqyencyrangesthematerialdampingmayincrease
thecriticalvelocityveryconsiderably.

3. Scmetlmeathecalculationarrivesetphysicallyimpossible
resultswhichdisappearwithintroductionofmaterialdamping,so
thatinvolvedInvestigationsbecomeunnecessary.

k. Inexceptionalcases,sensitivitiesocctiwhmnoneofthe
presuppositionstreatedabovearemet. Thesesensitivitiesmoduce
difficulties.Asa rule,suchsensitivitiesceasewithIntioductlon
ofa moderatemterialdsmping.

Boelk.-Teichmannmentioneda methodofBorlmannaccordingto
whichaniterativesolutionofthedeterminantissuggested,Insuch
a mannerthata ~tlal systemofthedeterminantissolvedwith
respectto V,U andthissolutionisthenimprovedbybringingin
therestofthedeterminant.Thisiterationwill,nodmibt,turnout
tobe correctIfonehasstartedoutbyassumingthepossibilitiesof
motionasthefundamentaloscillationmode.However,ifonehas
startedoutwitha higher-harmonicoscillation,itw1llreducetoa
suborderharmonic.Howcanthatbeprevented?

. Borkmann.-AsalreadydiscussedintheresearchreportFB I-338,
noproofofconvergencefortheIterationmethodmentionedexistsso
far. Justasforanyfluttercalculationofanairplane,nomore

● thanthreeorfouraresingledoutasdecisivefromthelargenuniber
ofdegreesoffreedom;herealsoa partialdeterminantIssingledout
fromtheentiredeterminantinthee~ctationthatthefluttermode
ofthetotalsystemtillnotgreatlydifferfra thatofthispartial
system.Asfarasthisexpectationcomestrue,theiterationmethod
offersa goodc-cc ofimprovement.Otherwise,ofcourse,the
applicationofthisiterationmethodmayencounterdifficulties.

Ld.ss.-Teichmmn’sremarksonthesensitivityofa systemto
fluctmns inconstructionparameterspurportthatitisnot
sufficienttoinvestigatea systemforoneparticularccuubination
ofconstructionparametersonlybutthat,rather,itIsnecessary
toincludea certainvariationrangeofthese~te construction
parametersinordertofindpossiblyexistingsensitivities.Obvi-
ously,suchsensitivitiesaretoa largeextentavoidable,butto
thatendtheymustfirstbe determined.

TranslatedbyMszyL.~hler
NationalAdvisoryCommittee

* forAeronautics
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0.6w%+am 0

0.4 [1T’@
T’

0.2 //--

z = COOldhld9illdil@diOnOf.SPZUwidth
a(z)= W- chordatpointZ

m 7.- StipWd detirmindkmUEtheair-forceclmactsrietics.



22

w

hdh

MO

t 600

‘cr

400

zoo

l-: -e’-re-‘W:Loffreedom-
% two-dlmenefonel

f40
‘cr o

x)

I

km/h

em

I000
‘cr

400

200

.—

@ Controlcalculation

Twodegreesoffreedom
three-dimenelonil

I--R
o

0

.

%—

~o degreesoffreedom TWbdegreesof freedom
+ three-dimenelonsl I I ‘r three-dlmanslonsl

2060”

t
‘cr

1000. % small
Vler,e

o %-D o- ~ GID

Vcr-criticelvelocity

~’ ~ = y!:;~;~p~; d a~ ‘=wl-
GID. torsionalstifhars

Fi@uw8.-Airforcessimplified.

.

.
-4

.-

.

r

G.-

--- -..,
. .
4

.



. . . .

6

4

3

’32
EJ

:]

(

Cr

2 3 4 66

Degrees of -cull

_ 9.- CSkUMiOn times regdred for solution
of* flutterequationswithuseof* complete
*-forceformulations(calculationthuesd ons
Singlecslmdstorinmmdhs).

o 2 3 4 6 8
Degrees of heedom

m 1o.- Calculationtkaesrequiredforsolution
oft.k3flutterequaUonswithueeofAmpUed
formukdionsforb * forces(calculationt.hnes
ofonesinglecalculatorInmonths).

. ..-



24

5

“4

1

0

m
d

‘3 4 5 “[
Degreesof freedom

NACATM1.297

I
/
/

Figure11.- Calculationtimesrequiredforsolutionoftheflutterequations
wfthoutlimitrulefortheair forces (calculationtimesof onesingle
calculatorin months).

w

.2

Iteration

1.2

.

.



[.

Figurs l(a).

. .

#l

T’WSiOnal flutter,

t
‘crstubborn

72. Bending flutter, harmless

Forward@ticm R.e-ardposition

Figurs2(Q.

. . .



.

‘cr

1=

I%?rmissiblemaximumvelocity

1,, Mass CO1.Q@

ab
.

Figure s’(a).

‘c r
t

K’

F@re 4(a).
,,

I <’


